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Preface

Hereditary systems (or systems with delays, or systems with aftereffect) are sys-
tems, which future development depends not only on their present state but also
on their previous history. Systems of such type are widely used to model processes
in physics, mechanics, automatic regulation, economy, biology, ecology etc. (see,
e.g., [6,8,9,11,25,92,97, 119, 120, 122, 123, 131, 152, 178, 189, 210, 263]). An
important element in the study of such systems is their stability. As it was pro-
posed by Krasovskii [149-151], stability condition for differential equation with
delays can be obtained using appropriate Lyapunov functional. By that the con-
struction of different Lyapunov functionals for one differential equation allows to
get different stability conditions for the solution of this equation. However the con-
struction of each Lyapunov functional required a unique work from its own author.
In 1975, Shaikhet [226] introduced a parametric family of Lyapunov functionals,
so that an infinite number of Lyapunov functionals were used simultaneously. This
way allowed to get different stability conditions for considered equation using only
one Lyapunov functional. At last in the 1990s the general method of Lyapunov
functionals construction was proposed by Kolmanovskii and Shaikhet for stochas-
tic functional-differential equations and developed later consistently for stochastic
difference equations with discrete time and continuous time, for partial differential
equations [40, 125-130, 132-140, 177, 182, 194-199, 228-231, 233, 234, 236, 238—
241, 244, 245]. The method was successfully applied to stability research of some
mathematical models in mechanics and biology [24, 28-30, 235, 242, 246, 247].

Stability theory for stochastic differential equations (both without delays and
with delays) is well studied (see, e.g., [13, 14, 82, 87-89, 97, 109, 112, 119, 120,
122,123, 180, 181, 189]). Difference equations, which arise as numerical analogues
of differential or integral equations as well as independent mathematical models of
dynamical systems with discrete time, have also enjoyed a considerable share of re-
search attention [5-9, 12, 15, 50-54, 58, 62, 66-73, 96, 99, 111, 115-118, 121, 124,
161, 162, 186, 207, 211, 212, 214, 251, 270, 276].

In this book, consisting of ten chapters, the general method of Lyapunov func-
tionals construction for stochastic difference Volterra equations is expounded.

Note that the term “Lyapunov functional” is used here not as a “function of func-
tions” only but in some more wide sense as a “function of trajectories” or as a
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vi Preface

“function of solutions of equations”. Taking into account that our general method of
Lyapunov functionals construction can be applied not for difference equations with
discrete time only but also for differential equations and for difference equations
with continuous time the use here the term “Lyapunov functional” is defensible.

Introductory Chap. 1 presents basic definitions, Lyapunov type theorems, formal
procedure of Lyapunov functionals construction and some useful lemmas.

In Chap. 2 the procedure of Lyapunov functionals construction, described in
Chap. 1, is used for p-stability investigation of a simple stochastic difference equa-
tion with constant coefficients. It is shown that different ways of Lyapunov func-
tionals construction allow to get different conditions for asymptotic p-stability of
the zero solution of this equation.

Chapter 3 generalizes the material from Chap. 2, by applying the procedure of
Lyapunov functionals construction to obtain conditions for stability of stochastic
difference equation with stationary coefficients. Four different ways of Lyapunov
functionals construction are shown. In addition, asymptotic behavior of the solution
is studied by characteristic equation.

In Chap. 4 via the procedure of Lyapunov functionals construction different types
of sufficient stability conditions are obtained for linear equations with nonstationary
coefficients.

In Chap. 5 some important features of the proposed method of Lyapunov func-
tionals construction are considered. In particular, the necessary and sufficient con-
dition for asymptotic mean square stability of the zero solution of stochastic linear
difference equation and sufficient stability conditions for the difference equation
with Markovian switching are obtained.

In Chap. 6 the general method of Lyapunov functionals construction is used to
get asymptotic mean square stability conditions for systems of stochastic linear dif-
ference equations with varying delays. Sufficient stability conditions are formulated
in terms of existence of positive definite solutions of some matrix Riccati equations.

In Chap. 7 the procedure of Lyapunov functionals construction considered above
is applied to different types of nonlinear stochastic difference equations and to dif-
ferent types of stability: asymptotic mean square stability, stability in probability,
almost sure stability.

Chapter 8 studies asymptotic behavior of solutions of stochastic difference
Volterra equations of the second kind. For that the general method of Lyapunov
functionals construction is used as well as the resolvent representation of solutions.
In particular, linear and nonlinear equations are considered with constant and with
variable coefficients.

In Chap. 9 it is shown that after some modification of the basic Lyapunov type
theorems the general method of Lyapunov functionals construction can be applied
also for difference equations with continuous time that are enough popular with
researches. Some of the previous results are reformulated for such equations and
some peculiarities of its investigation are shown.

In Chap. 10 a capability of difference analogues of differential equations to save a
property of stability of solutions of considered differential equations is discussed. In
particular, sufficient conditions on discretization step, at which a property of stabil-
ity is saved, are obtained for some known mathematical models: inverted pendulum,
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Nicholson’s blowflies equation, predator—prey model, for integro-differential equa-
tion of convolution type.

The bibliography at the end of the book does not pretend to be complete and
includes some of the author’s publications [226-247], his publications jointly with
coauthors [11, 24, 28-30, 40, 60, 80, 125-141, 148, 153, 177, 182, 194-199, 215,
248-250] as well as the literature used by the author during his preparation of this
book.

The book is addressed both to experts in stability theory as well as to a wider
audience of professionals and students in pure and computational mathematics,
physics, engineering, biology and so on.

The author will appreciate receiving useful remarks, comments and suggestions.

The book is mostly based on the results obtained by the author independently or
jointly with coauthors, in particular, with the friend and colleague V. Kolmanovskii,
with whom the author is glad and happy to collaborate for more than 30 years.

Donetsk, Ukraine Leonid Shaikhet
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Chapter 1
Lyapunov-type Theorems and Procedure
of Lyapunov Functionals Construction

1.1 Definitions and Basic Lyapunov-type Theorem

Let 4 be a given nonnegative integer or 1 = 0o, i be a discrete time, i € Z U Zj,
Z={0,1,...}, Zo={—h,...,0}, S be a space of sequences with elements in R".

Let {£2, 3§, P} be a basic probability space, §; € §, i € Z, be a family of o-
algebras, E be an expectation, &;, j € Z, be a sequence of § j-adapted random vari-
ables, and process x; € R" be a solution of the equation

i
Xt = Fxop o x) + ) GG, joxp o xEjet, i€Z, (LD
j=0

with the initial condition
Xi =@, 1€Zy. (1.2)

Here F: ZxS—>R", G:Z x Z x S — R". Itis assumed that F(i,...) does
not depend on x; by j > i, G(i, j,...) does not depend on x; by k > j and
F@i,0,...,00=0,G(, j,0,...,0)=0.

For arbitrary functional V; = V(i,x_p, ..., x;), i € Z, the operator AV; is de-
fined by

AVi=V(i+1L,x_p, ..., xix1) = V(E x_p, ..., Xxi). (1.3)
Definition 1.1 The solution of (1.1) with initial function (1.2) for some p > 0 is
called:

e Uniformly p-bounded if sup;., E|x;|” < co.
o Asymptotically p-trivial if lim;_, o E|x;|? = 0.
e p-summable if Y 2 E|x;|” < oc.

Definition 1.2 The trivial solution of (1.1) for some p > 0 is called:
e p-stable, p > 0, if for each € > 0 there exists a § > 0 such that E|x;|” < ¢€,i € Z,
if [|p[|” = sup; <z, Elgi|? <.

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 1
DOI 10.1007/978-0-85729-685-6_1, © Springer-Verlag London Limited 2011



2 1 Lyapunov-type Theorems and Procedure of Lyapunov Functionals Construction

e Asymptotically p-stable if it is p-stable and for each initial function ¢; the solu-
tion x; of (1.1) is asymptotically p-trivial.

In particular, if p =2, then the solution of (1.1) is called mean square bounded,
mean square stable, asymptotically mean square stable and so on.

Remark 1.1 Note that if the solution of (1.1) is p-summable, then it is p-bounded
and asymptotically p-trivial.

Theorem 1.1 Let there exist a nonnegative functional Vi =V (i, x_p, ..., Xj) which
satisfies the conditions

EV(©O,9-n, ..., 00 <cillel?”, (1.4)
EAV; < —E|x;|P, i€eZ, (1.5)

where c1, ca and p are positive constants. Then the trivial solution of (1.1) is asymp-
totically p-stable.

Proof From (1.3), (1.5) it follows that

i i
> EAV; =EV(+1xp,....xi01) —EV(0,x ... x0) < —c2 ) _Elx;|”.
j=0 Jj=0

From this and (1.4) we obtain

i
1 1
Elx;|? <) Elx;|” < —EV(0,x ..., x0) < —llg||”, (1.6)
s 2 €2

i.e. the trivial solution of (1.1) is p-stable.

From (1.6) it follows also that the solution of (1.1) is p-summable for each initial
function ¢ such that ||¢|| < co and therefore (Remark 1.1) it is asymptotically p-
trivial. So, the trivial solution of (1.1) is asymptotically p-stable. Theorem 1.1 is
proven. O

Corollary 1.1 Let there exist a nonnegative functional Vi = V(i,x_p, ..., X;),
which satisfies conditions (1.4) and

EAV; =—cE|x;|’, i€Z.

Then the inequality ¢ > 0 is a necessary and sufficient condition for asymptotic
p-stability of the trivial solution of (1.1).
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Proof Sufficiency follows from Theorem 1.1. To prove a necessity it is enough to
show that if ¢ < 0 then via (1.3)

i—1
ZEAV,- =EV,—EVy >0
j=0

or EV; > EVj > 0 for each initial function ¢ = 0. It means that the trivial solution
of (1.1) cannot be asymptotically p-stable. |

1.2 Formal Procedure of Lyapunov Functionals Construction

From Theorem 1.1 it follows that the stability investigation of stochastic difference
equations can be reduced to construction of appropriate Lyapunov functionals.

Below, a formal procedure for the construction of Lyapunov functionals for (1.1),
(1.2) is proposed. This procedure consists of four steps.

Step 1  Represent the functions F and G on the right-hand side of (1.1) in the
form

FG,x—p,....,x;))=F1(i,Xi—¢, ..., Xj)
+ Fo(i, x—py oo xi) + AF3(L X—p,y ooy i),
Fi1(,0,...,00= F»(,0,...,0) = F5(,0,...,0) =0, (1.7)
GG, j,x—py....x))=GC10, j, Xj—r, ..., xj) + G20, j, Xx—p, ..., X}),
G.1(,j,0,...,00=G2(, j,0,...,00=0.

Here 7 > 0 is a given integer, and the operator A is defined by (1.3).

Step 2 Suppose that the trivial solution of the auxiliary difference equation
i
Yirt =F1G, Yioe, o )+ Y GiG o Yjer o yE1, i€Z, (18)
j=0

is asymptotically p-stable and that there exists a Lyapunov functional v; =
v(i, Yi—r, ..., y;) for this equation which satisfies the conditions of Theorem 1.1.

Step 3  The Lyapunov functional V; is constructed in the form V; = Vj; + Vo,
where the main component is

Vie=v(i, Xi—r, ., Xio1, % — F3(, X_p, ..., X;)).

It is necessary to calculate EAVy; and in a reasonable way to estimate it.
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Step4  In order to satisfy the conditions of Theorem 1.1 the additional component
V»; is usually chosen in some standard way.
Let us make remarks on some peculiarities of this procedure.

(1) Itis clear that representation (1.7) in the first step of the procedure is not unique.
Hence for different representations one can construct different Lyapunov func-
tionals, and as a result one has different stability conditions.

(2) In the second step for auxiliary equation (1.8) one can choose different Lya-
punov functionals v;. So, for the initial equation (1.1), (1.2) different Lyapunov
functionals can be constructed and as a result different stability conditions can
be obtained.

(3) It is necessary to stress also that, choosing different ways of estimation of
EAV; one can construct different Lyapunov functionals and as a result one
has different stability conditions.

(4) At last some standard way of the construction of the additional functional V5;
sometimes allows one to simplify the fourth step and one then does not use the
functional V»; at all. Below, corresponding auxiliary Lyapunov-type theorems
are considered.

1.3 Auxiliary Lyapunov-type Theorems

Using the following theorems in some cases it is enough to construct Lyapunov
functionals satisfying the conditions which are weaker than (1.5).

Theorem 1.2 Let there exist a nonnegative functional Vi; = Vi(i,x—p,...,Xi)
which satisfies condition (1.4) and the conditions

l
EAV); <aE|xi|” + Y AuElxi|?, ieZ, Aix>0, (1.9)
k=—h
0
a+b<0, b=sup) Aj. (1.10)
i€Z =i

Then the trivial solution of (1.1) and (1.2) is asymptotically p-stable.

Proof Following the procedure of the construction of Lyapunov functionals as de-
scribed above let us construct the functional V; in the form V; = Vi; 4+ V,;, where
Vi satisfies the conditions (1.9), (1.10) and

i—1 oo

Vai = Z kaIPZAjk, i=1,2,....

k=—h j=i
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Calculating EAV5;, we obtain

EA Vs _E<Z xx|? Z Ajr — Z |xk|pZAJk>

k=—h j=i+1 k=—h

00 i—1
=Elx|? Y Aji— Y AuElxl”.

j=i+1 k=—h

From this and (1.9) for the functional V; = Vy; 4+ V,; we get EAV; < (a +b)E|x;|?.
Together with (1.10) this inequality implies (1.5). Thus, there exists a functional V;
that satisfies the conditions of Theorem 1.1, i.e., the trivial solution of (1.1) and (1.2)
is asymptotically p-stable. The proof is completed. g

Corollary 1.2 Let there exist a nonnegative functional Vi =V (i, x—p, ..., x;) that
satisfies condition (1.4) and (1.9) with the exact equality instead of the inequal-
ity. Then condition (1.10) is a necessary and sufficient condition for asymptotic p-
stability of the trivial solution of (1.1).

Proof Sufficiency follows from Theorem 1.2. Necessity is proven similar to Theo-
rem 1.2 and Corollary 1.1. O

Theorem 1.3 Let there exist a nonnegative functional Vi =V (i, x_p, ..., xj) which
satisfies conditions (1.4) and

EAV; <aE|x;|? + bE|xi—m|P, i€Z, m>0. (1.11)
If the solution of (1.1) and (1.2) is p-bounded but is not p-summable then

a+b>0. (1.12)

Proof Summing (1.11) fromi =0toi =N +m, N > 0, we obtain

N+m N+m
EVyimi1 —EVo<a ) Elx|”+b ) Elxionl’
i=0 i=0
N+m
=a Z E|x,|f’+bZE|x,|f’+b Z Elg;|”
i=—m
N+m
(a+b)ZE|x,|P+a > Elxnl? +b Z E|g;|”.
i=0 i=N+1 i=—m
From this and V; > 0 it follows that
N N+m
—(@+b) ) Elxl” <EVo+a ) Elnl’+b Z Elpil”. (113)

i=0 i=N+1 i=—m
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Since the solution of (1.1) and (1.2) is p-bounded, i.e., E|x;|”? < C, i € Z, using
(1.4) we have

N
—(a +b)ZE|x,~|1’ <cillgll? +m(jalC + |blll¢]l”) < oc. (1.14)
i=0

Let us suppose that (1.12) does not hold, i.e. a + b < 0. From (1.14) it follows that
the solution of (1.1) and (1.2) is p-summable and we obtain a contradiction with the
condition of Theorem 1.3. Therefore, (1.12) holds. The proof is completed. ]

Corollary 1.3 Let there exist a nonnegative functional V; = V(i,x_p, ..., Xi)
which satisfies conditions (1.4), (1.11) and

a+b<0. (1.15)

Then the solution of (1.1) and (1.2) is p-summable or is not p-bounded.

Theorem 1.4 Let there exist a nonnegative functional Vi =V (i, x_p, ..., xj) which
satisfies conditions (1.4), (1.11) and (1.15). If a < 0 then the trivial solution of (1.1)
and (1.2) is asymptotically p-stable. If a > 0, then each p-bounded solution of (1.1)
and (1.2) is asymptotically p-trivial.

Proof From Corollary 1.3 it follows that by conditions (1.4), (1.11), (1.15) each p-
bounded solution of (1.1), (1.2) is p-summable and, therefore, it is asymptotically
p-trivial. So, it is enough to show that if @ < 0, then the trivial solution of (1.1) and
(1.2) is p-stable. Note that from (1.11) follows (1.13). If a = 0, then via (1.13) and
(1.4) we have

N
bIELxy|” < [b] Y Elx;|” <EVo <cioll”.
i=0
i.e. the trivial solution of (1.1) and (1.2) is p-stable.

Let a < 0. If b < 0 then condition (1.5) follows from condition (1.11), and from
Theorem 1.1 it follows that the trivial solution of (1.1) and (1.2) is asymptotically
p-stable. If b > 0, then condition (1.11) is a particular case of condition (1.9). From
this and (1.4), (1.15) it follows that the functional V; satisfies the conditions of
Theorem 1.2 and, therefore, the trivial solution of (1.1), (1.2) is asymptotically p-
stable. The proof is completed. (|

1.4 Some Useful Lemmas

Lemma 1.1 Arbitrary positive numbers a, b, a, B, y satisfy the inequality
abP < Laawyﬂ + LboHrﬂyfa'
T a+p o+ p
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Equality is reached for y = ba™".
Proof 1t is enough to show that the function

fx) = %ﬂx‘”ﬂyﬂ + %b"*ﬂy—“ —x%bP, x>0,
o o

has a minimum in the point x = by ! and f(by~!) =0. |

Lemma 1.2 Arbitrary positive numbers a, b, y and o > 1 satisfy the inequality
@+b* <A+y*la®+(1+y )" s

Equality is reached for y =ba~".

Proof For o« =1 this inequality is a trivial one. For @ > 1 it is enough to show that
the function

FO =0+ %+ (1+y ) —x+b)%, x>0,
has a minimum in the point x = by ~! and f(by~!) =0. O

Lemma 1.3 Arbitrary vectors a, b from R" and a positive definite n x n-matrix R
satisfy the inequality

ab+ba<dRa+bR b
Proof It is enough to note that
ab+ba=daRa+bR'b— (Ra—b)R"(Ra—b). O

Lemma 1.4 Let f(x) be a nonnegative function defined on x € [0, 00). If f(x) is
nonincreasing, then

Y fs / fx)dx.

I=i+1

If f(x) is nondecreasing, then

Zf(l)ffl
I=j J

Consider now conditions for asymptotic mean square stability [123] of the trivial
solution of the linear Ito stochastic differential equation [87-89]

+

1
f(x)dx.

$(1) = Ax(t) + Bx(t — 1) + ox(t — W) (1), (1.16)

where A, B, o, T >0, h > 0 are known constants.
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Lemma 1.5 A necessary and sufficient condition for asymptotic mean square sta-
bility of the trivial solution of (1.16) is

A+ B <0, pG <1, (1.17)
where
Bg”!sin(gr)—1 _
By gl B+]Al<0, g=vB2— A,
1+]A
p==0", G= -5|‘A|‘t’ B=A <0, (1.18)
Bq~!sinh(g7)—1 .
A Beoshigr A+|B| <0, g =+/A2 - B2

Proof A necessary and sufficient stability condition (1.17) with

2 [ dr
G=2= , (1.19)
7 Jo (A4 Bcostt)?+ (t+ Bsintt)?

was obtained in [256]. Besides in [208] by virtue of square Lyapunov functional it
was shown that the integral (1.19) satisfies the system of the equations

GA+B0)+1=0, GB=pB(-1), (1.20)
where the function 8(z) is a solution of the differential equation
B(t) = AB(t) + BB(—1 — 7). (1.21)
Suppose that g> = B> — A% > 0. Then via (1.21)
B(t)=AB(t) — Bf(—t — 1)
= A(AB(t) + BB(—t — 7)) — B(AB(~t —T) + BB(t + T — 7)) = —¢*B(t)
or

Bt)+q*B(t) =0. (1.22)

Substituting the general solution B(¢) = Cjcosqt + Cysingt of (1.22) into (1.20)
and (1.21) we obtain two equations for G, C| and C3:

GA+Ci=-1, GB =Cjcosqt — Crsingt (1.23)
and two homogeneous linear dependent equations for C and C»:

Ci1(A+ Bcosgt) — Ca(g + Bsingt) =0,
Ci(q — Bsingt) + C2(A — Bcosgqt) =0.

(1.24)

Via (1.24)

A+ Bcosgr — Bsingt
C, = At Beosqr . g— Bsingr

. 1.25
q + Bsingrt 1A—Bcosqr ( )
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Substituting the first equality (1.25) into (1.23) and excluding C; we obtain

Asingt —qcosqrt

G= . . (1.26)
q(Acosqt +gsingt + B)

Multiplying the numerator and the denominator of the obtained fraction by
Bsingt — g one can convert (1.26) to the form of the first line in (1.18). Note
that the same result can be obtained using the second equality (1.25).

Suppose now that g> = A?> — B% > 0. Then similar to (1.22) we obtain the equa-
tion (1) — ¢2B(r) = 0 with the general solution B(r) = C1e?" + Cre~49'. Substitut-
ing this solution into (1.20) and (1.21) similar to (1.23) and (1.24) we have

GA+C1+Cr=-1, GB =C1e7 9" 4 Cpel7,

(1.27)
Ci(g — A) — CBel" =0, Ci1B + Cy(g + A)el" =0.
Via the two last equations of (1.27)
—A B
C=C 1L — ¢, e T (1.28)
q+A

From the first equality of (1.28) and the two first equations of (1.27) we obtain

qg— A+ Be 97

= 2 —A—Bei)’ (1.29)

Put now sinhx = %(e" —e ™), coshx = %(ex + e™) (respectively, hyperbolic sine
and hyperbolic cosine). Multiplying the numerator and the denominator of (1.29)
by Bsinhgt — g in the denominator we have

(g — A— Be %) (Bsinhgt —q)
=(q—A—Be ") (Bcoshgr — Be 7" —q)
=gBcoshqt — ABcoshgt — B?e 9" coshgrt
— Bge ™" + ABe 97 + B%e 72" — A% 4 B> + Ag + Bge 9"
=(q — A)(A+ Bcoshgt) + Be_‘”(A + B(eqr +e 79" — coshqt))
=(q— A+ Be ?7)(A+ Bcoshqr).

As aresult we obtain (1.29) in the form of the third line in (1.18). Note also that the
same result can be obtained using the second equality of (1.28).

The second line of (1.18) can be obtained from the first (or the third) line as the
limit ¢ — 0. The proof is completed. O

Remark 1.2 The necessary and sufficient stability condition in the form (1.17) and
(1.18) first was formulated in the Ph.D. thesis of the author (L. Shaikhet. Some
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problems of stability and optimal control in theory of stochastic systems. Donetsk,
1981, 120 p., in Russian). The proof of (1.18) in the case B> > A? was taken from
[208, 256], the proof of (1.18) in the case B% < A% was got by the author. Taking into
account that the papers [208, 256] are old enough and the proof was not published
completely in wide known journals we have decided to put it here.



Chapter 2
Ilustrative Example

Here the procedure for the construction of Lyapunov functionals described in
Chap. 1 is used for the investigation of p-stability of the scalar difference equa-
tion with constant coefficients and p = 2k, k = 1, 2, ... via different representations
of the considered equation in the form (1.7) different conditions for asymptotic p-
stability are obtained.

2.1 First Way of Construction of Lyapunov Functional
Consider the equation
Xip1=ax; +bxi_1 +oxi_1§i1, 1€Z, 2.1)

where a, b, o are known constants, and &;, i € Z, is a sequence of §;-adapted
mutually independent random variables with E£; =0, E.’;‘iz =1.

To begin with, asymptotic mean square stability is investigated, i.e., the case
p=2.

Using the four steps of the procedure for the construction of Lyapunov function-
als, we obtain the following.

1. The right-hand side of (2.1) is already represented in the form (1.7), where T = 0,

Fi(i, x;) = axj, Fpi,x—1,...,x) =bxj_1,
F3(i7x_19"‘9xi)=()7 Gl(i9j"x])=()7 j:OS"'7i7
Ga(i, j,x—1,...,xj)=0, j=0,...,i—1,
Ga(i,i,x-1,...,X;) =0X;j_1.
2. The auxiliary equation (1.8) in this case has the form y; | = ay;. The func-

tion v; = yl.2 is a Lyapunov function for this equation if |a| < 1, since Av; =
(@*> — )y}

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 11
DOI 10.1007/978-0-85729-685-6_2, © Springer-Verlag London Limited 2011
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Fig. 2.1 Stability regions for (2.1) given by condition (2.2) for different values of o2 () o?=0,
2 02=04,3)02=0.8

3. The main part Vy; of the Lyapunov functional V; = Vy; + V»; has to be chosen
in the form Vy; = xl.z. Calculating EAVy; for (2.1) we get

EAVy; :E(xi2+1 - xlz) :E[(axi + bxi_y +ax,~_1§,~+1)2 - x2]

i

<(a®> — 1+ |ab|)Ex} + AEx} |, A =0+ |ab|+ 0>

4. Choosing the additional functional V»; in the form V; = AExi{1 we find that
the functional V; = Vj; + Vy; satisfy the conditions of Theorem 1.1, provided
that

lal + 1b] < V1 —o2. 2.2)

So, inequality (2.2) is a sufficient condition for asymptotic mean square stability
of the trivial solution of (2.1).

Note, however, that on making the assumption (2.2) the functional V}; satisfies
the conditions of Theorem 1.2. So it is an option to use the additional functional V»;.

The stability regions for (2.1) given by inequality (2.2) are shown on Fig. 2.1 for
different values of 62: (1) 62 =0; (2) 62 =0.4; (3) 62 =0.8.
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2.2 Second Way of Construction of Lyapunov Functional

Let us use now another representation of (2.1).

1. Represent the right-hand side of (2.1) in the form (1.7), where t =0,

F1(, x;) = (a + b)x;, F(i,x_1,...,x;)=0,
F3(,x-1,...,x;) = —bxi_1, Gi1(, j,x;)=0, j=0,...,i,
G2(, j,x-1,...,x;))=0, j=0,...,i—1,
Go(i,i,x_1,...,Xj]) =0Xj_1.
2. Auxiliary equation (1.8) in this case is y;+1 = (a 4 b)y;. The function v; = yi2 is
the Lyapunov function for this equation if |@ 4+ b| < 1, since Av; = ((a + b)? —

Dy?.
3. The functional V}; has be chosen in the form

Vii = (x; +bxi—1)%. (2.3)
Calculating EAVy; via (2.1), (2.3), we get

EAVy; =E[(xi+1 + bxi)? — (xi + bxi—l)z]
=E[(a+b—Dx;+oxi_1&11][(@+b+ 1)xi +2bxi 1 +0xi_1§i41]
<[@+b)*—1+|b(a+b—D|]Ex} + BEx{_|,

B=o"+|b(a+b- 1)

Via Theorem 1.2 we find that the inequality
(@a+by?+2|bla+b- D]+ <1 (2.4)

is a sufficient condition for asymptotic mean square stability of the trivial solution
of (2.1).
Note that condition (2.4) can also be written in the form

la+bl<vV1-02, o><(—a—b)(1+a+b-2bl). 2.5)

The stability regions defined by conditions (2.5) are shown on Fig. 2.2 for differ-
ent values of 62: (1) 62 =0; (2) 62 =0.4; (3) 62 =0.8.
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o
—————=

[

Fig. 2.2 Stability regions for (2.1) given by condition (2.5) for different values of o2 () a?=0,
2)62=04,(3)02=0.8

2.3 Third Way of Construction of Lyapunov Functional

In some cases new stability conditions can be obtained by iterating the right-hand
side of the equation under consideration. For example, from (2.1) we have

Xiy1 =a(axi—1 +bxj_2 +ox;2&) + bxi—1 +oxi—1&i41

= (a2 + b)x,‘_l +abxi_7 +aoxi_2& +oxi_1&41. (2.6)

1. Representing the right-hand side of (2.6) in the form (1.7), put T =0,

Fi1,x))=F@{,x-1,...,x;) =0,
Fo(i,x_1,...,xj) = (az—f-b)x,-_l + abx;_»,
Gi(i.j.x))=0, j=0,....i,
Galisjoxotsenx) =0, j=0,....i—2,

Gy(,i—1,x_1,...,x;—1) =aox;_2, Ga(i, i, x_1,...,%)=0X;_1.

2. The auxiliary equation is y;+1 =0, i € Z. The function v; = yi2 is the Lyapunov

function for this equation, since Av; = inH - yl.2 =— yl.z.
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Fig. 2.3 Stability regions for (2.1) given by condition (2.7) for different values of o2 () o?=0,
2 02=04,3)02=0.8

3. The functional Vj; has to be chosen in the form Vj; = xiz. Calculating EAVy; via
(2.6), we have
EAVi, = E(<%, —)
= E[((a2 +b)xi—1 +abxi—> + acxj_r& + 6Xi4§i+1)2 - X,z]
< —Exl-2 + AlExi{l + AzExizfz,
Ay = labl|a® +b| + (a> +b)* + o2,
As = |abl||a® + b| + a*b* + o2a?.

It follows from Theorem 1.2 that a sufficient condition for asymptotic mean
square stability of the trivial solution of (2.1) has the form Ay + A2 < 1 or

la® +b| + lab| < /1 —02(1 +a?). (2.7)

Stability regions defined by condition (2.7) are shown on Fig. 2.3 for different
values of 62: (1) 62 =0; (2) 62 =0.4; 3) 62 =0.8.
Using one more iteration, via (2.6) and (2.1) we obtain

Xit1 = (a2 + b)(axj—p + bxi—3 + oxi_3&i_1)

+abx; o +aox; 2§ +oxi_1§i11
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=a(a® +2b)xi—2 + b(a® + b)xi_3
+0(a® + b)xi—3&i—1 +aoxi o2& + ox;i_1£i41.
For Vi; = x? we have
EAVy; =E(x}y; —x7)
=[(a(a® +2b)xi 2+ b(a® +b)xi 3
+0(a® +b)xi3Ei1 +aoxi o2k +oxi_1Ei41) —x2]
< —Ex? 4 0’Ex? | 4+ BoEx? , + B3Ex? ;,
By =a?(a® +2b)’ + |ab(a® + b) (a® + 2b)| + 0 2a?,
By =b2(a® +b)* + |ab(a® + b) (a® +2b)| + 02 (a> + b).

Via Theorem 1.2 a sufficient condition for asymptotic mean square stability of the
trivial solution of (2.1) takes the form o2 + B, + B3 < 1 or

|a(a® +2b)| + |b(a® + )| < \/1 —02(1 a2+ (a2 +b)°). (2.8)

After the next iteration one can obtain a sufficient condition for asymptotic mean
square stability of the trivial solution of (2.1) in the form

|a?(a® 4 2b) + b(a® + b)| + |ab(a® +2b)|

<1021+ a2+ (a2 +b)* +a2(a? +2b)?). 2.9)

Stability regions defined by conditions (2.7) (the bound number 1), (2.8) (the
bound number 2) and (2.9) (the bound number 3) are shown on Fig. 2.4 for 02=0.
One can see that each next iteration increases the stability region.

2.4 Fourth Way of Construction of Lyapunov Functional

Consider now the case 7 = 1.
1. Represent (2.1) in the form (1.7) using
Fi(i,xi—1,x;) =ax; +bx;_1, Go(i,i,X—1,..., X)) =0Xi—1,
i, x—1,...,x;))=F(i,x_1,...,x;) =0,
GG, j,xj)=0, j=0,...,i,
Gy(, j,x-1,...,x;)=0, j=0,...,i—-1
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Fig. 2.4 Stability regions for (2.1) given for 02=0 by the conditions: (1) (2.7), (2) (2.8), (3) (2.9)

Put

N Xi—1 _ 0 1 _ 0 0
o=(3) a=) =(0)
Then (2.1) can be written in the matrix form

x(i 4+ 1) = Ax (i) + Bx(i)&41. (2.10)

2. Introduce the vector y(i) such that y'(i) = (y;—1, y;). Then the auxiliary equation
has the form

y(@ +1)=Ay(@). (2.11)

Let C be an arbitrary positive semidefinite symmetric matrix. Suppose that
the solution D of the matrix equation

A'DA—D=-C (2.12)

is a positive semidefinite matrix with da> > 0. In this case the function v; =
y'(i) Dy(i) is the Lyapunov function for (2.11). In particular, if

a1 O
C_<0 cz>’ c1>0, co>0, (2.13)
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then the elements of the matrix D are

5 ab
dii =c1+ b dp, dip= l_bdzz,
(2.14)
o (ate-b)
2T A+ -b?—al
The matrix D is positive semidefinite with dy; > 0 if and only if
bl <1, lal <1 —b. (2.15)

3. The functional Vj; has be chosen in the form Vi; = x'(i) Dx(i). Calculating
EAVy;, via (2.10), (2.11) and (2.13) we get

EAVy; =E[x'(i + ) Dx(i + 1) — x'() Dx(i)]
= E[(Ax() + Bx()§i11) D(Ax() + Bx(Di41) — ' () Dx(0)]
= —Ex'(i))Cx(i) + 02dpEx? |
= —cEx? + (0%dxn — 1) Ex? .

Let us suppose that

o2(1=b)
(1+b)[(1 = b)2 —a?]

<1 (2.16)

Then o2dy < ¢1 + ¢3. Choosing ¢; = 62d»y via Corollary 1.2 we find that the
inequalities (2.15), (2.16) are necessary and sufficient conditions for asymptotic
mean square stability of the trivial solution of (2.1).

In particular, if @ = b = 0, then the inequality o> < 1 is the necessary and
sufficient condition for asymptotic mean square stability of the trivial solution of
the equation x;+1 = ox;—1&;i+1. In fact, in this case we have Ex%i_k = GZiEx%k,
k=0,1;i=0,1,....

Remark 2.1 1t is easy to see that the stability conditions (2.15) and (2.16) do not
depend on ¢y, ¢;. So, for simplicity one can put c; =0, co = 1.

Stability regions defined by conditions (2.15), (2.16) are shown on Fig. 2.5 for
different values of 0%: (1) 62 = 0; (2) 0> = 0.4; (3) 02> = 0.8.

On Fig. 2.6 one can see the stability regions corresponding to conditions (2.2),
(2.5), (2.7) and (2.15), (2.16) for (1) 62 =0, (2) 62 =0.8.

2.5 One Generalization

Let us obtain a condition for asymptotic p-stability of the trivial solution of (2.1) in
the case p =2k, k=1,2,....
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Fig. 2.5 Stability regions for (2.1) given by the conditions (2.15) and (2.16), for different values

ofo62:(1)62=0,12)062=04,3)02=0.38

Put A, =E&/, r =1,...,2k, and suppose that &; is a sequence of §;-adapted
mutually independent random variables with Ao, —1 =0, Ay <00, m=1,... k.
Choose Vj; = x?k. Then for (2.1) we have

EAVy; =E[(ax; + bxi—1 + oxi_1&41)* — x7]

i

2%
=E |:Z Cyplax; +bxi_1) (oxi_1&41)* 7 — xizki| .
j=0

Using Az;—1 =0, A9 = 1 and putting j = 2/, we obtain
k

EAV); = C3E(ax; + bxi-1)* (oxi-1)** P hapi) — Ex*
=0

k 2
= Z CHE (Z Cs,(ax;)’ (bxi—l)y]) (@ xi—1)* sy — ExF
=0 =0

k 21
21 J i 17,120—j 2(k—1 j 2k—j 2k
<> 3> Clall b o2 D agupElxil xi 1 P — Elx .
1=0 j=0
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Fig. 2.6 Stability regions for (2.1) given by conditions (2.2), (2.5) and (2.7), and (2.15) and (2.16)
for two values of 62: (1) 62 =0, (2) 62 =0.8

Via Lemma 1.1

j d—j -k
| | |2 —1] = 2k|x il 2k
So,
k . .
EAV); <) C3 Zc la) b= o2 %D a4y
=0 j=0

e
x(zf—kEmF’c —Elx 12k>—E|xi|2k.

Using Theorem 1.2 we obtain the following sufficient condition for asymptotic 2k-
stability of the trivial solution of (2.1):

2]
ZC la| + 1b])” o2 Doy < 1. (2.17)

Note that for k = 1 and A, = 1 condition (2.17) coincides with (2.2). If k = 2,
then condition (2.17) gives

(lal +1b1)* + 62202 (lal + [b])* + hao* < 1
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or

la| + [b| <\/\/1 + (922 — Ag)ot — 3hp02,  Agot <1, (2.18)

In particular, if &; is Gaussian, then A4 = SA% and the stability condition (2.18) takes

the form
la| + |b| < \/,/ 1 +6A30% — 3002, 3a30% < 1.







Chapter 3
Linear Equations with Stationary Coefficients

Here the procedure of the construction of Lyapunov functionals described in Chap. 1
is applied to the equation with stationary coefficients. Four different ways of the
construction of Lyapunov functionals are shown.

3.1 First Way of the Construction of the Lyapunov Functional

Consider the equation

i i
i—j .
Xit1 = Z aj—x; + Z Z Uj,{x1§j+1, ieZ,

I=—h j=0I=—h (3.1
xXi=g¢i, 1i€Zy,

where a; and O’Jl: are known constants, &; is a sequence of §;-adapted mutually

independent random variables with E&; =0, E’g‘i2 =1.
Below, the following notations are used:

o0 | oo 00
km =max(k,0),  a=Y_|>an. ar=)_lal,
I=11m=l =0
00 [ 00 2 00 00
_ |4 _ i —
SO—Z(Z|GI |> , S’_ZZ|G.1|’ r=1,2,..., (3.2)
p=0 \I=0 i=r j=0
i J o
11— .
77i=ZZUj,1]xl€j+l’ i=0,1,2,....
j=0l=—h
L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 23
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24 3 Linear Equations with Stationary Coefficients

1. Represent the right-hand side of (3.1) in the form (1.7) with t =0,

Fi(i, xi) = aoxi, By, x—p, ..., xi) = Z aj X[,
I=—h

F3@,x—p,...,x;) =0,

G](lajyx])=07 G2(i,j7x7h,~- x])_ ZG lxl7
I=—h

j=0,...,i,i=01,....

2. The auxiliary difference equation (1.8) in this case is y;+; = agy;. The func-
tion v; = yl.2 is a Lyapunov function for this equation if |ag| < 1, since Av; =
(a§ — 1)y}

3. The functional V}; has to be chosen in the form V}; = xi2.

4. Calculating EAVy;, via (3.1) and (3.2) we have

i 2 3
k=1

l=—h
where
i 2 i
= E( Z ai_1x1> , I, =2En; Z ai_1xj, I3 =E7]l~2.
I—h I=—h
Via (3.2)
i
I <ay Z |a; i |Ex}.
I=—h

Since Exx/€j41 =0 for k, 1 < j and E(xx;41)? = Ex? for k < j then

[12]

j i
=2 Em( Z aj—ix; + Z aim)

I=—h I=j+1

J

i-1 o i
EY > o lxEin Y, aix

j=0k=—h I=j+1

=2

Jj i

li Z Z |o “a, 71 Exl —i—Exk)

j=0k=—hl=j+1
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J i—1 i—1 i
2 i—j 2
(7% 5 S{EET) EXES of i R T oot B
j=0k=—h k=—h \ j=ky I=j+1

Note that via (3.2) for [ <i

-1 N o ii-l+h
Yo o= Do le T =0 D fedl = s
i=0k=—h =0 k=—h j=1 k=0
and
i1 Ci—j-1 i~k
Z |U Z lai—i| = Z |(7 Z lar] <oy Z|Ul'p_k_[,|~
J=km I=j+1 =0 p=1
So,
i—1 kpy
|12|<S12|a, WExg a1 Y Y lol [Ex.
k=—h p=1
Since
i i \? J . J o
n=3 k(3 ot ) <3( Sletl)( 3 pehed)
j=0 \i=—h =0 \I=—h k=—h
i i—p i—p
(Dt ) Dt e
p=0 \I=—h k=—h
i 00 i—p
= Z(Zbﬂ)( Z |Uil:p—k|Ex13>
p=0\ /=0 k=—h
i i—km
= Z (Z’G:pk p’Z‘GIPOExk
k=—h
then
i
EAVy; < —Exl-2+ Z AikExlz,
k=—h
where

i—km i—km

Aik = (a1 + Sl 4] + e Z|<n |+ Z|a, - p|Z|ov”|
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Note that A ;; for i € Z depends on j only. So,

J J 00
ZAHI P = Z((al +S0lajl+ar Y lol_ |+ ol Z!oﬂ)
=0

Jj=0 p=1 p=0

< (o1 + Sy +a122|0/ )l +ZZ|C’, p|2|01p|

Jj=0p=1 Jj=0p=0

<ai 42018 + So.
Via Theorem 1.2 we find that the inequality
af +2a18 +Sp < 1 (3.3)

is a sufficient condition for asymptotic mean square stability of the trivial solution
of (3.1).

In particular, for (2.1) we have oy = |ag| + |a1|, So =02, S; =0, and from (3.3)
condition (2.2) follows.

3.2 Second Way of the Construction of the Lyapunov Functional

1. Represent the right-hand side of (3.1) in the form (1.7) with

o0
=0, P, x;) = Bxi, ,3=Zaj,

j=0
PG, x_p,...,x)=0,

i—1 oo

F3()=F3(i.x_p.....x)=— »_x Y aj. (3.4)

I=—h  j=i-l

G, j,xj) =0, Gaiy o Xpy ey X)) = Z i x,
I=—h

j=0,....i, i=0,1,....

2. Auxiliary equation (1.8) in this case is y;4+1 = By;. Below it is supposed that
|B] < 1. By this condition the function v; = yl.2 is a Lyapunov function for the
auxiliary equation, since Av; = (2 — 1) yiz.
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3. The functional V}; has to be chosen in the form V|; = (x; — F3(i ))2.
4. Via the obtained representation x;+1 = Bx; + AF3(i) + n;, we have

EAVy; =E[(xi41 — F3G + D)’ = (xi = F3())°]
=E(xit1 — B +1) —xi + F0) (xit1 — F3( + 1) +x; — F3())
=E(Bxi + AF3() 4+ 1 — F3( + 1) — xi + F3())

X (Bxi + AF3(i) +ni — F3(i + 1) + x; — F3(i))

5
=E((B — Dxi + 1) ((B+ Dxi +ni —2FD) = Y I,

where
Iy = (B* - 1)Ex}, I, =2BEx;n;, I =En?,
14 =2(1 — B)Ex; F3(i), Is = —2En; F3(i).
Let us estimate the summands I, ..., Is using the representations for F3(i), n;

and properties of random variables &;. Since Ex; Z}:_ A Ui071x1$,~+ 1 =0, for I, we
have

i—1 i—1 i—kp
|12|<|ﬂ|22|o’ J|(Bx? + Ex?) < [BISIEx?+ 18] > > |of_, |Exi.
j=01=—h k==h p=1

For I5:

p-xr( Lo ) =3 3 S e

=0 \i=—h j=01=—h k=—h
i—1 i—ky
}UO\ZW\EX + 22 2 ol AZ!G;”\Exk
k=—h p=0
Via(3.2) and |B8] < 1
i—1 ')
Li<(1=8) Y | Y aj|(Ex} +Ex})
I=—hl j=i—I
i—1 e}
=Q —ﬂ)(aExiz—l- Z Z aj Ex,%)
k=—hlj=i—k

Since Ex;x&; =0 for k < j, 1 < j, then via (3.2) we obtain
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i-2 J 00 i—1 00
s=2m Y S ot Yo Yt 3w D a
j=01=—h k=—h  m=i—k k=j+1 m=i—k
i-2 i—1 00
—J
S IPIIRETI S P
Jj=0Il=—h k=j+1 m=i—k
i-2 i—1 00
i—j 2 2
< Z |oj_[| Z an (Exl —i—Exk)
j=0Il=—h k=j+1lm=i—k
i-2 j i—1 %) i—1 00
B IPNEID ] DORH IS 35 3 E Tl o oA
= il m | LXp m | KX
j=0l=—h k=j+1im=i—k Jj=0Il=—h k=j+1lm=i—k
i—-2 i—-2 i—1 o0
— =J 2
=2 ( 2ol 20| 2 am )Exk
k=—h \ j=ky I=j+1Im=i—I
i—1 [e'e) k=1 j
i—j 2
DI IDIEDD ZIU,-_IDExk
k=1 \lm=i—k j=01l=—h
i—2 i—kp 00
2
<a Z|al e p|Exk +S22 Z am|Exj.
k=—h p=2 k=1lm=i—k

Thus, as a result we obtain

00 i—1
EAV); < (ﬂ2—1+|ﬂ|51 +og] Yl |+ —ﬂ)a>1«:x,.2+ > BuExy,
=0

k=—h
where
i—ky i—km
,k-|ﬂ|Z!a, - ,,|+Z|ol - p|Z|0
o0 i—kpy x
+(1-=8) Z aj +“Z|Uip—k—p|+s2 Z Gm |-
j=ik p=2 m=i—k

Itis easy to see that Bj;; fori >0 depends on j only. So,

ZBw—lmZZla, p|+ZZia, pIZWi

j=1p=1 j=1p=0

+(1—ﬂ>Z Zam +“ZZ|Gf—p|+S2i

j=tlm=j '_2p2 j=1

— 18IS + (1 — Ba + 2aS + ZZM | Zlo

j=1p=0

oo
2 an

m=j
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Via Theorem 1.2 we obtain the following sufficient condition for asymptotic mean
square stability of the trivial solution of (3.1):

18]l <1, ,82+2a(1—,8)+So+2(|ﬂ|Sl+aS2)<1 3.5)
or otherwise
1Bl <1, S0+2(|,3|S1+aSz)<(1—,3)(1+f3—2a). (3.6)

In particular, for (2.1) we have 8 =ag + a1, ¢ = |a1|, So = 0%, 8§, =5 =0, and
from (3.6) condition (2.5) follows.

3.3 Third Way of the Construction of the Lyapunov Functional

1. Represent the right-hand side of (3.1) in the form (1.7) with

T=1, Fi(, xi—1,x;) = apx; +aix_,

i—2
Fa(i) = Fa(i, X pr .., X) = Y ai_1x, F3(i, x—p,....x;) =0,
I=—h

J
.. .. i—j
Gi1(, j,xj-1,xj) =0, Go(i, j,X—py.onnXj)= E o1 X,
I=—h

j=0,...,i,i=01,....

. Xi—1 0 1 ] 0
x(z)z(xi ) A=<m ao>’ B(’)=<b<i>>’ (3.7)

b(i) = F2(i) +n;.

Put

Then (3.1) can be written in a matrix form
x(@+1)=Ax@)+ B@). (3.8)
2. Introduce the vector y(i) = (y;—1, y;)’. The auxiliary equation is
y(i+1)=Ay(@). (3.9)

Using Remark 2.1, consider the matrix equation

A'DA—-D=-U, U:(g ?) (3.10)
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The solution of (3.9) is a symmetric matrix D with the elements d;;, such that

d = dldy, dip = da,
1—a
(3.11)
d 1—a;
20 = .
(1 +apl(l —an? — a2
By the conditions
lai] <1, lag| <1 —ay, (3.12)

we obtain dyy > 0 and the function v; = y’(i) Dy (i) is a Lyapunov function for
the auxiliary equation (3.8).

. The functional Vj; has to be chosen in the form Vi; = x'(i) Dx (7).

4. Calculating EAVj;, via (3.7) and (3.10) we obtain

(98]

EAVy; =E[x'(i + 1)Dx(i + 1) — x'(i) Dx (i) ]
= E[(Ax() + B()) D(Ax (i) + B(i)) — x'(i) Dx(i)]
= —Ex? 4 dpEb? (i) + 2E(dypaixi—1 + (di2 + d»ag)xi )b(i).

Using (3.11) we obtain dj2 + dxag = drao(l — a;)~'. From this and (3.7) it
follows that

a
EAV); = —Exi2+d22Eb2(i)+2d22E<a1xi1 + Oa x,-)b(i)
—d]

7
=—Ex}+) I,
j=l

where

Iy = dpEF; (i), I =2dyn; F> (i), I3 = dnEn},

ao ao

Iy =2dxn

Ex; F2(i), Is =2dy
1—a; 1 —a

Ex,-n,-,
Is =2dypa1Ex;_1 F> (i), I7 =2dya1Ex; _1n;.

Let us estimate the summands I, ..., I7. Via (3.2) we have

i—2

2

Iy <dxpay E |a; —k |Exj.
k=—h

Note that Exgx;&;4 = 0 for k,/ < j and Ex?£ Ex? for < j. So,

2
j+1
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i-3 o J i—2
EZ Z Ujl-ljxléjﬂ( Z aj kX + Z ai—kxk)

j=01=—h k=—h k=j+1

|I2| =2dy

=2d»

i-3 o i—2
EZ Z "]l':llxlfﬁl( Z ai—kxk)

j=0l=—h k=j+1

i-3 02
5"222 Z|"11':1j| Z |ai | (Ex{ + Ex})

j=0l=—h k=j+1
i—3 i—kp
<d22<S32|a, KEx;+ax ) D o, p’Exk>
k=—h p=3
and
I3 =dy ZE( Z O’l lxl> §d222 Z |U;:[j| Z |0;:/JC|EXI§
-0 \i—n j=01=—h k=—h
k=—h j=kp =0
_d22(|" |Z|010|Ex +Z|"1 p|Z|UIP|E"
i—2 i—kpy 00
+ Z Z‘Gt —k— p‘zal ’Exk>
k=—h p=0
Similarly,
i—2
4] <d221 Z |ai 1| (Ex} + Ex7) <d221| |] (“ZExiz"' Z |ai—k|Ex’3>
l——h k=—nh
and
|15|<d22 il ZZ| 7 (Ex? + Exf)
Ly —
| | i—=2 i—ky
<d21 <51E + |og |Ex? | + Z ZM k— p|Exk>
k=—h p=1

Analogously we have

i—2 i—2
sl < dnlai| Y lai|(Ex] | +Ex}) < dnlai (azEx,?_l + > |aik|Ex£>
I=—h k=—h
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and
i-2 J
(Ll <dnlail Y > |7 [(Ex?; +Ex})
j=0l=—h
i—2 i—kn
=d22|a1|<52Exi21 + > Z|al.p_k_[,|Ex,f>.
k=—h p=2
As aresult we obtain
i—2
EAV); < (yo — DEx} + yiEx] | + Y PuExf,
k=—h

where

y0=d22< 1ol (az+51)+|00|2|‘710|)

1 o)
=d22<|a1|(az +5) + '“O'l oo |+ D _lot, | Z|o/’|>,
=0

p=0

i—kpy i—kpy
,k—dzz[ml k|(oez+53)+a22|o, epl F Z|a, e pIZIGH

i—kpy

+]| ol (| . k|+z|(,l L p>+|a1|<|a, K+ D lol pﬂ

p=1 p=2

It is easy to see that P, ; for i > 0 depends on j only. So,

o
Yo+ v+ Z Pjyii= [[a% + 20783 + So + 2lai (a2 + $2) | (1 — ay)
j=2

1
(I +a)[(1 —a)? —agl’

+ 2lag|(e2 + S1)]

Let us suppose that

[03 4+ 20283 + So + 2|a1 (2 + $2)1(1 — a1) + 2agl (a2 + S1)
(I +a)[(l —ay)? —aj]

<1 (3.13)

Using Theorem 1.2 we find that the inequalities (3.12) and (3.13) are a sufficient
condition for asymptotic mean square stability of the trivial solution of (3.1).

In particular, for (2.1) we have So = o2, ar=8 =5 = S$3 =0, and condition
(3.13) gives (2.16).
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Note that one can use other representations of (3.1) in the form (1.7) and obtain
other sufficient conditions for asymptotic mean square stability of the trivial solution
of (3.1).

3.4 Fourth Way of the Construction of the Lyapunov Functional
1. Represent the right-hand side of (3.1) in the form (1.7) with

T =2, Fi(i, xi—2,xi—1, xi) = aox; +a1x;—1 + axx; 2,

i-3
Fyi) = F(i, X po .. X)) = Y aiixy,
I=—h

F3(i, x—p,...,xi)) =G, j,xj—2,xj-1,%;) =0,
GalisjoXope o)=Y 0 fx, j=0,..0 i=01,....

2. In this case the auxiliary equation type of (1.8) is

Yitl =apy; +ayyi—1 +azyi—2. (3.14)

Introduce the vector y(i) = (y;—2, yi—1, y;) and represent (3.14) in the form

0 1 0
yi+1)=A4yi@), A=|0 0 1]. (3.15)
a ap ap

Consider now the matrix equation

0 0
ADA-D=-U, U=[0 0 (3.16)
0 0

=)

where D is a symmetric matrix. The entries d;; of the matrix D are defined by
the following system of the equations:

a%d33 —din =0,
axdi3 + ajaxdsz — dip =0,
ada3 + apaxdsz — di3 =0,
) (3.17)
di1 +2a1di3 +ajdyz —dn =0,
di2 + aopd13 + apadsz + (a1 — 1)drz =0,

dp + 2apdr3 + (ag —1)ds3 =—1.
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The solution of system (3.17) is

2
di1 = ayds3,

ax(1 —ay)(ar + apaz)
dlz = d33,
1 —a; —azx(ap +az)

az(aog +ajaz)
diz = 33,
1 —ay —ax(ag + az)
2a1a2(ag + a1az) )d (3.18)
1 —a; —azx(ag + az) 33’

dyp = (a]Z —l—a% +

_ (ao +az)(a1 +aoaz) X
l—ai—axag+a) ™

dss = (1 R 2(ag + az)(ap + ayaz)(a) +aoaz)>_l

do3

—aj; — a5 — 2apa1ay —
o Tt 1 —a; —ax(ap + a2)

Let us suppose that the solution D of matrix equation (3.16) with the matrix
A defined in (3.15) is a positive semidefinite matrix with dz3 > 0. In this case the
function v; =y’ (i) Dy (i) is the Lyapunov function for (3.14). In fact,

Avi =y'(i + DDy + 1) — y' (i) Dy (i)
=y (O[A'DA—D]y(i) ==y ()Uy(i) = —y;.

3. Following the third step of the procedure the functional Vj; has to be chosen in
the form Vi; = x’(i)Dx (i), where x (i) = (x;_2, Xi_1, X;)'.
4. For calculating EAV; represent (3.1) in the form

x(@+1)=Ax(@i)+ B(i), (3.19)
B(i)=(0,0,b()), bG)=F2()+m, (3.20)
where the matrix A is defined in (3.15) and #5; in (3.2).
By virtue of (3.19) we obtain
EAVy; =E[x'(i + )Dx(i + 1) — x'(i) Dx (i) ]
= E[(Ax (i) + B())' D(Ax (i) + B(i)) — x'(i)) Dx(i)]
= E[—x? +2B'(i)DAx(i) + B'(i)DB(i)].
Using (3.20) and the second and the third equations of system (3.17) it is easy to get
B'(i))DB(i) = d33b* (i),

d d
B'(i))DAx(i) = (ﬁx,- + 2t a2d33xi_2)b(i).
an as
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From (3.18) it follows that the expressions 72 di and d” are definite also for a, = 0.
As aresult, using (3.20) we obtain

diz di
EAV1i=E[ x; +d33b2(z)+2< ,+—x, |+ axdsxi— 2)b(l)}
aj aj

d d
= —Ex? + ds3Eb2 (i) + 22 Ex;b(i) + 222 Ex;_ 1 b(i) + 2a2d33Ex; b (i)
a ap

9
= —E)Cl-2 + Z Iy,
k=1
where
I = d3EF3 (i), L = dy3En}, I3 =2d33En; F2(i),
di3 . di3 diz .
I4 =2—Ex; F>2(i), Is =2—Ex;n;, Is =2—Ex;_1 F>(i),
az az a
di .
7= ZZEXi—lm, I3 = 2ad33Ex; 2 F2(i), Iy = 2ard33Ex; _21;.
Let us estimate the summands I, k=1, ...,9. For I, I, we have
i-3 i-3 i-3
Li<ds Y laial Y laii|Exg <aszdys Y laix|Exf,
I=—h k=—h k=—h
2 iedo o do
O3 OIEN RS 3 S{U=(p SR
=0 \i=—h j=01=—h k=—h

=ds Z Z|G ‘Z‘Gll ]|Exk

k=—h J —km

—d33(|oo|z|o,°|Ex +Z|01 ,J|Z|af|Exl 1

i—3 i—ky
+Z|“2 p DG/’IEXI 2t Z Z |Uz —p— k|2|”zp|Exk)

k=—h p=0

Using the properties of the conditional expectation, for /3 we obtain
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|13] = 2d33 |E Z az—kaZ Z Gj Tlxikj
Jj=0Il==h
i-3 i—4 j
i
=2d33|E Z aikakz Z Uj,,]xlgjﬂ
k=—h j=0l=—h
i—d i-3 i
i—j
=23E) | D aiwm+ Y aiwxk | Y, o jxijp
=0 \k=—h k=j+1 I=—h
i—4 i3 i
i
=2d3[E) Y aiwxk Y o xkjp
j=0k=j+1 I=—h
i—4 i-3
i—j . 2 2
§d332 Z |Uj—l Z |al_k|(Exl —i—Exk)
j=0l=—h k=j+1
i—4 i3 i—4 i3
i—j 2 i—j 2
=dn ), Y loii D laikBaf +dsa } Yo ] 3 laiilExg
j=0l=—h k=j+1 j=0l=—h k=j+1
i-3i—-4
i—j 2
SVED DB Sx 1 T 3) up ol SwTWT Y
k=—h j=ky k=1 j=0Il=—h
i—4 i—kp
< azds;3 Z Z o e k|Exk + Sads3 Z |a; i |Ex}.
k=—h p=4

Similar for the summands Iy — Iy we get

i-3

[14] < Z lai—i|( Ex +Ex ) — | a3 Ex? + Z la; i |Ex? |,
k=—h
di3 L d13 !
15 = [2~Exi ) | Za, JxEj | < =1 Z|aj (Ex? + Ex?)
Jj=01==h j=01l=—h

d13 i—3 i—ky

< |=2| $1Ex? +|GO|Ex 1+Z|02 p|Ex o+ Z Z\al_p k\Exk ,
p=1 k=—h p=1
dl2 = diz i3

|Ig] < Z |ai_1(Exi271 +Ex12) <|— a3Exl-27] + Z |a,-_k|Ex,3 ,
I=—h

k=—h
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j J j
1] = 2—Ex, 12 3 olingia| < |22 Z 3 ol | (B + Ex?)
J=01=—h J=01=—h
dlZ i—3 i—kpy
s (SZEXI 1+ og[Exy + D0 Yol k|Exk>
k=—h p=2

i—-3 i—3
8] < lasldss Y lai1|(Ex} 5 +Ex}) < lazldss (a3Ex3_2+ > |a,~_k|Ex£>,
I=—h k=—h

J

i3 o i-3
2a,d33Ex; > Z Z 0}:{X1§,/+1 <lazlds3 Z Z |0;:{|(Ex,-2_2 +Ex?)

[Io| =
j=01=—h j=01=—h
i=3 i—kn
<|laslds3 <S3Exi22 + Z Z |af’pk|Ex,§).
k=—h p=3
As a result we obtain
i-3
EAV); < (o — DEx} + yiEx} | + y2Ex} )+ Y PyEx], (3.21)
k=—h
where
'd13
Yo=|—
a;
dis
Y= ' (a3 +82) +|— |00|+d332|01 p|Z|U
p=0 1=0
(3.22)
2 d13

v2 =ds3laz|(a3 + S3) +

3

Z|G2 p’ +d33 Z|02 p|Z|GI

y3_supZPj+lla
1€ZJ —3

i—kpy
lk_d33<S4|al kH‘ZM —p— k|Z|C’l )

13

d '
+ P (Ia,-_kl + Zlbiln—p—k‘) +
[):

i EI
w lai—k| + Zz|ai—p—k|
[]:
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i_k))l
+ lazlds3 <|ai—k| + Z |0,-p_p_k|)

p=3

i—km
+ a3ds3 (Iai—kl + Z |Ul~p_,,_k|>. (3.23)
p=4
Via (3.21) and Theorem 1.2 we find that if
n+rt+rt+y<l (3.24)

then the trivial solution of (3.1) is asymptotically mean square stable.
From (3.23) it follows that P;;; does not depend on i. So,

o0
Y3 = Z Pjyii
j=3
) J >
= |:d33 <S4|aj| + Z|U}1p| Z|Ulp|)
=3 p=0 =0

d13 di2

a2 (|a,~| +§|a}’p|)

<|a]|+2|oj p>+

p=1

+ lazldas (|a,-| + i!o}’p|) + a3ds; <|aj| + i!a}’ﬁ)}

p=3 p=4

dio| +|d
=3 <d33(|a2| + o3+ S4) + %)

J

d d >
+d33221% p\Z| of | +|> ZZ| + o[22l
j=3p=0 j=3p=1 Jj=3p=2
oo J oo J
+|a2|d3322]0f)_,,]+a3d3322|0,p_,,|
j=3p=3 j=4 p=4

From this and (3.22) it follows that

wt+vit+tn+w»nm

(Ol3 +S1) +d33|00 | Z|010|

(013+S)+ — }Uo|+d332|51 p|Z|Glp|
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d
+ dsslanl(as + 83 + | D2 o | +|=> Z!az ,,|+dszZ|oz p|Z|al”|
+ a3 (d33(|a2| + o3+ S4) + W)
2
> dm dia
+d3322|% pZ | ZZ| o+ ZD
j=3 p=0 =0 j=3p=1 j=3p=2
oo j oo J
+|612|d3322|0f_[,|+a3d33ZZ|0J‘-"_p|
j=3p=3 j=4 p=4
di
(Ols +81) + ' (a3 + $2) + |azld33 (a3 + S3)
+ a3 <d33(|a2| + a3+ S4) + 7'0[12": ||d13|>
2
- d13 dlz /
+d3322‘01 p Z p ZZ‘ a ZZ‘U/P—;D’
Jj=0p=0 =0 j=1p=1 j=2p=2
+|a2|d3322’“} p’+a3d3322 ipl
j=3p=3 j=4 p=4

Via (3.2) we have

Sk p|Z|vz”i—ZZ|o, ,,|z|of|—z(z|a, |) _s,

j=0p=0 p=0j=p p=0 \ /=0
ZZ|G} p|_ZZ| p|—ZZ|01p|—Sk k=1,2,3,4.
Jj=k p=k p=k j=p p=k 1=0

Therefore

w+vit+yr2+y

din
‘— (063+51)+‘ (a3 + 82) + |az|d33 (a3 + S3)
diz| + |dy3]
+o3 <d33(|a2| + a3+ S4) + lT)

diz
+d3380 + ‘ S2 + laz|d33 83 + a3d33 84

di
S1+‘
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d
=2|2 (a3 + 52)
a

d
(a3 + S1) —i—Z‘L2
ax

+d33[So + 2laz| (@3 + S3) + 20384 + 3 |
Using representation (3.18) for di3, d13, we obtain

Yo+vyvi+yv2+ys

lap + araz|(as + S1) + [(1 — a1) (a1 + apaz)|(as + S2)
33
|1 —ay —ax(ap + az)|

+ d33[So + 2laz| (o3 + S3) + 2354 —i—ot%].

=2d

At last, using (3.18) for representation d33, we rewrite condition (3.24) in the form
) lao + ajaz|(a3 + S1) + [(1 — ap) (a1 + apaz) (a3 + S2)
1 —a; —ax(ap + a2)

+ So + 2lazl (@3 + $3) + 2384 + o3 (3.25)

) 2(ap + az)(ap + araz)(ay + apaz)
<1—ay—ay—a; —2apara; — T p—
—ay —ax(ag + a2

ay +az(ap +az) < 1.

So, if the matrix D with entries (3.18) is a positive semidefinite one with d33 > 0
and inequality (3.25) holds then the trivial solution of (3.1) is asymptotically mean
square stable.

3.5 One Generalization

Let us generalize the previous way of Lyapunov functional construction. Having for
an object to simplify formal transformations we will consider the equation

i i
Xiyl = Z ai—jxj+ Z 0i—jXj&it1 (3.26)

j=—h j=—h

that is more simple one than (3.1). Here a; and o; are known constants, &; is
a sequence of §;-adapted mutually independent random variables with E&; = 0,
E&=1.

1. Represent (3.1) in the form (1.7) with

i
1=k=0, Fr(i, Xi—ks ooy Xio1, Xi) = Z a1 X1,
I=i—k
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i—k—1
Fy(i)=Fo(i.x_p. ... X)) = Y ai_ix1, F3(i,x—p,...,x) =0,
I=—h

GG, j, Xi—k,...,x;)=0, j=0,...,i,
Goli,jox—p.oxj) =0, j=0,...i—1,

i
Galiyi, X—py . X)) = Z oix;, i=0,1,...
I=—h

. In this case the auxiliary equation type of (1.8) is
k
Yi+1 = Zaj)’i—j- (3.27)
j=0

Introduce the vector y(i) = (¥, ..., yi—1, yi) and represent (3.27) in a ma-
trix form

0 1 0 O
0 1 ... 0 0
yi+1)=Ay@G@), A=]... ... T I (3.28)
0 0 o ... 0 1
ay  Qg—1 ag-> ay  aop
Consider the matrix equation
0 0 0
A'DA-D=-U, U= o o ol (3.29)
0 ... 0 1

and suppose that the solution D of this equation is a positive semidefinite sym-
metric matrix of dimension k 4+ 1 with dx41 x+1 > 0. In this case the function
v; = y;Dy; is a Lyapunov function for (3.28), i.e. it satisfies the conditions of
Theorem 1.1; in particular, condition (1.9). In fact, using (3.28) and (3.29), we
have Av; = —yiz.

. Following the procedure the functional Vj; for (3.26) has been chosen in the
form:

Vii=x'()Dx(i), x(i)=Xji—k,...,Xi—1, %)

Rewrite now (3.26) as follows

x(i+ 1) = Ax(i) + B(), (3.30)
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where the matrix A is defined in (3.28),

i+h
B(@) =(0.....0,b®)". bG)=F2)+ni. i =Y orxizikis1. (331
=0

Calculating AVy;, by virtue of (3.30) and (3.29) we have

AVi; = (Ax (i) + B(i)) D(Ax (i) + B(@)) — x' (/) Dx (i)
= —x? + B'(i)DB(i) + 2B’ (i) DAx(i). (3.32)

Put

o0 o0
So=Y lojl.  am=Y lajl. m=0,... k+1. (3.33)

Using (3.31), we have B’(i)DB(i) = dk+1,k+1b2(i). So, via (3.31) and (3.33)

EB'()DB() = dg+1,k4+1(EF* (i) + En})

i+h i+h
Sdk+1,k+1[ak+1 > |al|Exi2—l+SOZ|Ul|Exi2—lj| (3.34)
I=k+1 [=0

and

k k
EB'(i)DAx(i) = Eb(i)[Zdl,kﬂx,»kH +dirihe Y amx,-m}
=1 m=0

k=1
=Eb(@) |:Z (amdis1.k+1 + dk—m k- 1) Xi—m + akdk+1,k+1xi—k:|

m=0
i+h k
=dir1ariE Y axio Y QimXiom, (3.35)
1=k+1 m=0
where
dk—m,k+l
Om=am+——"—, m=0,...,k—1, Okk = ay.
A1 k+1
Putting
a dk k+1
+
=) 1Ol =lal+ ) |a — (3.36)
p Z " Z " dk+1 k+1

m=0
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and using (3.33), (3.35) and (3.36), we obtain

kK ith
2EB'(i) DAx (i) = 2dk41 k+1 Z Z QimaiExj _mxi_
m=0I1=k+1
k i+h
Sdk+1,k+1<otk+1 Z|ka|Ex,'2_m+/3k Z |a1|Exl.2_,).
m=0 I=k+1
(3.37)
Put now
o
k+11Qkm | + 80lowm |, 0<mc=<k
= ) = Ry, (3.38
o {(ak+1+ﬂk)|am|+60loml, m>k Yo Z km- (3.38)

m=0
Then from (3.32), (3.34) and (3.37) it follows that
i+h
EAVy; < —Ex} + dig1 k41 Z RimEx?_,.

m=0

Therefore, if diy1 k+1Y0 < 1 then the functional Vy; satisfies the conditions of
Theorem 1.2. Using (3.33), (3.36) and (3.38), one can show that

V= Ot;%H + 2ak41 B + 83

So, if

st < B2+ A gy — 52— . (3.39)

then the trivial solution of (3.26) is asymptotically mean square stable.

Remark 3.1 If aj =0 for j > k and matrix equation (3.29) has a positive semidefi-

nite solution D with the conditions di1 x+1 > 0 and 83 <d_ J: LA+ then the trivial
solution of (3.26) is asymptotically mean square stable.

Remark 3.2 Suppose that in (3.26) a; =0 for j > k and o; = 0 if j % m for some
m such that 0 < m < h. In this case a4 =0, (Sg = onzl and from (3.32), (3.34) and
(3.35) it follows that

EAVy; = —E)Ci2 + Ur%ldk+1;k+1Exi2—

m*
Via Corollary 1.2 condition O',,%ldk+] k+1 < lis the necessary and sufficient condition

for asymptotic mean square stability of the trivial solution of (3.26).

Remark 3.3 In the case k = 0 condition (3.39) takes the form  + 82 < 1. In the
case k = 1 condition (3.39) can be transform to the form

2|a
a(2)+8§<1+1|_(;|1

(lai| — aoar), lai| < 1.
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It is easy to see that this condition is not worse than the previous one. One can show
also that for each k =1, 2, ... condition (3.39) is not worse than for the previous k.

Remark 3.4 From (3.2) it follows that for (3.26) Sop = 8(2) and S, =0 for r > 0. So,
condition (3.39) for k =0, k = 1 and k = 2 coincides with conditions (3.3), (3.13)
and (3.25), respectively.

Example 3.1 Consider the equation
Xit1 =aoX; + agXi—k +0Xi—méiy1, k>0. (3.40)

Via (3.2) we have a9 = |ag| + |ax|, So = o2, S = 0. From (3.3) we get a sufficient
condition for asymptotic mean square stability of the trivial solution of (3.40), which
is more general than condition (2.2):

laol + lax| < v'1—o2. (3.41)

Via (3.2) we have also 8 = ag + ax, o« = klak|, So = 02,8 =5, =0. So, from con-
dition (3.4) we obtain the sufficient condition for asymptotic mean square stability
of the trivial solution of (3.40), which is a generalization of condition (2.5):

lap +ak| <vV1—02, o <(1—a —ak)(l +ag +ay — 2k|ak|).

At last for k > 2 we have a; =0, ar = |ax|, So =02, S =S = S3 =0, and
sufficient condition (3.41) for asymptotic mean square stability of the trivial solution
of (3.40) follows from (3.13).

3.6 Investigation of Asymptotic Behavior via Characteristic
Equation

In this section a deterministic linear Volterra difference equation is investigated. One
known theorem on the asymptotic behavior of solution of this equation is considered
where a stability criterion is derived via a positive root of the corresponding charac-
teristic equation. Two new directions for further investigation are proposed. The first
direction is connected with a weakening of the known stability criterion, the second
one is connected with a consideration of not only positive but also of negative and
complex roots of the characteristic equation. A lot of pictures with stability regions
and trajectories of considered processes are presented for visual demonstration of
the proposed directions.

3.6.1 Statement of the Problem

There is a series of papers (see, for example, [142-145, 203-206]) where a sim-
ilar method is used for the investigation of the asymptotic behavior of solutions
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of difference equations [142, 144], differential equations [203, 204, 206], integro-
differential equations [143, 145], difference equations with continuous time [205].
The basic assumption in this method is that the positive root of the corresponding
characteristic equation satisfies a special sufficient condition for asymptotic stability
of some auxiliary equation. By virtue of the stability conditions obtained above, here
for the example of the difference Volterra equation we propose to extend the results
of these investigations in two directions. Firstly it is shown that the basic assumption
on the positive root of the corresponding characteristic equation can be essentially
weakened using different conditions for the asymptotic stability. Besides of that it
is shown that a consideration of negative and complex roots of the characteristic
equation opens some new horizons for investigation. For visual demonstration of
the proposed ideas a lot of pictures with numerical calculations of stability regions
and trajectories of considered processes are presented.
Consider the Volterra difference equation

00
Ax; = ax; +2Kjxi—j, i>0, (3.42)
=

with the initial condition

xj=¢j, Jj=0. (3.43)
Here Ax; =x;4+1 —x;,aand K, j =1,2,..., are real numbers. The equation
o
A—l=a+) 17K; (3.44)
j=1

is called the characteristic equation of the difference equation (3.42).

Theorem 3.1 Let Ly be a positive root of the characteristic equation (3.44) with the
property

1 i
A—OZ)L0]]|KJ'|<1. (3.45)
j=1

Then for any initial sequence ¢;, j <0, the solution x; of (3.42) and (3.43) satisfies
the condition

lim Ay x; = 03, (), (3.46)

i—00

where

0 1 Y 0 ) = 0 J

1 [e'e) . —1 ~
Ly (@) = 9o + A—OZAOJKj( > )\Orgo,). (3.47)

j=1 r=—j
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The proof of Theorem 3.1 follows from [123] where, in particular, it is shown
that the sequence

zi =2y xi — Qi (@) (3.48)

is a solution of the linear difference equation

1 00 ) i—1
=i AO’K]( Z z,>, i>0, (3.49)
0 =
.

j=1 =i—j

and by condition (3.45) z;, defined by (3.48), converges to zero, which is equivalent
to (3.46).

Two questions arise here.

Firstly, it is clear that the condition (3.45) is a sufficient condition for the asymp-
totic stability of the trivial solution of (3.49). But is condition (3.45) the best suffi-
cient condition for asymptotic stability?

Secondly, why is only a positive root of (3.44) considered here? What situation
have we in the case of a negative or complex root?

Below it is shown that condition (3.45) of Theorem 3.1 can be weakened and the
negative and complex roots of (3.44) also can be useful for the investigation of the
asymptotic behavior of the solution of (3.42) and (3.43).

3.6.2 Improvement of the Known Result

Rewrite (3.49) in the form
2 :Za;zi_l, i>0, a,z——ZAngj. (3.50)

A
I=1 055

Equation (3.50) is a particular case of (3.1). Different sufficient conditions for

asymptotic stability of the trivial solution of (3.50) were obtained above. In par-
ticular, from (3.3) it follows that if

o
Z|a1|<1 (3.51)
=1

then the trivial solution of (3.50) is asymptotically stable. Condition (3.51) is weaker
than (3.45). In fact,

00 1 00 00 ] 1 oo J ) 1 00 )
> lail < %szmm=k—OZZAg’|K,-|=A—OZAafj|Kj| <L
=1 j=I1

=1 j=I j=11=1
(3.52)
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Another sufficient condition for asymptotic stability of the trivial solution of dif-
ference Volterra equation (3.50) follows from (3.4): if 2o — 1 < 8 < 1, where

3 bRV, >
I=11j=l =1

then the trivial solution of (3.50) is asymptotically stable.
So, the following theorem is true.

Theorem 3.2 Let Ly be a positive root of the characteristic equation (3.44) that
satisfies the condition

<1 (3.53)

1 o0
o 2

ot .
Z)»_'I K;
j=l

or the condition

20— 1< B <1,

Y G-Dig K | B

j=l+1

o]

1
GZA—Z

=1

, =——ZZ,\ K;. (3.54)

0921 =

Then for any initial sequence ¢;, j <0, the solution of (3.42) and (3.43) satisfies
conditions (3.46) and (3.47).

From (3.52) it follows that condition (3.53) is weaker than (3.45). To compare
conditions (3.45), (3.53) and (3.54) consider the following example.

Example 3.2 Consider the difference equation
Ax; =ax; + Kixi_1 + Kox;_».
The auxiliary difference equation (3.50) in this case has the form
—(K1ag? 4+ Kary )zie1 — Kahg zioa. (3.55)

Conditions (3.45), (3.53) and (3.54) are, respectively,

IK1lag % +21Kalng” < 1, (3.56)
|Kiry? + Korg | + 1Kalng < 1, (3.57)
—1 < Kiry? +2Kohg < 1=2[Ka|ay°. (3.58)

From (2.15) it follows that the necessary and sufficient condition for the asymptotic
stability of the trivial solution of (3.55) is

|Kirg? + Karg| <1+ Karg®,  1Kalng® < 1. (3.59)
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Fig. 3.1 Stability regions given by conditions: (3.56) (AECFA), (3.57) (ABCDA), (3.58) (GCDG)
and (3.59) (GHDG)

One can see that condition (3.59) follows from each of the conditions (3.56)—
(3.58). From each of these conditions it follows also that 1 + y;, =1+ Klkaz +

2K2h5° > 0,50 Q3 (9) in (3.47) is defined.

In Fig. 3.1 stability regions for (3.55) are shown constructed by conditions (3.56)
(region AECFA), (3.57) (region ABCDA), (3.58) (region GCDG) and (3.59) (region
GHDG) in the space (x1, x2), where x| = Klkaz, Xy = K2X63.

3.6.3 Different Situations with Roots of the Characteristic
Equation

To demonstrate the different situations of the use of not only positive but also of
negative and complex roots of the characteristic equation (3.44), consider the simple
difference equation

Ax, =ax, +bx,—_1, n=0,1,...,
_ (3.60)
xj=¢;, j=-1,0.

The corresponding characteristic equation is

A—l=a+br"". (3.61)
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The following theorem deals with the behavior of the sequences x,, and y, = Ay "Xn,
where x;, is a solution of (3.60), and X is a root of the characteristic equation (3.61).

Theorem 3.3 We have the following four different situations with a solution

of (3.60).
M rr
a+1#0 and (a+1)2+4b>0
then
lim y, = Q),(¢),
n—0oo
where
L)\o(@) —1
O (@) = Wy Liy(@) =@0+ 21y bp_1,
a+1 4b
Ao = 1 1+——.
0 > ( +‘/ +(a+1)2>
2 If

a+1=0 and b>0
then AOZ:E\/E and

Y2k = o0, Yok+1 =rop—1, k=0,1,....
3 1If
a+1#£0 and (a+1)>+4b=0
then
Yn=¢o+nLy(p), n=0,1,...,

where Ly, (@) is defined by (3.64) and Ly = %(a +1).
@) If

(a+1)*+4b<0

then

lyn = @ro @] = |po — 05 ()|, n=0,1,...,

where

%o i(a + Dgo + 2by_

O () = 5 F NrEn Yk

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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and Aq is one of the two conjugate complex roots

1+i/l@+ 12 +4b
o=t 1=t |(;+ A (3.73)

of the characteristic equation (3.61). It means that the values of the process y,
are located in a complex plane on the circle with the center Qy,(¢) and the
radius r = |po — Oy, (@)|. This circle includes the points 0 and @y.

Proof

ey

@)

Let us suppose that condition (3.62) holds. Put

2 =Yn— Qu(®), Yo =2y"xn, (3.74)

where x, is a solution of (3.60) and Aq is a root of the characteristic equa-
tion (3.61).
By condition (3.62), (3.61) has two real roots:

a+1£/a+1)2+4b a+1 4b
A= - 1+ [1+———). @375
12 2 2 Tare 73)

From (3.50) it follows that sequence (3.74) satisfies the equation

Zn=—hy bza_1, n=0,1,.... (3.76)

The necessary and sufficient condition for the asymptotic stability of the trivial
solution of (3.76) is

|2o2b| < 1. (3.77)

From (3.61) it follows that condition (3.77) is equivalent to |1 — (a +1)A, ! | <1
or

1
M@+ > > (3.78)

It is easy to see that from two roots (3.75) of (3.61), root (3.65) only satisfies
condition (3.78). So (3.63) is proven.

By conditions (3.66) from (3.61) it follows that A, 2p=1. Equation (3.76) takes
the form z,, = —z,_1. Therefore, z, = (—1)"zg9, n =1,2,.... Via (3.74) and
(3.64) from this we have

Yn = 03(@) + (=1)"[00 — 010 ()]
1
=(=D"go+ 5[1 — (=D"][¢0 + (15 2b) op—1]
| n M
=0+ Do+ = 1 o

which is equivalent to (3.67).
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(3) By condition (3.68) the solution of (3.61) is Ao = %(a + 1). From this and (3.68)
it follows that 1 + A =0 and, therefore, Q,,(¢) in (3.64) is undefined. It
means that the sequence (3.74) undefined too. Using y; = /\ajxj, j=0,1,...,
(3.60), (3.61) and Ay 'b = —1o, we have

. . .
Axj—axj—bxj 1= A(A{)yj) —ak(])yj —bké Yj-1
=2 [roAy; + (o —1—a)y; —bry'yj1]
i+1
=1 [Ay) — Ayj-1]=0.
From this via (3.64) it follows that
Ayj=Ayj_1=y0— y—1=X0 — AoX—1 = @0 +)»albfp71 =L;,(p)

oryj =yj_1+ Ly,(¢). Summing this equality with respectto j =1,2,...,n,
we obtain (3.69).

(4) Let us suppose now that condition (3.70) holds. Then the conjugate complex
roots of (3.61) are defined by (3.73) and satisfy the condition |Ag|?> = —b =
|b| or |k52b| = 1. From (3.76) it follows that the process (3.74) satisfies the
equation |z, | = |zx—1| or |zx| = |zo]. It is equivalent to (3.71). Now it is enough
to show that Q;,(¢) defined by (3.64) equals Q,(¢), defined by (3.72). In
fact, putting § = /|(a + 1)2 + 4b|, from (3.73) we obtain 2A¢ — (a + 1) = %ié.
Using (3.64), (3.61) and (3.73), one can transform Q},(¢) in the following way:

05, (9) = LAO((ﬂ) — )LOLAO((P) _ )\OLA()((P) _ 2i)\0LA0((p)
’ 2-aa+ 1) 2ro—(a+1) +is 725
_ i((a+ Dgo £1i8¢o +2bp—1) _ ¢o i(ll-f‘ Do +2bg_
- 28 27 28 '
The theorem is proven. U

The four regions described in Theorem 3.3 are shown in Fig. 3.2: (1) at the left of
the curve K LM K and from the right of the curve K LN K; (2) the line K L; (3) the
curve M LN M; 4) under the curve M LN M. The point L with the coordinates a =
—1, b =0 is excluded, since in this point Ao = 0. The inside of the triangle ABC is
the region of asymptotic stability of the trivial solution of (3.60).

Below in Figs. 3.3-3.6 the first situation of Theorem 3.3 is shown.

In Fig. 3.3 the trajectories of the processes x, and y, are shown in the point
D (shown in Fig. 3.2) with the coordinates @ = —1.5, b = 0.65. Here ¢_; = 2,
@o = 0.5, Ao = —1.094 (a negative root). The point P does not belong to the stability
region (the triangle A BC) of the trivial solution of (3.60), so the process x, (green)
goes to £00. The process y, (red) quickly enough converges to Q;,,(¢) = —0.446.

In Fig. 3.4 the similar trajectories of the processes x, and y, are shown in the
point E (Fig. 3.2). Here a = —0.5, b = 0.65, ¢_1 = =2, @9 = 2.5, A9 = 1.094
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Fig. 3.2 Regions with different behaviors of x,and y,
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Fig. 3.3 Behavior of x, and y, in the point D

(a positive root), the process x, (green) goes to +oo, the process y, (red) quickly
converges to 0, (¢) = 0.850.

In Fig. 3.5 the trajectories of the processes x,, and y, are shown in the point
F (Fig. 3.2) with the coordinates a = —1.5, b = 0.25. Here ¢_1 =3, g9 = —1.5,
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Fig. 3.5 Behavior of x, and y, in the point '
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Fig. 3.6 Behavior of x, and y, in the point G

Ao = —0.809 (a negative root). The point F' belongs to the stability region (the
triangle ABC) of the trivial solution of (3.60), so the process x,, (green) converges
to zero. The process y, (red) quickly converges to Q;,(¢) = —1.756.

In Fig. 3.6 similar trajectories of the processes x,, and y, are shown in the point G
(Fig. 3.2). Here a = —0.5, b =0.25, ¢p_1 =3, 9o = 1, 19 = 0.809 (a positive root),
the process x, (green) converges to zero, the process y, (red) quickly converges to
05, (@) =1.394.

In Figs. 3.7 and 3.8 the second situation from Theorem 3.3 is shown.

In Fig. 3.7 the trajectories of the processes x, and y, are shown in the point U
(Fig. 3.2) with the coordinates a = —1, b = 1.1. Here ¢_; = 1.5, g9 = —1, o =
—1.049 (a negative root). The point U does not belong to the stability region (the
triangle ABC) of the trivial solution of (3.43), so the process x, (green) goes to
+00. The process y, (red) has two values: g9 = —1 and Aop—_; = —1.573.

In Fig. 3.8 the similar trajectories of the processes x,, and y, are shown in the
point V (Fig. 3.2). Here a = —1, b =0.6, ¢_1 = 1.5, o = —1, 1o = 0.775 (a pos-
itive root), the process x, (green) converges to zero, the process y, (red) has two
values: g9 = —1 and Agp_1 = 1.162.

In Figs. 3.9 and 3.10 the third situation from Theorem 3.3 is shown.

In Fig. 3.9 the trajectories of the processes x, and y, are shown in the point
W (Fig. 3.2) with the coordinates a = 0, b = —0.25. Here ¢_; = 3.5, 99 = 1.6,
Ao = 0.5 (a positive root), L, (¢) = —0.15. The point W belongs to the stability
region (the triangle A BC) of the trivial solution of (3.60), so the process x; (green)
converges to zero. The process y, (red) is a straight line.
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In Fig. 3.10 the trajectories of the processes x, and y, are shown in the point A
(Fig. 3.2) with the coordinates a = —3,b=—1.Here p_1 = 1.2, 9o = —1, A0 = —1
(a negative root), L;,(¢) =0.2. The point A does not belong to the stability region
(the triangle ABC) of the trivial solution of (3.7), so the process x,, (green) goes to
Fo00. The process y, (red) is a straight line.

In Figs. 3.11 and 3.12 the fourth situation from Theorem 3.3 is shown.

In Fig. 3.11a the trajectory of the complex process y, is shown in the point P
(Fig. 3.2) with the coordinates a = —0.5, b = —0.6. Here ¢_; = —3, ¢9 = 3. One
can see that the values of the process y, are located in the complex plane on the
circle with radius r = 2.297 and the center Q;,(¢) = 1.5 —il1.739 (green) if Ao =
0.25410.733 and Q;,(¢) = 1.5 +11.739 (red) if Ag =0.25 —i0.733. In Fig. 3.1b
the trajectory of the process x,, is shown in the same point P (Fig. 3.2). This point
belongs to the stability region (the triangle A BC) of the trivial solution of (3.60), so
the process x, converges to zero.

In Fig. 3.12a the trajectory of the complex process y, is shown in the point R
(Fig. 3.2) with the coordinates a = —0.5, b = —1.2. Here ¢_1 = —3, @9 = 4. One
can see that the values of the process y, are located in the complex plane on the
circle with radius r = 2.941 and the center Q;,(¢) =2 —i2.157 (green) if Ap =
0.25411.067 and Qy,(¢) =2 +i2.157 (red) if Ao = 0.25 — i1.067. In Fig. 3.12b
the trajectory of the process x,, is shown in the same point R (Fig. 3.2). This point
does not belong to the stability region (the triangle ABC) of the trivial solution of
(3.60), so the process x,, goes to +0c0.






Chapter 4
Linear Equations with Nonstationary
Coefficients

In this chapter via the procedure of the construction of Lyapunov functionals differ-
ent types of stability conditions are obtained for linear equations with nonstationary
coefficients.

4.1 First Way of the Construction of the Lyapunov Functional

Consider the linear equation
i i
Xi41 = Z ai1xg +Z Z o}lx1€j+1, ieZ,
I=—h j=01=—h 4.1)
Xi=¢;i, 1€Zy.

Here a;; and o}l are known constants, &;, i € Z, is a sequence of -§;-adapted mutu-

ally independent random variables with E&; =0, Eé‘iz =1.
Put also

j i ]
@p = sup Z |ail, N —SUPZ Z |ot ni = Z Z G},xzéjﬂ.

i€Zy__ Z =0 k=—h j=01=—h
“4.2)

1. Represent the right-hand side of (4.1) in the form (1.7), where T =0,

Fi(i, xi) = ajixi, Fa(i, x—p, ..o xi) = Z aiixy,
I=—h

F3(i, x—p, ..., x;)) =0, Gi(, j,xj)=0,

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 61
DOI 10.1007/978-0-85729-685-6_4, © Springer-Verlag London Limited 2011
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Galiy o Xpy ey X)) = Za},xl, j=0,...,i,i=0,1,....
I=—h

2. The auxiliary equation (1.8) in this case is y;+1 = a;; ;. Below, it is supposed that
Sup;c la;i| < 1. By this condition the function v; = yi2 is a Lyapunov function
for the auxiliary equation, since Av; = (aizi -1 yiz.

3. The functional V}; has to be chosen in the form V}; = xl.2.

4. Calculating EAV); we obtain

2 3
EAV); =E(x} —x7) = —Ex} +E( > azm+m) =-Ex} +) I,
k=1

I=—h
where
i 2 i
= E( Z a,-lxl> , I, =2En; Z aiixi, Iz = Eniz.
I=—h I=—h
Then via (4.2)

i
2
I <o Z |air | Ex;j,
I=—h

j i
Em( > auxi+ Yy aile)

I=—h l=j+1

i—-1 j

2EY Y ol Z ajXxi

j=0k=—h I=j+1

2| =2

i-1 i—1

< Z Z Z |ojk||a,1| Exk +Exl Z a,kExk +ZﬁllExl,

j=0k=—hi=j+1 k=—h

where

i—1 i—1

Ajg = Z|ij| Z lair| < ao Z|G

J=km I=j+1 J=km
-1
Bir=laul Yy D |ok| < Silaul.
j=0k=—h

Similar

- Ez(zam) XY ol X o = Y kel

I=—h j=0Il=—h k=—h k=—h
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where
vie =2 loul 2 lol
j=km I=—h
Therefore,
i
EAV); < —Ex} + ) AgEx(,
k=—h
where
i—1 ‘
Aik = (a0 + SDlair| + 0 Y |oh | + vik-
j:km
Put
oo j+i—1
= upZ|aj+tl| Sl—SUPZ Z |O']+l )
teZ ieZ’; =0 I=i
“4.3)
oo j+i
So=sup)_ > o] Sl
/ =0m=i I=—h
Then
oo jHi—l1 o0
ZA,HZ_<ao+sl>z|a,+,l|+aoz S o1+ 3 v
j=0 =i =0
< (a0 + S1)@ + a0 St + So.
From Theorem 1.2 it follows that the inequality
aodo + GoS) + apS) 4 So < 1 4.4

is a sufficient condition for the asymptotic mean square stability of the trivial
solution of (4.1).

Remark 4.1 1In the stationary case, i.e. ajx =a;_g, a’: =o'~/ condition (4.4) co-

jk Jj— k’
incides with (3.3). In fact, via (4.2) and (4.3) we have

i+h

og = sup Z it = sup Z lai 1] —sup2|a,| —Z|a,-|,

I€Z _p Zi—n —0

O—SUPZ|61]+”|—Z|@]| =y,

16Z
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j J
M _supz Z |ij| _supZ Z |O’]

Z i—0k=—h Z i—0k=—h
i i—p+h 00 00
_supZ Z|al oo k|_supZ Z |Ulp|=Z
1€Z 1 k=—h Zp=1 1=0 p=1 :0
oo jHi—1 oo j+i—1
_S“PZ > o™ I—supz > ol
] =0 I=i ] =0 I=i
oo j—1 ] o] 00 ) 00 00
=220l =20 Y 1l T =2l = s,
j=0k=0 k=0 j=k+1 k=0 p=1
oo jHi oo j+i
SO—SUPZZ| j+z| Z |U’j+z|_supZZ|o_j+z m| Z|U]+z m
j=0m=i I=—h j =0m=i I=—h
oo j+i m+h I+i+h
_supZZ| Jﬂ m Z|0k+l m|—supZZ|crl | Z|
j=0m=i k=0 j=01=0

ii |g|az’|=i(i|o:|) .

p=0 \ k=0

4.2 Second Way of the Construction of the Lyapunov Functional

1. Represent the right-hand side of (4.1) in the form (1.7) with t =0,

oo
Fi1 (G, xi) = Bixi, ﬂf=§:%Hm

F3(i) = F3(i, x—ps .o ) = — sz Z ajprs Falioxop, ... x) =0,

I=—h j=i—

J
Gl(lajvx])zoa GZ(Z,foha--ax]): Zo—;lxl’
I=—h

j=0,...,i,i=0,1,....
2. The auxiliary equation (1.8) in this case is y;+1 = B;y;. Below it is supposed that

sup|Bi| < 1. 4.5)
ieZ
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By this condition the function v; = yl.2 is a Lyapunov function for the auxiliary
equation, since Av; = (/31.2 -1 yl.z.

3. The functional Vj; has to be chosen in the form Vi; = (x; — F3(i))>.

4. Using (4.2) and representation x; 1 = B;x; + AF3(i) + n; we have

EAVi; =E[(xi11 — F3(i + D)’ = (xi = F3())’]
=E(xiq1 — F30+ 1) —xi + F30) (xit1 — F3G + 1) +x — F3())
=E(Bixi + AF3() +ni — F3( + 1) — x; + F3(i))
X (Bixi + AF3(0) +1i — F3( + 1) + x; — F3())

i—1 00
=E((Bi — Dxi + m)((ﬁi FDxi+ni+2Y x Yy dj+1,z)

I=—h j=i-I

5
= Zlk,
k=1

where
I = (B7 — 1)Ex7, I =2B;Ex;n;, I; =En?,
Iy =2(1 — Bi)Ex; F3(i), Is = =2En; F3(i).
Let us obtain the estimations of the summands Ip,...,Is. Since

Exi Y __, oiilx1§i+1 =0, for I, we obtain

i-1
LI 181y Y ok |(Bx? + Exf)

j=0I=—h
i-1 J ' i—1 i—1 )

=E2IB1 > Y Job |+ 181 Y] Y |oly [ Ead.
j=01l=—h k=—h j=kn

For I5:

i J 2 i J J
I3 = ZE< > Ujljlxl) <Y > ohl X ok B
=0

I=—h j:()l:—h k=—h

:Exi2|aili| Z |aill| + Z Z |‘7,;k| Z |U,;1|Ex1%-

I=—h k=—h j=ky,, I=—h
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Via (4.5) for I we have

i—1 00

Ll < =B) Y | Y aji|(Ex? + Ex})
I=—hlj=i—1
i—1 oo i—1 00
=(1=B) D> | D aja[Bx?+ A=) D | D ajpr[Exi.
I=—hlj=i—I k=—hlj=i—k

Since Exjxi&j11 =0fork < j, I < j, for I5 we obtain

i-2 j . J 00 i—1 00
EZ Z U.;lxl< Z Xi Z Ak k + Z Xk Z am+k,k>§j+1

j=0l=—h k=—h m=i—k k=j+1 m=i—k

|I5| =2

i-2 i—1

o
EZ Z a;lxz Z Xk Z Ak kEj+1

j=0l=— k=j+1 m=i—k

Z Am+k,k

m=i—k

Z Am+k,k

m=i—k

00
Z Am+k,k

m=i—k

00
Z Am+1,1

m=i—I

J

122: Z ’GJII‘ lil:

j=01=—h k=j+1

Ex[ + E.Xk)

J —

BN D>

j=0I=—h k=j+1

Ex,2

J

+§ > lokl li

j=0l=—h k=j+1

k=—h \ j=kn I=j+1

2
Ex;

) Ex,f

k—1 ‘
Z Z |oj’-l|>Ex,%.

j=01=—h

00
Z Am+k,k

m=i—k

i—1
Y|
k=1
Thus, as a result

i1 i
EAVy; SExiz(ﬁiz -1+ |,3i|Z Z ot + o] Z o]

j=0l=—h I=—h

o8]
Z dj+li

j=i—l

i—1
+(=p) )

l=—h

i—1
)+ S Bkl

k=—h
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where
i—1 i j o
Bie=18il Y _ |of|+ Y loe] Do lohl +11=Bil] D ajsex
Jj=kn Jj=km I=—h Jj=i—k
i—2 i—1 00 oo k-1 j
2o lohd 201 20 @] | 2wk D0 3 ol
j=km m=j+1l=i—m m=i—k j=0l=—h

So, if conditions (4.5) and

sup(ﬁ +|ﬂl|2 Z!aﬂman Z|cm|

j=01=—h I=—h

+(1—B) Z

I=—h

Z aj+l,1

j=i—l

+ZB,+, ) <1 (4.6)

hold, then the trivial solution of (4.17) is asymptotically mean square stable.
Example 4.1 Consider the equation
Xit+1 =Xi —bixi—k +oixi&ip1, k>1. 4.7

The sufficient conditions (4.5) and (4.6) for the asymptotic mean square stability of
the trivial solution of (4.7) take the form

2k
inf b; >0, sup|:o +b,+k<2b,+, )} <0. (4.8)

ieZ 1=0

In particular, in the stationary case (b; = b, o; = o) condition (4.8) takes the form

1—+1—=Qk+1o? 14++1—-Qk+1o?
<b< .

2k +1 2k +1

4.3 Third Way of the Construction of the Lyapunov Functional
1. Represent the right-hand side of (4.1) in the form (1.7) with T =1,

Fi(, xi—1, %) =a;jx; +a;i—1xi_1,

Fyi,x_p,....x)= Y aux;,  F3(,x_p.....x) =0,
I=—h
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Gi(, j,xj) =0,

j
Goli, joxop..oxj)= Y ohx, j=0.....0 i=0.1,....
I=—h

Put

=) w0 D) =)

i2 P 4.9)
bi)= > auxi+ Y Y ohxEi.
k=—h j=0l=—h
Then (4.1) can be written in matrix form:
x(@+1D)=A0)x@{)+ B@). (4.10)
2. Put y(i) = (yi_1, y;)" and consider the auxiliary equation
yi+1)=A@G)y3). 4.11)

Let U be a 2 x 2-matrix with all zero elements except of u#y> = 1. The matrix
equation

A'()DG + DAG) — DG+ 1)=—U 4.12)

has the solution D (i 4+ 1) with the elements

dii(i+1) =ai2,i,1d22(i +1),

iidii—1

diaGi+1) = 1“ do(i + 1), (4.13)

—aji—1

l—a;;
(I+a,;—D[A —a;i—)? —a?]

dp(i+1)=

which is positive definite if and only if the following conditions hold:

suplai—1| <1, sup(laii| + aii—1) < 1. (4.14)
ieZ ieZ

Putv; = y'({)D(i)y(i), AD(i) = D(i + 1) — D(i). Then via (4.11) and (4.12)
Avi=y' (i + DD+ 1)y +1) — y' ()DG@)y(i)
=Y O[A'G)DG +1)AG) — DG+ D]y(@) + Y ()ADE)y ()
<=3} +[ADO| (7 + 7).

where || AD(i)|| is the operator norm of the matrix AD(i).
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Via Theorem 1.2, the function v; = y'(i) D(i)y(i) is a Lyapunov function for
the auxiliary equation (4.11) if the conditions (4.14) hold and sup;., |AD ()|
<0.5.

3. The functional Vj; has to be chosen in the form Vi; = x’(i) D (i)x (i), where the
matrix D(7) is the solution of (4.12).
4. Calculating EAV); via (4.9), (4.10), (4.12) and (4.13) we get

EAV; =E[x'( + DDG + Dx( + 1) —x'()D()x ()]
=E[(A@)x() + B®)) DG + D(A@x () + B@)) — x'()D(i)x(i)]
= —Ex? + Ex'() AD(i)x (i) + da2 (i + DEDb*(i)
+ 2E(d12( + Dxi +dpa(i + Daji—1xi—1 +do (i + Dajix; )b(i)

7
< B2+ |ADG)| (B2 4B ) + Y01,
=0

where

i=2 2
Iy =dp(i+ l)E< > aile) :

I=—h
i—2 iJ
L=2dnG+DE Y apxcy | Y ohxiEj,
k=—h j=01=—h
i 2
Iy =dy (i + 1>E<Z > 0,’-;X1€j+1> :
j=01=—h
Iy =2dy» (i + 1) Ex; Z aiixi,
—4ii—1 I——n
=2 + D)= —Ex Z Z ohxi€jti,
j=01=—h
i—2
I =2dn(i + Daj; 1 Exi1 Y ayx;.
I=—h

i
I7 =2dp (i + Da; i—1Exi_ Z Z o X1€j 41
j=0]:—h
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Let us estimate these seven summands. Put

J
oy = sup Z lairl, Sk _supZ Z |0

k=1,2,....
€2 Z j=01=—h
For I; we have
i-2 i-2 i-2
Li<dp+1) Y layl Y lalBxf <dnli+Daz Y laix|Ex}.
I=—h k=—h k=—h

Since Exgxi€j 1 =0 for k,I < j and Ex€7, | = Exj for [ < j, we have

[I2] =2dxn (i +1)

i3 J i-2
EZ Z a;1x1$j+1< Z Ak X + Z aikxk)

j=0I=—h k=—h k=j+1

=2dyn(i+ 1)

i-3 J i—2
EZ Z U]':lxzé'j-;-]( Z aikxk>

j=01=—h k=j+1

i-3 i—-2
<dnG+1DY Y i D lail (Exf +Ex7)

j=0l=—h k=j+1

i-3 i-3 J
—d22<z+1)< Do D lokl Z |Clzl|Exk+Z|azk|Z Z|aﬂ|Exk)

k=—h j=ky, I=j+1 j=01=—h

i-3 i-3
<dn(i+ 1)<Olz Y Dl B+ 83 Z |a,k|Exk)

k=—h j=kpy k=1
and for I3 we obtain

i J 2 i J
L =dyn(i + I)ZE< > o;i,x,> <dp+1)Y Y |oh| D |ok[Ex;

j=0 I=—h j=0l=—h k=—h

i i J i
=dpi+1) Y Y o] > |a;,|Ex,§=d22(i+1)<|a;'i| > ok |Ex?

k=—h j=kp I=—h I=—h

i J i-2 i j
£ ol Y B+ Y 3 o Z|G;Z|Ex,g>.

j=i—1 I=—h k=—h j=kp I=—h
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Similar for I4,

i—2
. laiil
sl < dnli + D——— ) lan| (Ex + Ex7)

i,i—1 I—h

aji—1

i—-2
.
= i 1A <azEx? +y |a,-k|Ex,%>

k=—h
and for Is,
|a“| i-1
sl <dnli+Dr———3 " 3 |0 |(Ex? +Ex?)
aji—1 i=0i=—h
\aji| i-2 i—1
< d22(l + 1)%(51]2)@2 + |O-il—l,i—1|Exi271 + Z Z |(7]lk|E)C]%)
%J_l k:_hj:hl
At last for Ig,
i—2
6| < daa(i + Dlaii-1] Y lairl (Bx}_; +Ex})
I=—h
i—2
<dn(i+ 1)|al~,i_1|<azEx3_1 + ) |a,~k|Ex,%>
k=—h
and for 77,
i-2 '
171 < do i + Dlaii—11 ) Y ok | (Bx +Exf)
j=0i==h
i—-2 -2
=dn(i+ 1)|a,-,l-_1|(szlzx?1 +Y Y |a;k|Ex,§>.
k=—h j=ky,
As aresult we get
i—2
EAVi < (=14 w®)Ex] +y1(OEx] + Y PuExf,
k=—h

where

(@) = | ADG) || + daali + 1>[|a;l.| Z o) + %(az + Sl)],
I=—h 1,1—
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i J
yi@) = [ADG)| +daa(i + 1)[ Y Jetia] D el

Jj=i—1 I=—h

|O’ii71,i71|
+ laii| ——— + laii—1](a2 + S2)
I —aji
and
i3 i j
Py =dn(i + 1)|:(062 +S)laiel +oa Y |ohe|+ D ok D[]
J=km J=km I=—h

i—1 i-2
T (LR L) RSO (RS oK) |

i1 . ;
b J=km J=km

k:=—h,—h+1,...,i—-2.

Via Theorem 1.2 inequalities (4.14) and

00
sup(yo(i)+y1(i>+ZPj+i_1,,-_1> <1 (4.15)
ieZ ;
j=2

are sufficient conditions for the asymptotic mean square stability of the trivial
solution of (4.1).

Example 4.2 Suppose that the coefficients of the difference equation
Xit1 =aoiX;i +aiixi—1 +oix;i&iq1 (4.16)
have small enough fluctuations and satisfy the conditions
2 2

axi = ay + €k, el <€, k=0,1, o7 <o°, i€Z.

For (4.16) yo(i) = |ADG)|| + daa (i + l)al.z, Y1) =AD@G)|, Pix =0. So, condi-
tion (4.15) takes the form

sup(2| ADG) | + daa(i + Do) < 1.
ieZ

It is clear that if the stability conditions (4.14) and (4.15) hold for € = 0 then these
conditions hold for small enough € > 0 too. In fact, the norm || AD(i)|| satisfies the
estimation || AD(i)|| < Ce for some positive C that depends on ag, aj only. So, if

lal <1 —¢€, |aogl<1—a;—2e,
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2| AD@)| + dnli + Do}

o*(l—ai+e)

<2Ce+ 3 <1
(I+a; — o[ —a; —2¢)? —ag]

then the trivial solution of (4.16) is asymptotically mean square stable.
Note that in the stationary case (ap; = ag, a1; = a1, o; = o) these conditions
coincide with (2.15) and (2.16).

4.4 Systems with Monotone Coefficients

Consider the linear equation
i i
Xit1 =—Zainj +Zdijxj'$i+1, 4.17)
i=0 i=0

where xq is a §o-adapted random variable, Exg < 00.

Equation (4.17) is a particular case of (4.1) and stability conditions (4.4) or (4.5)
and (4.6) obtained for (4.1) can be applied to (4.17) too. But these stability condi-
tions contain some assumptions about convergence of series from coefficients a;;.
These assumptions sometimes are very limiting. Below, the stability conditions for
(4.17) are obtained without any assumptions about convergence of the series from
coefficients a;;. These stability conditions are obtained by virtue of the construc-
tion of special Lyapunov functionals and are formulated in terms of fixed sign and
monotone sequences of coefficients.

Following the procedure of the construction of Lyapunov functionals consider
the auxiliary equation for (4.17) in the form y; 11 =0, i € Z. The function v; = yi2
is a Lyapunov function for this equation, since Av; = yl.ZJr = yi2 = —yi2.

The Lyapunov functional for (4.17) is constructed in the form V; = Vy; + Vo,
where Vi; = xiz and

; ; 2
14 ]
Vo = ZO{,‘]‘ (Zxk) .
j=0 k=j
It is supposed that the numbers «;;, which will be defined below, satisfy the inequal-
ities
05ai+1,j§oe,-j, ieZ, j=0,1,...,i+1. (4.18)
Note that

AVi; = —x} +xF . (4.19)
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Calculating AV,;, we obtain
i+1 i+1 2 i i 2
j=0 k=j j=0 k=j
i+1 it+1 2 i i+1 2 i 2
j=0 k=j j=0 k=j k=j

2
i1 X

Setting

j
y,;,:zaik, j=0,1,...,i+1, (4.20)
k=0

and using (4.18), we get

i i
2 2
AVy < E ojj (xiﬂ + 2xi 41 E xk) + 01Xy

j=0 k=j
l
= Viit1 X7  2Xi1 Y ViXj. 4.21)
j=0

As a result for the functional V; = Vy; 4+ V,; by virtue of (4.17), (4.19) and (4.21)
we have

i
AV; < —x] +xiq1 |:22Vijxj + 1+ Vi,i+1)xi+l]
j=0

i i i
= —x] +Xiy1 [ZZ)/ijxj + 1+ )/i,iJrl)(_Zaijxj + Zaijxj5i+1>:|

j=0 j=0 j=0

i i
=—x] +Xit1 Z[z%j = (I +yiitaij|xj + A+ viit1) Zaijxj§i+1xi+l~

Jj=0 j=0
Suppose that
2y;j =+ yiisDaij, Jj=0,1,....1i. (4.22)
Via (4.17)
i ; ; .
E) oixjGisixist =E) oyxj6ien <_ D aijxj+ Z%‘W&#)
=0 j=0 j=0 Jj=0

i 2 i
ZE(ZGijxj> SZB,‘jEsz-,
j=0 j=0
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where
i
Bij =loijl ) lokl. (4.23)

Put y = sup; .7 ¥i,i+1. As aresult

i
EAV; < —Ex} +(1+y) ) _ BijEx}. (4.24)
j=0
Via (4.23)
Jj+i
o —SupZB]Jrlz —SupZ|Uj+ll|Z|oj+lk| (4.25)
ieZ’;
j=0

From Theorem 1.2 and (4.25) it follows that the inequality
A+y)e?<1 (4.26)

is a sufficient condition for the asymptotic mean square stability of the trivial solu-
tion of (4.17).

In order to get the stability condition in terms of the parameters of (4.17), trans-
form inequality (4.26) in the following way. Let a; ;+1, i € Z, be a monotone nonde-
creasing sequence such that & = sup;.7 a; j+1 < 2. Then from (4.22) for j =i + 1
it follows that

ai,i+1 o

R L = 4.27
Vii+1 2~ Y 7w ( )
By virtue of (4.27), the condition (4.26) takes the form
a<2(1-0?). (4.28)
Substituting (4.27) into (4.22) we obtain
aij . .
Yiij=7T——, ]:O,l,...,l+l.
Y2~ a4
From this and (4.20) and (4.18) it follows that
aij — aij—1 . .
Qij =VYij — Vi,j-1 =2 M >0, j=1,...,i+1,
2—ajitl
(4.29)
aio
aio=yio=-—"—20

2 —aj it
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Via (4.18), (4.28) and (4.29) we have
ajj > a; j—1 >aj >0,
Qjt1,j—1 — Qit1,j — @i j—1 +ajj >0, (4.30)

2
sup(@it1,i+1 + aii — aip1i) <2(1—o7).
ieZ

So, if the parameters of (4.17) satisfy the inequalities (4.30) then the trivial solu-

tion of (4.17) is asymptotically mean square stable.

Remark 4.2 In the stationary case, i.e. a;; = a;_j, 0;j = 0;_j, conditions (4.30) take
the form

ai =z aiy1=20, i=0,1,...,
ai+2 —2a;4+1 +a; >0, (4.31)

2a0 —ay < 2(1 - 02),

where via (4.25)
J+i j+i 00 2
o —supZ|o,|Z|a,+, k|—Z|o,|supZ|ok| > lojl) -
zeZ zeZk 0 =0

Example 4.3 Consider the equation

i
Xitl = —ax; — bzx,'—j +oxi—1§i+1. (4.32)
=1

From (4.31) we obtain sufficient conditions for the asymptotic mean square stability
of the trivial solution of (4.32) in the form

b
O§b§a<§+1—02. (4.33)

Consider the particular case a = b. In this case (4.32) takes the form
1
Xit+1=—bS; +oxi—1§i+1, Si= ij, (4.34)

and for the functional



4.4 Systems with Monotone Coefficients 77

we obtain the exact equality

EAV; =E[—x} +x} +v(S7, — 57)]

=E[—x] +x7 | + yxip1 (i1 +25)]

=E[—x7 + (1 + y)x} | +2yxi41 5]

=E[—x7 + (1 + y)(=bS; + oxi_1£i41)* + 2y (=bS; + oxi—1£i41)S;) |
=E[—x7 + (1 + ) (bS] +0?x7 ) —2ybS?]

—E[-

xF 4+ (1+y)oxt |+ ((1+y)b—2y)bS?E]

20
= —Ex2 +

2 bExt 1

Via Corollary 1.2, the condition 262 < 2 — b, which is a particular case of condition
(4.33) if a = b, and which can also be written in the form

0<b<2(1-0?), (4.35)

is the necessary and sufficient condition for the asymptotic mean square stability of
the trivial solution of (4.34).

Example 4.4 Consider the equation

i
Xipt=—axi = ) _blxij+oxii&is1. (4.36)
j=1

From (4.31) it follows that sufficient conditions for the asymptotic mean square
stability of the trivial solution of (4.36) are

b
0<b<l, 2b—b2§a<5+1—02. (4.37)






Chapter 5
Some Peculiarities of the Method

In this chapter some peculiarities of the proposed method of Lyapunov functionals
construction are considered.

5.1 Necessary and Sufficient Condition

Here the necessary and sufficient condition for asymptotic mean square stability of
the trivial solution of the stochastic linear difference equation is considered in more
detail.

Consider the scalar difference equation

k

Xit1 = Zajxi_j +oxi—méiv1, i€Z,
= 5.1)

Xi=¢i, i€ Zo, h = max(k, m).
Suppose that the matrix equation
A'DA—D=-U, (5.2)

where the square matrix U = ||u;;|| of dimension k + 1 has all elements zero except
for Uk+1,k+1 = 1 and

0 1 0 0
0 0 1 ... 0
A=1]... ... A I (5.3)
0 0 0 1
ax  Ag—1 ag-2 ao

has a positive semidefinite solution D with di41 x+1 > 0. Via Remarks 3.1, and 3.2
the inequality

2 —1
o <dk+1,k+1 5.4

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 79
DOI 10.1007/978-0-85729-685-6_5, © Springer-Verlag London Limited 2011
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is the necessary and sufficient condition for asymptotic mean square stability of the
trivial solution of (5.1).

Note that for each k = 0, 1, ... the matrix equation (5.2) is a system of (k +
1)(k 4 2)/2 equations. Consider the different particular cases of (5.2) and condi-
tion (5.4).

1. Let k =0, ap = a. In this case (5.1) and (5.2) have, respectively, the forms
Xit1 =ax; + oxi—m&it1, (5.5)

and
d11(a2 — 1) =-—1.

The necessary and sufficient condition for asymptotic mean square stability of
the trivial solution of (5.5) is

a*+o><1.
2. Letk=1, ap =a, a; = b. In this case (5.1) has the form
Xit1 =ax; +bxi 1 +oxi_m&it1, (5.6)
and the solution of matrix (5.2) is obtained in (3.11). In particular,

_ 1—b
(1 +DI(1=b)2—a?]

dx

So, the necessary and sufficient condition for asymptotic mean square stability
of the trivial solution of (5.6) takes the form

214D

bl <1, lal<1—b, o><1-b*>—a -

5.7
This stability condition coincides with (2.15) and (2.16). Corresponding stability
regions are shown in Fig. 2.5 for (1) 02=0,12)62=0.4,3)02=0.38.

3. Let k = 2. In this case (5.1) has the form

Xit+1 =aoX; +a1xi—1 + axxi—2 + o Xi—m&it1, (5.8)

and matrix (5.2) is equivalent to the system of (3.17) with solution (3.18), the
condition (5.4) takes the form

2
6% <1—ad—a? —ad —2aparas — (a0 + a)(ao + a1az) (a1 + aoaz) (5.9)
1 —ay —ax(ap + az)

If, in particular, ag = a, a; =0, ap = b, then (5.8) and condition (5.9), respec-
tively, are

Xit1 =ax; +bxi 2 +oxi_min (5.10)
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Fig. 5.1 Stability regions for (5.10): (/) 62 =0, (2) 62 =0.4, (3) 6> =0.8

and
214+ bla+Db)
I —b(a+b)’
In Fig. 5.1 the corresponding regions of asymptotic mean square stability of

the trivial solution of (5.10) are shown for (1) 62 =0, (2) 62 = 0.4, (3) 62 = 0.8.
If ag =0, a; = a, ap = b, then (5.8) and condition (5.9), respectively, are

ol<1—-b—a

Xit1 =axi—1 +bxi_2 +oxi_m&it1 (5.11)

and
,1—a+b?
l1—a—b%
In Fig. 5.2 the corresponding regions of asymptotic mean square stability of
the trivial solution of (5.11) are shown for (1) 62 =0, (2) 62 = 0.4, (3) 62 =0.8.
Ifin (5.8) ag = a, a; = b, az = b? then (5.8) and condition (5.9), respectively,
are

o?<1-b—a

Xit1 = ax; +bxi—1 +b*xi—2 + 0 Xi_mEi1 (5.12)

and

2b(1 + ab)(a + b*)(a + b>)

02 <1—a?>—b%—b*—2ab® -
1—b—b*—ab?
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Fig. 5.2 Stability regions for (5.11): (/) 62 =0, (2) 62 =04, (3) 62 =0.8
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Fig. 5.3 Stability regions for (5.12): (1) 62 =0, (2) 6> =0.4,(3) 62 =0.8

In Fig. 5.3 the corresponding regions of asymptotic mean square stability of
the trivial solution of (5.12) are shown for (1) 62 =0, (2) 62 = 0.4, (3) 62 =0.8.
Let us consider (5.1) again but suppose that x; € R", a;, j =0,...,k,
and o are n-dimension square matrices. Consider also the vector x(i) =
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(Xieks -+, Xi—1, X)) € R*HD the matrix B =(0,...,0,0") of n(k + 1) x n-
dimension and two square matrices A and U of n(k 4+ 1)-dimension such that

0 1 0 ... 0 o o o0 ... 0

0 0 1 0 o o0 o0 ... 0
A= , U= P I

0 0 0 1 o o0 o0 ... 0

ar ax—1 Qg—2 ... do 0 0 o ... P

where [ is the n-dimension identity matrix and P is an arbitrary positive definite
n-dimension matrix. Then (5.1) can be represented in the form

x(+1)=Ax()+ Bxi_i&iq1. (5.13)
Theorem 5.1 Let for some positive definite matrix P the matrix equation
A'DA—D=-U (5.14)

have a positive semidefinite solution

D1y D12 Diz ... D D1 k41
D Dy Dys ... Dy D k41
D = s
Dy D> D3 ... Dy Dk k+1
Di+11 Di+12 Div13 -+ Digik Dit1.k+1
where D;j, i, j =1,...,k + 1, are square n-dimension matrices, such that Dl{. =

Dj; and Dyy1 k1 is an n-dimension positive definite matrix. Then the trivial solu-
tion of (5.1) is asymptotically mean square stable if and only if

o' Diy1 k410 < P, (5.15)

i.e., the matrix o' Dyy1 k+10 — P is a negative definite one.

To prove the theorem it is enough to show that the functional

1
Vi =x"()Dx (@) + Y x{_ b Dice1aes1bxi
j=1

where D and Dy 1 x+1 are defined by matrix (5.14), satisfies the condition
EAV; = EX,{(U/Dk+1,k+10 — P)x;.
Example 5.1 Consider the system of the stochastic difference equations

Yir1 =0azi + Byi—1 +ooyi-i&it1,
(5.16)
Zit1 =0y + Bzi—1 +0o0zi—1&iv1.
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Let us show that the inequalities

—1<B<1—|o (5.17)
and
1
602+ﬂ2+052% <1 (5.18)

are the necessary and sufficient conditions for asymptotic mean square stability of
the trivial solution of system (5.16).
Putting

(i (0 « (B 0 (oo O
xl_<Z1)’ aO—(a O)a al_(o ﬁ)a U_<O O_O k]
let us represent the system (5.16) in the form (5.1) as follows:

Xiy1 =aox; +ayxi—1 +bx;_j§i 1.

The matrix (5.14) with the matrices

0O 0 1 0 0 0 O 0

0 0 0 1 0 0 O 0
A= ., U=

B 0 0 « 0 0 puu pi2

0 B « O 0 0 pr2 px

Dy1 Dy din di2 diz dis
D= ., D= , D12 = )
<D12 Dzz) H <d12 dxn 27 \ds du
d3z  dzg
Dy = ,
2 <d34 dag
takes the form of the system of the ten equations

Bldyy =di, BPdzs = dio, BPdss = do,

Bdiz + aBdzs = d3, Bdxz + afdsz =dya,

Bdi4 + afdyy = do3, Bdog + afdzy = doa,

) (5.19)
di + 2adis + o das = d3z — p11,

diy 4 a(d3 + do) + &Pdsg = dsg — pra,

d + 2adas + o’dyy = das — poo.
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Put now

_ap AL A
Y 5‘<1 ’ “1—/8) ’

2a28 14 p?
_ R2’ v=a _p2
1-8 1-8

Then the solution of system (5.19) can be represented as follows:

p=1-p>—

di = 2ds, dip = B*dsa, dyy = B*dua, d13 = dos = ydza,

af ap

dia= 7 g+ Bdu). iy =25 (Bdss + dua). (5.20)
+v v
d3s =6p12, d33=w, d44=w'
ne—=v ne—=v

It is easy to check that by conditions (5.17) and (5.18) the matrix D with elements
(5.20) is a positive semidefinite matrix and the matrix D, is a positive definite
matrix.

Choosing, for example, the matrix P with the elements p;; = p» = p > 0,
p12 = 0 we obtain

B2 0 0 y

_ 0 g% y O
b=rify ) 1 0
y 0 0 1

Note that 0'Dyyo = p(Saozl . From (5.15) it follows that the necessary and suffi-
cient condition for the asymptotic mean square stability of the trivial solution of the
system (5.16) is 80& < 1, which is equivalent to (5.18).

5.2 Different Ways of Estimation

In the previous items it was shown that via different representations of type (1.7) of
the initial equation one can construct different Lyapunov functionals and therefore
get different stability conditions.

Here it will be shown that using different ways of estimation of EAVj; one can
also construct different Lyapunov functionals and as a result obtain different stabil-
ity conditions.

Consider the equation

k m
Xipr=axi+bY (k+1=jxij+o Y (m+1—jxi & (5.21)
j=1 j=0



86 5 Some Peculiarities of the Method

This equation is a particular case of (3.1) for
ap=a, aj=blk+1-j), j=1,...,k, aj=0, j>k=>1,
oj=0, 1>0,j>0,

o)=cm+1-j), j=01,...m  o)=0 j>m=0.

Via (3.2) and (3.3) the sufficient condition for asymptotic mean square stability
of the trivial solution of (5.21) has the form

k(k+1 1)2 2)2
lal + |b] (;_ )<w/1—So, So=(m+ )4(m+ ) o’ (5.22)

From (3.2) and (3.4) we obtain another sufficient condition for the asymptotic
mean square stability of the trivial solution of (5.21):

So < (1 —a—bk(k+ ]))<1+a+bk(k;— D _ |b|k(k+1)(k+2))’
Kk + 1 (5.23)
‘a—i-b ( ;_ )'<1.

Using conditions (3.11) and (3.12) we obtain a sufficient condition for the asymp-
totic mean square stability of the trivial solution of (5.21) in the form

PEGD2lal + (1 = b6 2]+ (1= bR)Sy .
(1 +bl)[(1 — bk)? — a?]
Iblk <1, la| < 1 — bk. (5.24)

3

Let us show that using some special way of estimation of EAVy; and supposing
some particular conditions on a and b we can get a sufficient stability condition,
which differs from the conditions (5.22), (5.23) and (5.24) and gives an additional
region of stability.

Consider the representation (1.7) for (5.21) in the form

k
=0, F) = ax;, Fy=bY (k+1-j)xi_j.
=1
! (5.25)
m
F3=G; =0, Gy=0) (m+1—jxi_j.
j=0

Putting Vj; = xl.2 and using the standard way of estimation EAV); we get the
sufficient stability condition in the form of (5.22). Now we will use again represen-
tation (5.25) and the functional Vi; = xiz, but we choose another way of estimation
of EA V1 i
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Calculating EAVy;, we have

k m 2
EAV); = E(axi +b Z(k +1—ximj+o Z(m +1-— j)x,-_,-g,-H) — Ex?
j=1 j=0

k
= (a® = 1)Ex{ +2ab ) "(k+1— j)Ex;x;_

j=1
k 2 m 2
+b2E<Z(k+ 1 —j)x,-_j) +02E(Z(m+ 1 —j)xi_j>
j=1 j=0
k
< (a> = 1)Ex} +2aby "(k+1— j)Ex;x;_;
j=1

k m
+ 001 )k + 1= PDEx];+0%hmo ) (m+1— HEx] ;. (526)
j=1 j=0

where
1
Akl = §(k+1—l)(k+2—l)-

Via the formal procedure of Lyapunov functionals construction let us use the
additional part V;; of the functional V; = Vi; + V»; in the form

k+1 / j 2
Vas = ab z(zxu) .
j=1\i=1
k+1T

ava =l 3 (EW ’) (gwﬂ
=|ab|];2+‘i (l S l) (Zx’ lﬂ
s s

= |ab|2
j=
j—1
= |ab|z X; 24 2% Zx, | — <xi2_j +2xi_j in_1>:|
j= =1

Then
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k
= |ab|[<k + 17 + 23 )k + 1= Dxicy — p,-],
=1

where

k1 j-1
pi = Z (xl-z_j + 2xi_j in_[) .
=1 =1

It is easy to see that

k+1 k+1 k+1
le D ,le I+th DI
j=1 Jj=l+1
k+1 k+1 k+1
=D - szt 1+ xiej ) i
j=1 j=1 I=j+1

k+1 k41 k+1 2
j=1 =1 j=1

Therefore,

k
AVy; < |ab| ((k + a7 +2) (k+1- l)xix,-_l>. (5.27)
=1
Let us suppose now that ab < 0. Then from (5.26) and (5.27) for the functional
Vi = Vii + Va; it follows that

EAV; < [a® + |ab|(k + 1) — 1]Ex

k m
+ b2 Y (k+ 1= HEx] j+0%Amo Yy (m+1— )HEx} ;.
j=1 j=0

Using Theorem 1.2 and Sp from (5.22) we find that the inequality

2 2
a2+|ab|(k+1)+b2@+so<1, ab <0, (5.28)

is a sufficient condition for asymptotic mean square stability of the trivial solution
of (5.21).

It is easy to see that for ab < 0 condition (5.28) is weaker than condition (5.22)
if kK > 1 and coincides with condition (5.22) if k = 1.

In Fig. 5.4 the stability regions, which are obtained by conditions (5.22), (5.23),
(5.24) and (5.28), are shown in the (a, b)-plane for k =2, Sg = 0.1 (the bounds with
numbers 1, 2, 3, 4, respectively).
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Fig. 5.4 Stability regions for (5.21) given for k =2, Sy = 0.1, by conditions: (/) (5.22), (2) (5.23),
(3) (5.24), (4) (5.28), (5) (5.29)

Note that if k = 2 then (5.21) is a particular case of (5.8) for ay = a, a; = 2b,
ay = b, m = 0. In this case using the stability condition (5.9) for (5.8), we obtain the
necessary and sufficient condition for asymptotic mean square stability of the trivial
solution of (5.21) in the form

2b(a + b)(a +2b*)(a +2)

2 2 2 2
1 —a?—5b> — 4ab® — . 5.29
o =iTa a 1—bC+a+b) (5.29)

The corresponding stability region is shown in Fig. 5.4 (the bound with number 5).

5.3 Volterra Equations
In this section two examples of Volterra equations are investigated in detail.

Example 5.2 Consider the equation

i+h
Xipr=axi+ Y bIxi_j+oximbip, m=0,i=01,.. . (5.30)
j=1

Using (3.3), (3.13) and (3.25) (or in accordance with Remark 3.4 condition (3.39)
for k =0, k =1 and k = 2) we obtain the following sufficient conditions for asymp-
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totic mean square stability of the trivial solution of (5.30):

1|
<
1— |b|

b2 bl(2—|b 2 1+b
<| I( II)Jr |a|)+02<1_b2_a2 +

la| + 1—02, |b| <1, (5.31)

b

1=\ 1—|b| 1—b 1—b
lal+b <1, [b] <1, (5.32)
BI° 2P (o lat b+ =bibA+ab)l) L

(1—1bD2 "~ 1—1b] [1—b—b@a+b?)

(1 +ab)(a +b*)(a+b3)

<1—a?>—b*>—b*—2ab® - 2b
1—b—b2a+b2)

. bl < 1.

(5.33)

Using the program “Mathematica” for the solution of the matrix equation (3.29),
the sufficient condition (3.39) for the asymptotic mean square stability of the trivial
solution of (5.30) was obtained also for k = 3 and k = 4. In particular, for k = 3 this
condition takes the form

b* -
=l S VB +dy —o? =B, bl <1,

(5.34)
d d d
ﬁ3=|b3|+‘a+ﬁ +‘b+ﬁ + (b2 S
dag dag dya
where
dia 33 45 8 3 01!
— =0 [+ b —b° +a(l—b +b%) ]G,
daa
d
d—24:b2[a2b+b2+b5—bﬁ—b8+a(l+b4+b6)]G_l,
44
d
d—34:b[b2+a3b2+b4—b7+a2(b+b4)+a(1+2b3+b5—b6—b8)]G_l,
44

du = G[1 —b—b>—a'b? —2b* + 20" — 2% +-2b° — b'0 — p'2 + p13
— b b7 — &P+ b) = a?(1+ b+ 5b* — b +b° — 27 — b°)

—ab*(1+4b—b* + 50> = b* +b° —46° + 467 — b0 4+ b')] 7,

G=1-b—ab>— (1+a*)b* —b* —ab® —b° +b" +°.
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Fig. 5.5 Stability regions for (5.30) given for c2=0 by (/) k =0, condition (5.31), (2) k =1,
condition (5.32), (3) kK = 2, condition (5.33), (4) k = 3, condition (5.34), (5) k = 4, (6) condi-
tion (5.35)

Condition (3.4) for (5.30) takes the form

1 —3|p| 1—2b
— <a< , bl <1,
(1 =>b)(1 —|b)) 1-b

) (1—2b ) 1 —3p| )
R <a+(1—b><1—|b|) '

In Fig. 5.5 the regions of asymptotic mean square stability of the trivial solu-
tion of (5.30) are shown, obtained for 62 = 0 and k = 0 (condition (5.31), curve
number 1), k = 1 (condition (5.32), curve number 2), k = 2 (condition (5.33), curve
number 3), k = 3 (condition (5.34), curve number 4), k = 4 (curve number 5) and
also the region obtained by condition (5.35) (curve number 6). In Fig. 5.6 and
Fig. 5.7 the similar regions of stability are shown for 0> = 0.3 and 0> = 0.7.

In Fig. 5.5 one can see (and naturally it can be shown analytically) that in the
case 02 =0 for b > 0 the stability condition (5.31) coincides with the condition
(5.32) and for a > 0, b > 0 the stability conditions for k =0, 1, 2, 3, 4 give the same
region of asymptotic mean square stability, which is defined by the inequality

(5.35)

b
a+m<l, b<l

According to Remark 3.3 in Figs. 5.5-5.7 one can see also that the region of asymp-
totic mean square stability Qy of the trivial solution of (5.30), obtained by condi-
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Fig. 5.6 Stability regions for (5.30) given for o2 = 0.3 by (I) k = 0, condition (5.31), (2) k =1,
condition (5.32), (3) k = 2, condition (5.33), (4) k = 3, condition (5.34), (5) k =4, (6) condition
(5.35)

tion (3.39), expands if k increases, i.e. Qo C Q1 C Q2 C Q3 C Q4. Thus, to get a
greater region of asymptotic mean square stability one can use the condition (3.39)
for k =5, k = 6 etc. But on the other hand it is clear that each region Q4 can be
obtained by the condition |b| < 1 only.

To obtain a condition of another type for the asymptotic mean square stability of
the trivial solution of (5.30), transform the sum in (5.30) for i > 1 in the following
way:

i+h ‘ i—1+4+h .
Zb]xi_j = b<xi_1 + Z bjx,'_l_j>
j=1 j=1
=b[(1 —a)xi—1 +x; — oxi—1—-m&i]. (5.36)

Substituting (5.36) into (5.30) we transform (5.30) into the form

h
X1 =axo+ ijx_j +ox_mél1,
=1 (5.37)

Xip1 =aoX; +a1xi—1 +o1xi—m&iv1 +ooxi—1-méi, i=1,2,...,
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Fig. 5.7 Stability regions for (5.30) given for o2 = 0.7 by (I) k = 0, condition (5.31), (2) k =1,
condition (5.32), (3) kK =2, condition (5.33), (4) k = 3, condition (5.34), (5) k =4, (6) condition
(5.35)

with
apg=a+b, ar=b(1 —a), o1 =o0, oy = —bo. (5.38)

We will construct the Lyapunov functional for (5.37) in the form V; = Vy; + Vy;,
where V; = xiz. Then for i > 1 we have

2
EAVy; = E[(aox; + a1xi—1 + 01%i—m&it1 + 02Xi—1-mé&i)” — x,z]

2 2, 2.2 2.2 2.2

=E[(ag — 1)x7 +ajx] | +oix], +o5x |,
+ 2apa1x;xi—1 ] + 2a002Ex;i Xi— 1 —mé&i

< E[(aé + |agay| — l)xi2 + (a% + |aga; |)xi2_l

2.2 2.2
+oix;_,, +0; xi—l—m] + 2ap00Exixi —1—m&;.

Note that via (5.37)

Exixi1-m& =Exi_1_m(aoxi—1 + a1xi 2 + 01%i_1-m&i + 02Xi2-m&i—1)&i

= o1Ex? (5.39)

i—1—m-*
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Fig. 5.8 Stability regions for (5.30) given for c2=04 by condition (5.42): (I) Ry, (2) R1,(3) R2

Putting p = —(2a + b)b, from (5.38) and (5.39) we obtain
EAVy; < (af + laoai| — 1)Ex? + (af + lagar|)Ex{_,

+0%Ex},, + po*Ex} | (5.40)

—m-*

From (5.40) and Theorem 1.2 it follows that in the region Ry = {p > 0} the
inequality

(laol + la1])* + (1 + p)o® < 1 (5:41)

is a sufficient condition for asymptotic mean square stability of the trivial solution
of (5.30). From Theorem 1.4 it follows also that by condition (5.41) in the region
R ={p <0, (lag| +|a1])? + 0% < 1} the trivial solution of (5.30) is asymptotically
mean square stable. In the region R, = {p <0, (Jag| + |a1))> + o> > 1} we can
conclude only that by condition (5.41) each mean square bounded solution of (5.30)
is asymptotically mean square trivial.

Note that via (5.38) and the representation for p, the condition (5.41) can be
written in the form

(la+bl+[b(1 —a)|)> +0%(1 — Qa+b)b) < 1. (5.42)

In Fig. 5.8 the region given by condition (5.42) for o2 = 0.4 and also the following
different parts of this region: (1) Ry, (2) Ry, (3) Ry, are shown.
Rewrite (5.37) in the form

x(@+1)=Ax@{)+ B(@), (5.43)
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0 1 . Xi—1 . 0
i=(a w) 0=(5) m0=()

b(i) =o1xi—mit1 + 02Xi—1-m&i. (5.44)

where

Consider now the functional Vy; = x’(i) Dx (i), where the matrix D is the solu-
tion of (3.10) and has the elements

apai
1—ay

2
di =ajda, dip = dao,

1—a (5.45)

T U+anl(d—an?—a2]’

d»
The matrix D with elements (5.45) is positive semidefinite with dy, > 0 if and
only if
lai| <1, lag| <1 —ajy. (5.46)
Calculating EAV;1 via (5.43) and (3.10) we have
EAVy; = E[x/(i +DDx(i+1)— x’(i)Dx(i)]
= E[(Ax(i) + B(i))'D(Ax(i) + B(i)) — x’(i)Dx(i)]
= —Ex? + EB'(/)DB(i) + 2EB'(i)DAx(i)
= —Ex? + dpEb} + 2Eb(i)[dnaixi—i + (di2 + daag)x;].
Using the representations (5.37), (5.44) and (5.45) for x;, b(i) and d;», we obtain

Eb*(i) = 0fEx? , + 07Ex?

i—1l—m
and
Eb(i)[dxnaixi—1 + (di2 + dxao)x;i ]
= (di2 + dnag)o102Ex?
ap 5
= 1— a 0102d22Exi_1_m~
Thus,
L 2, 2 2 2
EAVy; = —Ex; +oidnEx;_,, + ydnEx;__,,
where
2ag 5
V= o102 +0;5. 5.47)

1—a
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Put now
m
2 2
Voi = oydn in—j'
j=1

Then AV,; = olzdzz (xl.2 — xi2_m) and for the functional V; = Vj; + V5; we have

EAV; = —(1 — 0fdxn)Ex} + ydnEx} (5.48)

_m
Note that by condition (5.46) 012 4y > 0. In fact,

2a
of ty=of+ 1

o102 + 022
1

2 2|ap]

2
>0 o102| + o
1 1—a1| | 2

2
> o —2|o102] + 03 = (lo1| = |ol)” = 0.
From Corollary 1.1 it follows that in the region Go = {y > 0} the inequality
(of +7)dn <1 (5.49)

is the necessary and sufficient condition for asymptotic mean square stability of the
trivial solution of (5.30). From Theorem 1.4 it follows also that by condition (5.49)
in the region G| = {y <0, 012d22 < 1} the trivial solution of (5.30) is asymptotically
mean square stable. In the region G, = {y <0, olzdzz > 1} we can conclude only
that by condition (5.49) each mean square bounded solution of (5.30) is asymptot-
ically mean square trivial. In Fig. 5.9 the region is shown given by the condition
(5.49) for 02 = 0.3, and also the different parts of this region (1) Go, (2) G1, (3) G2
are shown.

Note that in the region G the trivial solution of (5.30) can be asymptotically
mean square stable too. In fact, in Fig. 5.10 the regions of asymptotic mean square
stability of the trivial solution of (5.30) for o2 = 0.3 from Fig. 5.6 are shown to-
gether with the region G, from Fig. 5.9: k = 0 (condition (5.31), curve number 1),
k =1 (condition (5.32), curve number 2), k = 2 (condition (5.33), curve number 3),
k = 3 (condition (5.34), curve number 4), k = 4 (curve number 5), the region ob-
tained by condition (5.35) (curve number 6), the region obtained by condition (5.41)
(curve number 7), the region obtained by condition (5.49) (curve number 8), the re-
gion G, (between curves 8 and 9). It is easy to see that most of the region obtained
by condition (5.41) and some part of the region G belong to the regions where the
trivial solution of (5.30) is asymptotically mean square stable.

Example 5.3 Consider the equation

i—1
Xip1=ax; +b Z Xj+0oXi—m&it1. (5.50)
j=—h
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Fig. 5.9 Stability regions for (5.30) given for 62=023 by condition (5.49): (1) Gy, (2) G1, (3) G2

From (4.33) it follows that a sufficient condition for asymptotic mean square stabil-
ity of the trivial solution of (5.50) has the form

b 2
02b2a>§—1+0. (5.51)
To get stability conditions of another type put f=1ifb#0and B =0if b=0

and transform (5.50) for i > 1 in the following way:

i—2
Xiy1=ax; +bxi_1+b Z Xj+ oXi—m&it
j=—h

=ax; +bxi—1 +B(xi —axi—1 —0Xj—1-m&;) + 0Xi—m&i+1.
Similar to (5.37) we obtain (5.50) in the form

h
X1 =axo+be7j +ox_méi1,
j=1 (5.52)
Xip1 =aoX; +arxi—1 +0o1Xi—m&it1 +oaxi—1-mbi, i=1,2,...,
with

apg=a+ B, ay=b — Ba, o] =0, o, = —fo. (5.53)
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Fig. 5.10 Stability regions for (5.30), given for 02=03 by: (1) k =0, condition (5.31), (2) k =1,
condition (5.32), (3) k = 2, condition (5.33), (4) k = 3, condition (5.34), (5) k =4, (6) condition
(5.35), (7) condition (5.41), (8) condition (5.49), (9) G, between curves 8 and 9

Therefore, for (5.52) there exists a functional V; satisfying condition (5.40) with
p=—Q2a+ B)B. If p >0, then the inequality (5.41) is a sufficient condition for
asymptotic mean square stability of the trivial solution of (5.50). In particular, if
b =0 then B = 0 and the condition (5.41) takes the form a® + o2 < 1, which is
the necessary and sufficient condition for asymptotic mean square stability of the
trivial solution of (5.50) with b = 0. If b # 0 then 8 = 1, and the condition p > 0 is
equivalent to @ < —0.5.

From Theorem 1.4 it follows also that by condition (5.41) in the region Q| =
{a > —0.5, (|lag| + la1])? + o2 < 1} the trivial solution of (5.50) is asymptotically
mean square stable. In the region O, = {a > —0.5, (lag| + laiD? + o2 > 1} we can
conclude only that by condition (5.41) each mean square bounded solution of (5.50)
is asymptotically mean square trivial.

Note that for b # 0 from (5.53) and the representation for p it follows that the
condition (5.41) can be written in the form

(la+ 11+ b —al)* —2a0? < 1. (5.54)

In Fig. 5.11 the region given by condition (5.54) for 0> = 0.2 and also the differ-
ent parts of this region Qg = {a < —0.5} (region ABCDFA), Q; (region DEFD),
and Q> (region DEFOD) are shown. For comparison the region given by condition
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Fig. 5.11 Stability regions for (5.50) given by condition (5.54) for 62 = 0.2

(5.51) is shown too (region GBOG). Using Theorem 1.4 one can assert that in the
region ABCDEFA the trivial solution of (5.50) is asymptotically mean square sta-
ble, but in the region DEFOD we can conclude only that each mean square bounded
solution of (5.50) is asymptotically mean square trivial. On the other hand one can
see that the part EFOE of region DEFOD belongs to region GBOG, and therefore in
region EFOE as well as in the whole region GBOG the trivial solution of (5.50) is
asymptotically mean square stable. If b = O then the line segment MN is the region
of the necessary and sufficient condition for asymptotic mean square stability of the
trivial solution of (5.50).

To get one more condition, note that (5.52) coincides with (5.37) fori > 1. There-
fore, for (5.52) there exists a functional V; that satisfies condition (5.48) with y de-
fined by (5.47). It means that the inequality (5.49) gives the stability condition for
(5.50) also.

Consider condition (5.49) for (5.50) in more detail. Note that if » = 0 then g = 0.
Via (5.45) and (5.53) in this case condition (5.49) takes the form

la] <v1—02 (5.55)

and is the necessary and sufficient condition for mean square stability of the trivial
solution of (5.48).

Let b # 0. In this case 8 = 1, and via (5.46) and (5.53) we have d>; > 0 if and
only if

lb—al<1, la+1]<1+a—b. (5.56)
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Fig. 5.12 Stability regions for (5.50) given by condition (5.58) for 02=0.2
Inequalities (5.56) are equivalent to the condition
2a+1, ac _37_17
a—1<b< ( ) ( ) (5.57)

0, ael[-1,1).

In the deterministic case (¢ = 0) condition (5.57) is the necessary and sufficient
condition for asymptotic mean square stability of the trivial solution of (5.50).
Via (5.53) the condition (5.49) can be written in the form

oldyp(1+68) <1 (5.58)
with
l1+a+b
§=————. 5.59
1+a—-0»b ( )

It is easy to see that by condition (5.57) 1 + 6 > 0. Via Corollary 1.1 one can show
that if § > O then the inequality (5.58) is the necessary and sufficient condition for
asymptotic mean square stability of the trivial solution of (5.50).

From Theorem 1.4 it follows also that by the condition (5.58) in the region {§ <
0, 0%dy < 1} the trivial solution of (5.50) is asymptotically mean square stable. In
the region {§ < O, o2dy > 1} we can conclude only that by condition (5.58) each
mean square bounded solution of (5.50) is asymptotically mean square trivial.
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In Fig. 5.12 the region given by condition (5.58) for o> = 0.2, and also the dif-
ferent parts of this region PQRP {8 > 0}, PRSP {§ < 0, o2d» < 1}, PMNRSP
{8 <0, o2dy, > 1} are shown.

In reality in the region {§ < 0, o2dy > 1} the trivial solution of (5.50) can be
asymptotically mean square stable too. In fact, in Fig. 5.12 one can see that part
of the region {8 <0, o2dy > 1} belongs to the region GBOG of asymptotic mean
square stability of the trivial solution of (5.50) given by condition (5.51).

In Fig. 5.12 it is shown also that the region PQRSP, where the trivial solution of
(5.50) is asymptotically mean square stable, includes the region of asymptotic mean
square stability ABCEA that was obtained by virtue of condition (5.54).

5.4 Difference Equation with Markovian Switching

The stability of stochastic differential equations with Markovian switching has re-
ceived a great deal of attention (see [182, 230, 237] and references therein). Consider
the following stochastic difference equation with Markovian switching

Xit1 =nixi +bxip+oxi 1§11, i€Z. (5.60)

Here &; is a sequence of §;-adapted mutually independent random variables with
E& =0, Eéiz =1, n; is §;-adapted and independent on the & Markov chain [87—
89] with denumerable set of states o1, «, ... and probabilities of transition

Poi =P{nip1 = ar/ni = o} (5.61)

First consider the auxiliary equation without delays

Yi+1 =i Vi (5.62)

Consider also the auxiliary Markov chain ¢; with denumerable set of states
B1, B2, ... and the same as for the »; probabilities of transition

Pk =P{Civ1 = Bic/Si = Bm}- (5.63)

It is supposed here that ¢; is §;-adapted, independent on 7;, P{¢; = B} =P{n; =
am}and B =infi>1 B > 0.
Consider the function v; = ¢; yi2 and calculate EAv;. Via (5.62) and indepen-
dence n; and ¢; on y; we have
EAv; = E(§i+1yi2+1 —&iy}) =E(Givinf — fz‘)yiz =yEy?,
where
vi =E(Gnin} — &). (5.64)

If sup;c7 ¥i < —c <0 then EAv; < —cEyl.2 and the trivial solution of (5.50) is
asymptotically mean square stable.
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Remark 5.1 Let the Markov chain »n; satisfy the condition 0 < g < [n;]| < a1 < 1.
Then choosing ¢; = |n;| we obtain y; = E(|ni+11n7 — ni]) = E(ni1llni] — DIni| <
(a12 — Deagp < 0. It means that the trivial solution of (5.62) is asymptotically mean
square stable.

Remark 5.2 Let the Markov chain #; satisfy the condition |n;| > 1. Then putting
¢ = |ni| we obtain y; = E(|ni+111n:] — 1)|n;i| = 0. It means that the trivial solution
of (5.62) cannot be asymptotically mean square stable.

Lemma 5.1 Let oy, @2, ... and B1, B2, ... be, respectively, the states of Markov
chains n; and ¢; with the probabilities of transition (5.61) and (5.63). Then
Sup;cz Vi < v, where y; is defined by (5.64) and

y = sup { o, Z PukBi — B } (5.65)

k=1

Proof Via (5.64) we have
Vi = E(7E{¢i1/8i) — &)

= E(n? 3 BeP(ia1 = Bi/3i) — g:-). (5.66)

k=1

Since ¢; is a Markov chain, P{¢; 11 = B /Si} = P{¢i+1 = Br/¢&}. From this via
(5.51) and (5.65) and (5.66) we obtain

Vi = E(n? D BPi = Bi/G) — 4-)
k=1
Z(

BiP{Civ1 = Br/Ci = Bm} — ,3m>P{Ci = B}

Z ( Z Pouk B — ﬂm)P{;- = Bu} <v- (5.67)
The proof is completed. O

Corollary 5.1 If for given oy, a2, ... and P,y there exists a sequence By, B, ...,
such that y < 0, then the trivial solution of (5.62) is asymptotically mean square
stable.

Suppose that the states of Markov chain n; satisfy the condition: for some k > 1

lat] = laa| = - = o | = 1 > [okq1| = -+ = > 0. (5.68)
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Put Ay ={ay, ..., a},

k
Ok =Plniy1 € Ax/ni=an} =) Pu.
=1

If m <k then Qu is the probability to remain in the set Ay; if m > k then Qi is
the probability to come into the set Ay. The set Ay is a “bad” one for stability.

LemmaS5.2 Ify <O, i.e. the trivial solution of (5.62) is asymptotically mean square

stable, then the probability Qi is small enough. In particular, if y < 0 for some
sequence B1, B2, ..., such that

B = inf B > B = inf B >0, (5.69)
m<k m>1
then

Q’""<27’ m=1,2,.... (5.70)

Proof If y <0 then via (5.65)

k oo
Bm > a’Zn (Z P B + Z Pmlﬂl)
=1

I1=k+1
= (B Qi + B(1 = Q) = o7, (B — B) Qunk + B).
From this (5.70) follows. The proof is completed. g

Remark 5.3 Choosing 8, = oz,zn from (5.68)—(5.70) we obtain

1 —a?
Omk < 2o 5.71)
k

In this case the estimation of Q,,; does not depend on m.

Remark 5.4 Suppose that o < |oz;11| < |ag| for some m > 1. Choosing B, = |om|
from (5.68)—(5.70), we obtain

o, | — o

Omk < (5.72)

log | —

For m < k the estimation (5.72) is no more than (5.71). In fact, from (5.68) for
m <k we have |y, | > |ag| > 1. Therefore,

-1 -1 2
o —a o —o l—«
o'l =l —a

okl —a 7 okl —o T o —a?
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To get a stability condition for (5.60) consider again the functional Vj; = {ixf.
Calculating EAVy; via (5.60) we obtain

EAVy; = E[i1 (ixi + bxi—p + oxii£i41)* — ¢ix} ]
= yiEx? + B (0x7, + 0x + 2bmixixi—)
< ViEx] + i (PEx}_y, + 0Exi)) + pilbl (Ex} + Ex}_;)
= (yi + pilb|)Ex}? + (ib* + p; b Ex?), + ;o *Ex?,

where y; is defined by (5.64), p; = E¢iy1nil, i =Egi11. Put y =sup;czvi, p =
SUp; ¢z Pi> 4 = Sup; <z M;. Via Theorem 1.2 the inequality

y +2plbl + pn(b* +02) <0 (5.73)

is the sufficient condition for asymptotic mean square stability of the trivial solution
of (5.60).

Consider condition (5.73) in more detail. Suppose that (5.68) holds and ¢; < .
Then p < |a1|B1, 1t < B1 and 2p|b| + pu(b* +07) < APy, where A = 2|a; b| +b° +
o2. As a result we obtain the following.

Lemma 5.3 Let o1, a2, ... and B1, B2, ... be the states of the Markov chains n;
and ¢; with the probabilities of transition (5.61) and (5.63). If

oo
sup{a,i > PuBi— ﬁm} +Ap1 <0,
=1

m>1
A =2laib| +b*+ 02, (5.74)
then the trivial solution of (5.60) is asymptotically mean square stable.

Example 5.4 Let us suppose that the Markov chain #; in the difference (5.62) has

two states a1, ap, such that |o;| > |ap| > 0. If |a;| < 1 then (Remark 5.1) the triv-

ial solution of (5.62) is asymptotically mean square stable. If || > 1 then (Re-

mark 5.2) the trivial solution of (5.62) cannot be asymptotically mean square stable.
Suppose that

laz] < 1 <laq]. (5.75)

From (5.71) it follows that for asymptotic mean square stability the probability Pjj
must be small enough, i.e.

p l—a%
11 < .
o —al

If besides of (5.75) |ajaz| < 1, then via (5.72) another estimation, namely

—1
loe] | — ez
Pll < 1—’
leey| — |z
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holds that is no more than the previous one.

Let us obtain a condition for the asymptotic mean square stability of the trivial
solution of (5.60) in terms of the parameters «;,;, Py, m = 1,2, b, 2. Via (5.74)
we have

o (Pu1 B1 + Puaf2) + A1 < B, m=1,2. (5.76)
Put ) = 8 ! B> and rewrite (5.76) as follows:

af(Pi+ Pod) +A <1, a3(Py + Ppd) + A <.

From this we have

1+a;2A— Py ay2(1—A) - Py
a, " — Ppn 1—Pp

(5.77)

It means that if
I+0°A=Py o ’(1-A)— Py
<
a2_2 — P» 1—- P

(5.78)

then there exist 81, B2, such that 0 < 8 < B (i.e. 0 < A < 1), for which condition
(5.77) holds. Using the representation for A, transform the condition (5.78) into the
form

A=2Ja1b| +b* + 07,

5 (2 — Pn)(1— A)
1—P22+(Ol2 _1)P11+AC(2 (1—P11)

(5.79)

So, if condition (5.79) holds then the trivial solution of (5.60) is asymptotically
mean square stable.
If b = 0 = 0 then condition (5.79) takes the form

2 _ %’ = Py
1 -
1—P22+(a22—1)P11

o (5.80)

and is the sufficient condition for asymptotic mean square stability of the trivial
solution of (5.62).

In Fig. 5.13 stability regions for the trivial solution of (5.60) obtained by the
condition (5.79) are shown in the plane (A1, A2), where A; = |o;|, i = 1, 2, for P1; =
0.05, 62 = 0.01, b = 0 and different values of P»: (1) Py =0, (2) Py = 0.8,
(3) P =0.95, (4) Py = 1. In Fig. 5.14 similar stability regions are shown for
Pi1=0.05,02=0,b=0.01.

Stability regions for the trivial solution of (5.62) obtained by the condition (5.80)
are shown for the same values of P»; and for P;; =0.05 in Fig. 5.15 and for P =
0.1 in Fig. 5.16. In Figs. 5.15 and 5.16 the parts of the region marked by the letter M
satisfy the condition (5.80), the parts of the region marked by the letter N satisfy the
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e =
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Fig. 5.13 Stability regions for (5.60) given by condition (5.79) for P;; = 0.05, 6> =0.01, 5 =0
and different values of P): (1) P»» =0, (2) Py =0.8,(3) Pp=0.95,(4) P =1
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Fig. 5.14 Stability regions for (5.60) given by the condition (5.79) for P;; = 0.05, o2 =0,
b =0.01 and different values of Px: (1) Py =0,(2) P> =0.8,(3) P»»=0.95,(4) P =1

condition |az| < |a1| < 1. As follows from Remark 5.1, by this condition the trivial
solution of (5.62) is asymptotically mean square stable for arbitrary Py and P»;.

Remark 5.5 Note that if P,y = 1, i.e. the set ap of the Markov chain 7; is an ab-
sorbed set, then from (5.80) it follows that the trivial solution of (5.62) is asymptot-
ically mean square stable if alz < Pf]l.
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Fig. 5.15 Stability regions for (5.62) given by the condition (5.80) for P1; = 0.05 and different
values of Pyy: (1) Py =0, (2) P2 =0.8,(3) P, =0.95,(4) P, =1
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Fig. 5.16 Stability regions for (5.62) given by the condition (5.80) for P;; = 0.1 and different
values of Pyy: (1) Py =0, (2) P2 =0.8,(3) Pp =0.95,(4) P, =1

Suppose now that the Markov chain n; in (5.60) has two states o1, ap with con-
dition (5.73). Let us suppose also that

P11 =0, Py =1. (5.81)
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It means that «; is the unessential state and o, is the absorbent state; then from
(5.79) and (5.81) it follows that

2la1b| +b* + 02 < <1. (5.82)

Let us show that the condition (5.82) can be essentially relaxed. In fact, it is easy
to see that by the conditions (5.81) we have P{n; = o1} =0, P{ni =az} =1,i > 0.
Therefore, for i > 0 we obtain y; = (a% — 1) B, pi = ozl B2, i = B2, where B > 0.
So the condition (5.73) takes the form

(lea] + 1B])’ + 02 < 1. (5.83)

Thus, if the Markov chain #; in (5.60) has two states a1, o with conditions (5.75)
and (5.81), then the inequality (5.83) is the sufficient condition for asymptotic mean
square stability of the trivial solution of (5.60).

It is easy to see also that the condition (5.83) coincides with (2.2).



Chapter 6
Systems of Linear Equations with Varying
Delays

Here the general method of the construction of Lyapunov functionals is used for
constructing of asymptotic mean square stability conditions for systems of stochas-
tic linear difference equations with varying delays. Stability conditions are formu-
lated in terms of the existence of positive definite solutions of certain matrix Riccati
equations.

6.1 Systems with Nonincreasing Delays

Consider the system of the stochastic linear difference equations
Xig1 = Ax; + Bxi iy + Cxi—mi)Git1- (6.1

Here A, B, C are square n-dimensional matrices, x; € R", h = max(k(0), m(0))
and the delays k(i) and m (i) satisfy the inequalities

ki)>k(i+1)>0, m@>m@i+1)>0, iecZ. 6.2)

Below, two ways of the construction of the Lyapunov functionals for (6.1) are
considered.

6.1.1 First Way of the Construction of the Lyapunov Functional

Using representation (1.7) let us put (Step 1) T =0:

Fi (i, x;) = Ax;, Fo(i,x—p,...,x;) = Bxi—k@),
F3(,x_p,...,x)) =0,

GG, j,x—p,...,x;)=0, j=0,...,1,

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 109
DOI 10.1007/978-0-85729-685-6_6, © Springer-Verlag London Limited 2011
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Go(i, j, Xy, xj) =0, j=0,...,i—1,
Go(i i, x—p, ..., x;) =Cxi_pq), I€Z.
In this case the auxiliary equation (Step 2) has the form
Vi1 = Ayi. (6.3)
Let for some positive definite matrix Q¢ the matrix equation
A'DA—D=-0Q 6.4)

have a positive definite solution D. Then the function v; = y/Dy; is a Lyapunov
function for (6.3). Actually, calculating Av; and using (6.3) and (6.4), we get

Av; =y, Dyiy1 — y;Dy; = y;A'DAy; — y;Dy; = —y; QoYi.

We will construct (Step 3) the Lyapunov functional V; for (6.1) in the form V; =
Vii + Vi, where Vy; = x,fDxi. Calculating EAVy; for (6.1) we obtain

EAVy; =E[x;; Dxiy1 — x;Dxi]
= E[(Axi + Bxi_1() + CXi—m)&) D(Axi + Bxi (i) + Cxi—mi)
— xl-’Dx,-]
=E[x/(A'DA — D)x; + x;A'DBx; i) + ¥ B’ DAx;
+ X, 1@y B'DBXi—k(i) + X[y C'DCXim(iy ]-

Via Lemma 1.3 for a = Ax;, b = DBx;_;(;) and an arbitrary positive definite
matrix R we have

X{A'DBx; (i) + x| _yiyB'DAx; <x{A'RAx; +x]_y;y B’ DR DBx; (). (6.5)
Therefore
EAVy; <E[x](A'DA — D+ A'RA)x; + ui—i(i) + Zi-m@ ) (6.6)
where
u;=x/B'(DR™'D+D)Bx;,  z=x{C'DCx;.
Choose the additional functional V,; (Step 4) in the form
i—1 i—1
Voi = Z uj+ Z Zj.
J=i—k@) Jj=i—m(i)

Then using (6.2) we obtain
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i i

AVy = Z uj+ Z zj — Vo

j=itl—k(i+1) j=i+1l—m(i+1)

i—1 i—1

=u; +z + Z uj+ Z Zj

j=i+1—k(i+1) j=itl—m(i+1)

i—1 i—1

— Z uj— Z Zj — Ui—k(@i) — Zi—m(i)

j=itl—k() j=i+l—m()

S Ui+ 2i — Ui—k() — Zi—m()-
From this and (6.6) for the functional V; = Vy; + Vj; it follows
EAV; < —Exi/ Ox;, (6.7)
where
—Q=A'DA—D+B'DB+C'DC+A'RA+ B DR™'DB. (6.8)

Remark 6.1 Using Lemma 1.3 for a = Bx;_(;) and b = D Ax;, instead of (6.5) we
obtain the inequality

x]A'DBXi_(i) + X|_pi B'DAx; <x]A'DR™'DAx; + x]_ ;) B'RBxi_)-
As a result instead of matrix equation (6.8) we obtain
—Q=A'DA—D+B'DB+C'DC+ B RB+ A'DR™'DA. (6.9)
Using Lemma 1.3 for a = x;, b = A’D Bx;_(;) instead of (6.8) we obtain
—Q=A'DA-D+BDB+C'DC+R+BDAR'A'DB. (6.10)
Using Lemma 1.3 for a = x;_ (), b = B’ D Ax; instead of (6.8) we obtain
—Q=ADA—D+BDB+C'DC+R+A'DBR™'B'DA. 6.11)
So, we get the following.

Theorem 6.1 Let for some positive definite matrices Q and R a positive definite
solution D exist of at least one of the matrix Riccati equations (6.8), (6.9), (6.10)
or (6.11). Then the trivial solution of (6.1) is asymptotically mean square stable.

Note that using different matrices R and Q and different equations type of (6.8)—
(6.11) one can obtain different delay-independent stability conditions.

Example 6.1 In the scalar case the positive solution of (6.8)—(6.11) exists if and
only if

(1Al +1BI)* +C* < 1. (6.12)
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Example 6.2 Consider the two-dimensional system

Xix1 = a1X; +byi_kiy + c1Xi—m@)&is1, 6.13)
Yitl = a2¥i + C2Yi—m@i)Ei+1-

Putting R =1, Q = ¢ql, where g > 0, [ is identity matrix, we see that the solution
D of (6.11) has the elements dj; =0,

1—a}— 3+ /(1 —a} = D2~ 401 + )b Pdii+ 1+
’ dyp = 2 2

2
2b%a; 1—a5—c3

Using small enough g > 0 we obtain the sufficient condition for asymptotic mean
square stability of the trivial solution of system (6.13) in the form

at+ct+2bail <1, a3+ <l (6.14)

On the other hand the solution D of (6.8) has the elements dj» =0,

_ ai+q b} by +dd g
dii=—5—75, dy = > .
l—al—cl 1—a2—c2

So we obtain another sufficient condition for asymptotic mean square stability of the
trivial solution of system (6.13), which is weaker than (6.14): a? + ¢} < 1,i =1,2.
6.1.2 Second Way of the Construction of the Lyapunov Functional

Let us use now take the representation (1.7) (Step 1) for r =0,

Fi(i) = F1(, x) = (A+ B)x;,

i—k(i+1)
Fy(i) = Fa(i,xopsox) =— ) Bxj,
j=id1—k()
i—1
F3(i) = F3(i,x—p, ... x) == ) Bxj,
J=i—k()

GG, j,x—p,...,x;)=0, j=0,...,1,
Galis joXp. o xj) =0, j=0,....i—1,
G2() =Ga(, i, x—p, ..., %)) = CXi_m()-

In this case the auxiliary equation (Step 2) has the form

Yit1 =(A+ B)y;. (6.15)
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Let for some positive definite matrix Q¢ the matrix equation
(A+B)D(A+B)—D=-0o

have a positive definite solution D. Then the function v; = y/Dy; is a Lyapunov
function for (6.15).
We will construct the Lyapunov functional V; for (6.1) in the form V; = Vy; + V2,
where (Step 3) Vi; = (x; — F3(i)) D(x; — F3(i)). Calculating EAV); we get
EAV); =E[(xi11— F3(i + 1) D(xip1 — F3( + 1) — Vii]
=E(Fi() = xi + F2()) + G2()éi1) D(F1(D) + xi
+ F2(i) —2F3(i) + G2(i)&i+1)

5
= E[x{((A + B)'D(A+ B) — D)x; + Zl-],
j=1

where
I =2F|(i)DF2(i), L =F}(i)DF2(),
I3 ==2(Fi(i) — x;) DF3(0),
14 =2F5(i)DF3(i), Is = G5 (i) DG1(i).
Put
ko = sgg(k(i) — k@i +1)). (6.16)

Using (6.16) and Lemma 1.3 for a = DBx, b = (A + B)x; and a positive definite
matrix R, we obtain

i—k(i+1)
I =— Z (x;B'D(A + B)x; + x{(A + B) DBx;)
J=i+1—k(i)
i—k(i+1)
< Z (x;B'DRDBx; +x{(A+ BYR™'(A+ B)x;)
J=i+1—k(i)
i—k(i+1)
<kox{(A+BYR™'(A+B)x;+ Y x;B'DRDBx;.
J=i4+1—k(i)

It is easy to see that
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i—k(i+1) i—kG+) 2
L= Y x;BDBx=| Y DBy
1, j=i+1—k(i) j=i+1—k(i)
i—k(@i+1) ) i—k(@+1)
= 2 / /
<ko Y  |D?Bxj|"=ko Y x,B'DBx;.
Jj=i+1-k(i) J=i+1-k(i)

Using Lemma 1.3 fora = DBx;, b = (A + B — I)x; and a positive definite matrix
P we get
i—1
L=— Y (xX;B'D(A+B—1Ix;+x/(A+B—1I)DBx))
J=i—k(i)
i—1
< > (¥}B'DPDBxj+x/(A+B—1)'P ' (A+ B —Dxi)
J=i—k(@)
i—1
<kOx/(A+B—1YP"(A+B—Dxi+ Y  x;B'DPDBx;.
j=i—k(i)

Using Lemma 1.3 for a = Bx, b = D Bx; and a positive definite matrix § we get

i—1 i—k(@i+1)
Iy=— > > (xjB'DBx +x/B'DBx;)
I=i—k(i) j=i+1-k(i)
i—1 i—k(i+1)
< > > (x}B'SBxj+x/B'DS”'DBx))
I=i—k(i) j=i+1—k(i)

i—k(i+1) i—1
<k©) Y xiB'SBxj+ko Y x{B'DST'DBux.
J=i+1-k(@) I=i—k(i)

Let g; = x/C'DCx;. Then Is = q;_n(;). As a result we have
EAVy; <E[x{((A+B)D(A+B)—D
+ko(A+B)R™'(A+B) +k(O)(A+B—1)P~'(A+ B —D)x]
i—k(i+1) i—1
+E|: Z uj+ Z Zj +q,‘—m(i):|,
j=i+1—k() j=i—k()
where
uj=x;(B'DRDB +koB'DB + k(0)B'SB)x;.

z2j=x,(BDPDB +kB' DS~ DB)x;.
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Put k;,, = inf;c 7 k(i) and choose the additional functional V5; (Step 4) in the form

i+ky,—2 - i—1
Vi= Y Z wi+ Y (=i —km k) +
=i ] =l+1- k(O) j:i+km_k(0)

i—1

+ Y -tk + 1)z + Z q;.

Jj=i—k(0) Jj=i—m(i)

Calculating AV,;, we have

i+kp—1 I—km i
AVii= > > wi+ Y. (=i =k +kO)u;
I=i+1 j=I+1—k(0) =i+ 14k —k(0)
i i
+ Y (-itkO)z+ Y g —Va
j=i+1-k(0) j=itl—m(i+1)
= (k(0) — ki )ui +k(0)zi + gi — Gi—m(i)
i—km i—1 i—1 i—1
D DEEEED DI D D A R 7}
j=i+1—k(0) j=i—k(0) j=i+1—m(@i+1) j=i+1-m()

Using that k(0) > k(i) > k,, and m(i) > m(i + 1) for the functional V; = Vy; +
V,i we obtain the inequality (6.7) with
—Q=(A+B)D(A+B)—D+ko(A+B) R '(A+B)
+kO)(A+B—-1'P'(A+B~-1)+C'DC
+ (k(0) — k) B'(DRD + koD + k(0)S) B
+k(0)B'D(P +koS™')DB. (6.17)
Theorem 6.2 Let for some positive definite matrices Q, P, R and S the positive def-

inite solution D exist of the matrix Riccati equation (6.17). Then the trivial solution
of (6.1) is asymptotically mean square stable.

Remark 6.2 Similar to Remark 6.1 one can show that instead of (6.17) in Theo-
rem 6.2 there can be used other matrix Riccati equations, for example

~Q0=(A+B)/D(A+B)—D+k(A+B)/DR'D(A+ B)
+k(O)YA+B—-1DP"'D(A+B—1)+C'DC
+ (k(0) — k) B'(R + koD + k(0)S) B
+k(0)B'(P +koDS™'D)B. (6.18)
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Remark 6.3 Let k(i) = k = const. In this case (6.17) and (6.18), respectively, are
—Q0=(A+B)D(A+B)—-D+C'DC
+k(A+B—1)P"(A+B—-1)+kB' DPDB,
—-Q0=(A+B'DA+B)—D+C'DC
+k(A+B—1)DP 'D(A+B—1)+kB'PB.

Example 6.3 Tt is easy to see that in the scalar case a positive solution of (6.17) (or
(6.18)) exists if and only if

(1A + B| +y|B|)2+2k(0)|B|(1 —~A—-B+y|B|)+C? <1,

A+ B| <1, y =vko(k(0) — kmn).

If k(i) = k = const then y = 0, and this condition can be written in the form

C?<(1—A-B)(1+A+B-2k|B|), |A+B|<l. (6.19)

6.2 Systems with Unbounded Delays

Construct now the asymptotic mean square stability conditions for the stochastic
linear difference equation

k(@) m(i)
Xit1 =Zotjijz>j +Zﬂijxifjé&i+1~ (6.20)
J=0 Jj=0

Here A; and B; are n x n-matrices, o; and B; are scalars. It is supposed that the
delays k(i) and m (i) satisfy the inequalities

kG+1) —k@G) <1, mi+1)—m@) <1 (6.21)
and h =max(l€,nA1), where

k =supk(i) < oo, m=supm(i) < oo. (6.22)
ieZ ieZ

6.2.1 First Way of the Construction of the Lyapunov Functional

Let us represent (Step 1) (6.20) in the form (1.7) by T =0,

0]
Fili.x) =aodoxi,  Fali,x—p.....x) =Y ajAjxi_j,
=1

F3(i,x_p,...,x;) =0,
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Gi(, j,x—py.o,xj) =G, jox—p,...,x;) =0, j=0,...,i—1,
m(i)
GG, i, x_p,...,x;)) = BoBox;, Go(i, i, x_p, ..., %) = Zﬂijxzej.
Jj=1
In this case the auxiliary equation (Step 2) has the form
Yi+1 =0a0Aoyi + BoBoyii+i.
Let for some positive definite matrix Q¢ the matrix equation

aAyD Ay + B5B,DBy — D = —Qy

have a positive definite solution D. Then the function v; = y/Dy; is a Lyapunov
function for the auxiliary equation. Actually, calculating EAv; we have
EAv; =E(y; Dyi+1 — y;Dyi)
= E[(a0Aoyi + BoBoyiéi+1)' D(eoAoyi + BoBoyiéi+1) — y; Dyi]
= E[ogy{AGDAoyi + B3 v/ ByDBoyi — ¥; Dyi] = —Ey/ Qoyi.

We will construct a Lyapunov functional for (6.16) in the form V; = Vy; 4+ Vo,
where (Step 3) Vi; = x/Dx;. Let

k )
a=Y lul,  B=)_IBl
=0 =0

Calculating EAVy; for (6.20) we get

k(i) m(i) T k@)
EAVy; =E|:<Zajiji_j + Zﬁijxi_jéi"'l) D(Zajiji_j
Jj=0

j=0 j=0

m(i)
+ Zﬂijxij";:iJrl) - X,-/sz}

j=0
2
+

k(i)

:E[j

Zo‘jD%iji—j
=0
k(i) k(i) 1 )
sE[Z|az|Z|aj||DzA,-xi_j|
=0

j=0

m(i) .
Y BiDBjxi;

j=0

2
/
—X; Dxi|
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m(i) m(i) 1
= 2
+ Y 1B IBiI|D2Bxi | —x{Dxi:|
1=0 j=0
<E[x/(Ko+ Lo — D)x; + Ji; + J],

where
k(i) m(i)
J1,'=in/_jl(jx,-,j, J2i=le{_ijxi,j,
j=1 j=1 (6.23)
Kj =Ol|Olj|A/jDAj, Lj=/3|,3j|B}DBj.

Let us choose the additional functional V;; (Step 4) in the form V;; = Vz(il) +
Vz(l2 ), where

190) k
(1) 1 M
V' =D i 2w 250 =) K, (6.24)
j=1 I=j
m(i) m
2 2 2
Vil =Y x 2Py 2P =YL (6.25)
j=1 I=j

Then using (6.21) we get

k(i+1) k()
1 1 (1)
AVy = Y0 w2 i = ) a2
j=1 j=1
k(i+1)—1 130)
1 (1)
= D N Ziwiej = ) X2 i = T
j=0 j=1
k(i+1)—1 k(i)
1 1 1
=5z =it Y 52w = Y ox 2
j=1 j=1
<x]ZWxi — Iy 6.26
<x;Z, xi — . (6.26)
Analogously
AV <x]ZPx; — Iy (6.27)

As a result for the functional V; we have the inequality (6.7), where

k m
—Q=a) |aj|A}DA;+ B |B;|B;DB; - D. (6.28)
j=1 j=1
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Theorem 6.3 Let for some positive definite matrix Q the positive definite solution
of matrix equation (6.28) exist. Then the trivial solution of (6.20) is asymptotically
mean square stable.

Remark 6.4 Let Aj = A =const, B; = B = const. Then the matrix equation (6.28)
takes the form

—Q=a’A'DA+ B*B'DB — D.
If A = B = [ then the asymptotic mean square stability condition has the form
o+ B <1. (6.29)

It is easy to see that the condition (6.12) is a particular case of condition (6.29).

Remark 6.5 From the inequalities (6.21) it follows that

k() <k(0) +1, m(@i) <m(0) +i.

6.2.2 Second Way of the Construction of the Lyapunov Functional

Consider now another way of the construction of the Lyapunov functionals for the
stochastic difference equation

0] m@)
Xiy1 = Z Ajxi_j+ Z Bjxi_j&it1, (6.30)
j=0 j=0

where the delays k(i) and m (i) satisfy the conditions (6.21) and (6.22).
Let us represent (6.30) (Step 1) in the form (1.7), where t =0,

k(D)
Fi (i, x;) = Woxi, Fr(i) = Fali,xp, ., x) == Y Wipixioj,
j=k(i+1)

k(i) k
F3(i)=F3(i’x7h,~--,xi)Z_ijxifja Wi=) Aj,
j=1 Jj=l

G, j,x—p,...,x;)=0, j=0,...,i,
Go(i, j,X—py.oyxj) =0, j=0,...,i—1,

m(i)
Ga(D) = Golii,xohs - i) = ) Bjxij.
j=0
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Actually, it is easy to see that

Fi(i,xi) + F20) + AF3(0)

k(i) k@i+1) k(i)
= Wox; — Z Witixi—j — Z Wixiy1—j + Z Wixi_
j=k(i+1) j=1 j=1
k(i) k(i) k(i+1)—1
=Y Wixij— Y Winxioj— Y Wipixioj
j=0 j=kG+1) j=0
k(@) k(i)

= Z(WJ - Wj+1)x,-_j = Ziji_j.
j=0 Jj=0

In this case the auxiliary equation (Step 2) has the form x;11 = Wpx;. Let us
suppose that for some positive definite matrix Q¢ the matrix equation WyDWo —
D = — Qo has a positive definite solution D. Then the function v; = xlf Dx; is a
Lyapunov function for the auxiliary equation.

We will construct the Lyapunov functional V; in the form V; = Vy; + V5;, where
(Step 3) Vi; = (x; — F3(i)) D(x; — F3(i)). Calculating EAVy; and using the repre-
sentations for x;4+1 and Fj (i, x;) we have

EAVy; = E[(xi41 — F3(i + D) D(xig1 — F3(i + D) = Vii]
=E(xip1 — B30+ D) —xi + F3)) D(xit1 — F3(i + 1) + x; — F3(0))
=E((Wo — Dxi + F2(D) + G2()&i1) D((Wo + Dxi
+ Fa(i) = 2F3(0) + Ga(D)Eiy1)

4
E[xé(Wo — I’ D(Wo + Dxi + 21-],

j=1
where
I =2F;(i) D(Wox; — F3(i)), I, = F5(i)DF>(i),
I3=2x/(I — Wo) DF3(i), Iy =Gh; DG (i).

Via Lemma 1.3 using some positive definite matrices Pj; for I we get

k@) k@)

L= Y > (x/_ ;W DWixi+x]_ W/ DW;1x; ;)
j=k(@i+1) 1=0
k@) k@)

< > D (Wi PuWisixij +x{_ W/ DP}' DWixi_)
j=k(i+1) I=0
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k(i) k(i) k(i) k(i)
DR 1+12PJIWJ+1XI ,+Zx, JWiD Yo By DWixioj,
Jj=k(i+1) I=k(i+1)

using some positive definite matrices R j; for I, we get

k(i) k(i)
Z > (Wi DWigixic +xi_ Wi DWjsixi)
] =k(i+1)I=k(i+1)
0
5 Z Z (xi,—jW//'+1RﬂWj+1xi*j +xf—1Wl/+1DRﬁ1DWl+1xifl)
=k(i+1) I=k(i+1)
k(i) k(i)
Z Y (Wi RiaWjsixioj +x{_ ;Wi DR DWj1xi— ;)
J=k@@+1) I=k(i+1)
k(i) k(i)
-1
Z X Wist Do (Rj+ DRI D)Wjpixij,
j=k(i+1) I=k(i+1)

using some positive definite matrices S; for I3 we get

k()
L= Z(x;(l — Wo) DWxi_j +x{_;W;D(I — Wo)x;)
j=1

k()
< (5] WS Wixi_j +x{(I — Wo) DS;' DI — Wo)xi),
j=1

and using some positive definite matrices T}; for I4 we get

1m(z)m(z)
ZZ x{_;jB;DBx;_j +x|_;B/DB;xi_j)
]:01:0
1m(i)m(l)

=3 (x{_yB{TjiBixi—; +x]_;B;DT;;' DBjx;_;)
j=01=0
m(i) m(i)

1
=3 > xi_ ;B> (Tj+ DT,;' D)B)xi_;.
j= =0
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As a result we have

k
EAV); < E|:x{ ((Wo —I)D(Wo+ 1)+ WgD Y Py DWy
1=k,

k m

1 _

+ (I =WoyDY_ S DU = Wo)+5 > By(Tor + DTZO‘D)Bo>xi
=1 1=0

+ Ji; + Do +J3i:|, (6.31)

where Jy;, Jo; are defined by (6.23) with
(6.32)

and

Choose the additional functional V5; (Step 4) in the form Vo = Vz(il) +

Vz(l2 ) + Vz(?). Here the functionals Vz(il), Vz(l.Z) are defined by (6.24), (6.25) and (6.32).
Put also

k
3 _
z7 =) M
I=j
and

km—1 (3) k() 3)
VG)—{ZJ X jZ Xi_ ]+Z i x!_ /Z/ Xi—j,  km>1,
20 —

k 3
ZJ(’)I x]_ ]Zj )x,_j, 0<ky<1.

The functionals Vz(.l) and V2(2) satisfy the inequalities (6.26) and (6.27). Let us

obtain a similar condition for V(3).
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Firstly suppose that &, > 1. Then using (6.21) we get

km—1 k(i+1)
3) _ ’ .
AVy” = th+1 ]Z xip1mj+ Z Xip1- ]Z, i1
j=l —km
km—1 k(i)
3 3
Jj=1
k(i+1)—1 k(i)
3 3 3
= x| Z( )x, + Z xi_ jZ;_glxi_j - Z xl{_jZ; )xi_j
—km j: m
k2 kn—1
3 3 3
5] 1y Zy ik + D X 2 % Z X2
j=1
k(i+1)—1 k(i)

(3) :
=% ka Xi + Z X ] /+1xl JT Z xl ./Z]"rlxl —J J3l

j=km j=km
< xl{Z]Sn)xi — J3;.
Let now 0 < k;,, < 1. Then analogously to (6.26) we have
k()
3 3 3
AVZ(i) < xi/Zf )xi — le{_ijx,-_j =xl~/Z,Em)x,~ — Ji3j.
j=1

In this way for &, > 0 we have

AV <] Z(3)x, — I

123

(6.33)

As a result from (6.31), (6.26), (6.27) and (6.33) for the functional V; = V}; + Vy;

we obtain
k
/ / / -1
EAV; < Ex; ((Wo— Iy D(Wo+ 1)+ WyD Z Py DWo
I=kp
k
+(I = Wo)'D ) 87 DU — Wo)
j=1

m
Z (To+ DT;' D)Bo + 2V + 27 + z<3))
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or (6.7) with

k
—Q=Wo—1)'D(Wo+ 1)+ —Wo)D)_ 57" DU — W)
j=1

k k k
T WiSiWi+ D WiD ) Py DW,
j=1 j=0 1=k,

Ms>

1 m
+§Z

B)(Tji + DT,;' D)B,

Jj=01=0
i k 1 &
+ Z W}+1<Z Pjr + 5 Z(le +DR1;1D)> Wit (634)
J=knm 1=0 I=kn,

From this and Theorem 1.1 a theorem follows.

Theorem 6.4 Let for some positive definite matrices Q, Pj;, Rj;, S;j and Tj; the
positive definite solution of matrix Riccati equation (6.34) exist. Then the trivial
solution of (6.30) is asymptotically mean square stable.

Remark 6.6 Analogously with Remarks 6.1 and 6.3 we can show that instead of
(6.34) other matrix Riccati equations can be used.

Remark 6.7 Let k(i) = k = const. In this case (6.34) has the form

k
—Q=Wo—I)D(Wo+ D)+ (I —Wo)DY_ 57" DU — Wp)
j=1

3

M§>

B/(Tji+ DT;;' D)B;.

k
+ZW}S,W,»+%Z

j=1 J=0

-~
Il
=}

Remark 6.8 1t is easy to show that in the scalar case a positive solution of (6.34)
exists if and only if

20000k, 41 + o, 4 + 07 < (1= Wo)(1+ Wo —2a1),  [Wo| <1, (6.35)

where

k i
w=Y"|Wjl, o=)_ |Bjl.
j=l j=0
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If k(i) = k = const then ay,+1 = 0. For (6.1) in this case we have Wy = A + B,
a1 =k|B|, 0 = |C| and condition (6.35) coincides with (6.19).

Example 6.4 Put in (6.30) k(i) = [gi], where i € Z, 0 < g < 1; [x] is the integral
part of aAnumber x. It is easy to see that the function k(i) satisfies condition (6.21),
kn =0, k =o00.






Chapter 7
Nonlinear Systems

In this chapter the procedure of the construction of Lyapunov functionals considered
above is used for different types of nonlinear systems and for different types of
stability.

7.1 Asymptotic Mean Square Stability

Here asymptotic mean square stability conditions are obtained for some stationary
and nonstationary equations.

7.1.1 Stationary Systems

Let us show that the procedure of the construction of Lyapunov functionals de-
scribed above can be used for the investigation of stability in the first approximation.
Consider the nonlinear equation

i i J
Xigt=Axi+ ) Fl—joxp)+y D oli—jj—lLaé, i€z, (1.1)

j=—h j=01l=—h

where &;,i € Z, is a sequence of §;-adapted mutually independent random variables
with E§; =0, E%‘iz =1, x; € R", A is a n x n-matrix, the functions F (i, x) and
o (i, j, x) satisfy the conditions

|FG, 0| <ailxl, oG, j,x)| <bijlxl, (7.2)
and
o o0 o 2 o X
a0=Zai<oo, ﬂ():Z(Zbij) < 00, ﬂ]:ZZbij<oo.
i=0 i=0 \ j=0 i=1 j=0
(7.3)
L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 127
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Theorem 7.1 Let the functions F (i, x) and o (i, j, x) satisfy the conditions (7.2)
and (7.3) and the matrix equation

A'DA—D=-1 (7.4)
(I is the identity n x n-matrix) has a positive definite solution D such that
2(a0 + BOIDA + [ + 2081 + Bo] I DIl < 1, (7.5)

where || - || is the operator norm of a matrix. Then the trivial solution of (7.1) is
asymptotically mean square stable.

Proof Consider the functional V; = x; Dx;, where the matrix D is a positive definite
solution of (7.4). Calculating EAV; via (7.4) we get

i i J /
EAW:E[GurF2:Fﬁ—jJﬂ+§:§:00—jJ—JJ0§H>D

j=—h j=0l=—h

i i
x(Am+—E:FG—pr+§:§:UU—Lj—LMKHQ

j=—h j=0l=—h
5

—foxi] =—Elx*+) 1. (7.6)
I=1

where

i i
=Y S EF(-jx)DFi—1x),

Jj=—hl=—h

i p
L= > Eo'(i—j,j—Lx)Doli—p,p—q,x)Epr1£j41,

j=0 p=0l=—hg=—h

i
I3=2 Y EF(i—j.xj)DAxi,
j=—h

i
I4=2)" % Eo'(i—j.j—1l.x)DAxiEj1,
=0i=—h

i i J
Is=2%" " Y EF'(i—p.xp)Do(i—j.j—L.x)&1.

Jj=0p=—hl=—h
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Using (7.2) and (7.3) we have

i

2 i 2
I < ||D||E( > IFG —j,xj)\> < ||D||E< > a,-,-|xj|>

j=—h j=—h

<|D| Z ai—j Z ai—jElx;|* <ol D Z ai—jE|x;|?

j=—h Jj=—h j=—h

i—1
=ao|D| (aoEIx,-|2+ > ai_jE|x,»|2>. (1.7)

j==h

Via the properties of &; and (7.2) for I, we obtain

i J
=Y % D Eo'i—jj—Lx)Doli—jj—d.x)

j=01=—hq=—h

< ||D||EZ( i bijj- z|xz|>

I=—h

i J J
<Dl Z( Z bi—j,j—l)( Z bi—j,j—zEIX1|2>

I=—h I=—h

=D Z( Zlf bp,i—p—z>< ip bp,i—p—zEImz)

I=—h I=—h

<D Z(i%k) ( f bp,i—p-zE|xl|2>

k=0 I=—h

=|ID|| Z (lzklbp, - Z<prk)>E|xz|2,

I=—h

where k; = max(0, [). Therefore,

12<||D|||:boo<Zb0k)E|x,| + li‘ (lzklb,,, e l(prk)>E|xl|2:|. (7.8)

I=—h \ p=0
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Using (7.2) and (7.3) we get

i
L<IDALY. ai_j(Elx > +Elx;?)
j=—h

i—1
<|IDA| ((ao+ao)E|xi|2 + 3 ai_jE|x,-|2>. (7.9)

j=—h

Since E Zfth 0'(0,i —1,x))DAx;&;+1 =0, then via (7.2) and (7.3) we have

i-1 j
Li=2) ) Eo'(i—jj—1x)DAxij
j:Ol:—h
i-1
<IDAIY > biojj-i(Elxil* + Elx*Elg;11]%)
j=0l=—h
i—1 i—1
< | DA| (ﬁ1E|xl-|2+ D> bio, j_zE|xl|2>. (7.10)
I=—h j=k

Analogously, using (7.2) and (7.3) we get

i—1 i
Is=2) % > EFG—p.xp)Doli—jj—lLuk

j=01=—h p=—h

i—1 j

<IDIY > Z ai—pbi—j j—1(Elxp* + Elx PE[£j41?)

j=0l=—h p=—h

i i-1
= ||D||[ > (Z D bie, ,-,>a,-pl~:|xp|2

p=—h \ j=01=—h

+i ibz joi z( Y ai- p>E|x1|}

I=—h j=k p=—h

i—1 i—1
<||D||(ﬂ1aoE|x,|2+ﬂ1 Z ai—pElx,* +a0 Y Y bijjElx )

p=—h I=—h j=k
(7.11)

As a result of (7.7)—(7.11) it follows that

i—1
EAV; <aElx|*+ ) RuElx [,
I=—h
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where

oo
a=-—1+ ((ao+ﬂ1)ao+boozb0k> D]l + (0 + a0 + B DA, Ri; =0,
k=0

Rit = [(eo + BOIIDI + I DAllai— + |1 DI Pit + (IDAN + ol DIl) Qir, 1 <,

i—k; o) i—1
P = Zb,,,i_p_z<szk), Qi = Z bi—jj-1.
p=0

k=0 Jj=ki

Via Theorem 1.2 if a + b < 0, where

00
b:Sup Z R,
ieZ m=i+1

then the trivial solution of (7.1) is asymptotically mean square stable.
Note that via (7.3)

o0

Z Rui = [(@0 + B DIl + | DAl ] (o — ao)
m=i+1

o o
+1IDI D" Pui+ (IDAl+ 0l DI) > Qui-

m=i+1 m=i-+1
Besides of that
00 0o m 00
Z Ppi = Z pr,m—p(szk)
m=i+1 m=1 p=0 k=0
0o m 00 00
= Z Z bp m—p (prk) - b00<2b0k>
m=0 p=0 k=0 k=0
[ ) 00 00
=Y > by mp(prk> - bOO(ZbOk)
p=0m k=0 k=0

o) () o ()

k=0
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and
00 oo m+i—1
D 0mi=) D bmyi-jj-i
m=i+1 m=1 j=i
oo m—1 0o 00
= Z b1 = Zzbkl =ph
m=1 1=0 k=11=0
Thus,
oo
D Rui =[(e0+ BDID| + IDA|](ct0 — a0)
m=i+1
o
+ (aoﬁl + Bo — boo Zm) IDIl+ B1 I DA
k=0
and via condition (7.5) a + b < 0. The proof is completed. U

Remark 7.1 Putin (7.1) A = 0. Then the solution of matrix equation (7.4)is D =1
and condition (7.5) takes the form a% + 20081 + Po < 1.

Remark 7.2 Tf (7.1) is a scalar one then the solution of (7.5) is D = (1 — A%2)~! and
condition (7.5) takes the form (cxg + |A])? + 2(ag + |[A])B1 + Po < 1.

Consider now the system of two scalar equations

i i
o
Xip1 = Z ajx; + Z Z Uj_ljxlgj—&-l,

I=—h j=01=—h

; -1
4
Yi+1 =Cyi<1 +ijxj2-> , 1EZ

j=0

(7.12)

Here a;, b; and ¢ are known constants.
The first equation of this system is (3.1). The sufficient condition for asymptotic
mean square stability of this equation is (see (3.3))

ad + 2081 + So < 1, (7.13)
where

o o0 o 2 oo o0
a=Y_lal, 50=Z< |alp|> . Si=) Y o
1=0 0

p:O = p=1 =0

~
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Let us suppose also that
b;j >0, le| < 1. (7.14)
Via (7.12) and (7.14)

i -2
yi2+1 - y,-2 = |:c2<1 + ijxf) — 1:|y,'2 < (62 — 1)yi2.
j=0
Similar to Sect. 3.1 for the functional V; = x? + y? we have

i
EAV; < —Ex? + (? = D)Ey? + > AyBxf,
k=—h

where

i—kpy i—kpy 00
Aik = (a0 + SDlai—k| + o Z |0',-11k,p‘ + Z fﬁi[ik,p’ Z’Oﬂ.
p=1 p=0 1=0

As is shown in Sect. 3.1, we have

o
sup Z Api < Ol(% + 20081 + So.
€2 it

Analogously to Theorem 1.2 it can be shown that the conditions (7.13) and (7.14)
are sufficient conditions for asymptotic mean square stability of the trivial solution
of system (7.12).

7.1.2 Nonstationary Systems with Monotone Coefficients

Consider the equation

i i
Xip1 ==Y aij f(x))+ Y oijgx)E1, i€Z, (7.15)
Jj=0 Jj=0
where the functions f(x) and g(x) satisfy the conditions

0<a=t <o, wx0. Jg0| ekl (7.16)

Put

i 0
1
Fij(a, o) = laij| E loikl, G(a,0) = sup E (Fji(a,0) + Fji(0,a)). (71.17)

k=0 2 ieZ =i
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Theorem 7.2 Let the conditions (7.16) hold and the coefficients a;j, oij, i € Z,
Jj=0,...,1i, satisfy the conditions

ajj>ajj-1>0, (7.18)
@it1,j—1 —@it1,j —aj—1+ajj >0, (7.19)
a =sup(@;+1,i+1 + ij — Gi+1,i)
ieZ
1 —
< 2[— - c—3<C3G(U, )+ 296, 0))], (7.20)
[65) C1l 2
G(o,0) <00, G(a,0) <0 (7.21)

(here it is supposed that a; —1 = 0). Then the trivial solution of (7.15) is asymptoti-
cally mean square stable.

Proof Following the procedure of the construction of the Lyapunov functionals con-
sider the auxiliary equation in the form y; 1 =0, i € Z. The function v; = y; f (y;)
is a Lyapunov function for this system, since via (7.16)

Av; = yig1 fOig1) = Yi f i) = =y f i) < —c1yP

We will construct a Lyapunov functional for (7.15) in the form V; = Vy; + Vo,
where

1 1
Vii=xif(ai), V=) aj (Z f(xk)> :
Jj=0 k=j
and the numbers «;; are defined by

Qi ATl ez =01, i+ 1. (7.22)

Qi =
Y 2—acy

Here it is supposed that a; —1 =0, a; ;41 = a.
From (7.18)—(7.20) and (7.22) it follows that the numbers «;; satisfy the condi-
tions

Ofoti+1,j§ot,-j, ieZ, j=0,1,...,i+1. (7.23)

Via (7.16) we have

AVy ==X £ () 4+ Xip1 f (Kig1) < —c1xf + X1 f (i)
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Representing AV»; in the form
i+1 i+1 i i 2
AVy; = Za,ﬂ j (Zf(m) —> (Zf(xk))
j=0 k=j
i+1 i+1
= Z(al—H Jj azj)(Zf(xk))

i i+1 i 2
+) aj [(Zf(xm) (Zf(m) } + i1 f2 (i)
j=0 k=j

and using (7.23), we get

AVy < Zai,/ |:2f(xi+l) Z )+ fz(xi+l)] + i1 £ (xig1)

J=0 k=j
i+1
=f (xl+1>2a,, +2f(xl+1)Zf<xk>Za,,
=0 k=0 j=0

From (7.22) it follows that

. aijj —ai,j—1 Gk
E i = E = .
I~ 2—acp 2—acp

=0

Therefore using (7.16) and (7.15) by x;4+1 # 0 we obtain

2—acy

20y . i
AVy; < af<(xiy1) + 2f(xiy1) Zaikf(xk)
—acy

135

= L f(XH_l) l+1f( 1+1) + f(XH—l) <Zaljg(x])§l+l xl+1>

2—acy Xy

= ) icj 2xl+1f(-xl+l) + f(XZ+1) (Zm;g(x])&ﬂ _xl+1>

2 i
= i1 f i) + 5 ;oi,-g<x,->a+1f(xi+1>.

As a result for the functional V; we have

EAV; < —clExi2 + 3

(7.24)
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where

=Y 0i/Eg(x)&ir1 f(xit1). (7.25)

Jj=0
Let us estimate |¢;|. Using (7.15) by j <i we obtain
Eg(xj)&iv1 f(xit1)

_ Eg(X/)E(XH-l f( l-H)

$l+l/3~z>

Zazkf(xk)E<f o ‘*”am&)

k=0

=Eg(xj)|:

+Zolkg<xk>E<f S ,f‘)s,ﬂ/&)]

k=0 i
Via (7.16)

E(f(xl+1)$l+l/gl) <e.

Xi+1
From this and (7.25) it follows that

Zaijg(xj) Zaikf(xk)

i 2
1
G| <E |Mi|+C2E(ZUijg(xj)) . (726
j=0 k=0 j=0
where
f(xi)

wi =EMmiv1&i01/80), mi= (7.27)

i
To estimate w; consider the following.

Lemma 7.1 Let & and n;, i € Z, be sequences of §i-adapted random variables
such that E(§;4+1/5i) =0, E(gwl/&') =1,0 < c) <n; <c. Then the sequence
wi =Emit+1&i41/38i) satisfies the condition

2 — (]
> .

il = (7.28)

Proof Let P; be a measure corresponding to the conditional expectation E(./F;).
Let 27 ={w: & (w) >0}, 27 ={w: & (w) <0}. Then

7% =f977i+1(w)$i+1(w)1’i(dw)
:[m 77i+1(w)§i+l(w)Pi(dw)+/97 Ni+1(@)&i11(w)P; (dw)

Ssz $i+1(a))Pi(dw)+61f §it1(0)P;(dw).
o+ -
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Since
BEn /50 = [ &n@P@o)+ [ &n@Pio =0

we have

/ £t ()P () = — / £t ()P (do) = / £741(@) [P (do)
R+ 22~ 22—

and
E(I&'HI/&'):/ §i+1(w)Pi(dw)+/ |&i41 ()| P; (do)
o+ 2-
:2/ €l+]((l))Pl(d0))
nt
Therefore,
i < (e2— 1) / 6ot (@)Py (o) = 2B (g 11/5)
o+
< 2 VEEN/E) =25
Similarly
i 2/ 7’/i+1(w)r§i+1(w)l’i(dw)+/ Ni+1(@)&i+1(w)P; (dw)
o+ 2-
ZCl/ $i+1(w)Pi(dw)+62/ &ir1(0)P;(dw)
o+ 2
= (1= c2) /Q & @Pid0) = T2 (0 1/5)
Cl —¢C Cl1 — C
> 12 2 E(5i2+1/3i)= 12 2.
The proof is completed. g

Via Lemma 7.1 and (7.24) and (7.26)—(7.28)

i 2
2 l
EAV; < —ciEx? + Py~ |:C2E<Zo’ijg(xj)>

J=0

c)—Cl
E
+ 2

> oiige)||D ] ainf () } (7.29)
j=0 k=0
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Using (7.16) and (7.17) we have

i 2 i 2 i
E(Zaijg(xj)) sc§E<Z|aij||xj|) <3 Fij(o.0)Ex},  (7.30)
j=0 j=0

j=0

E

Zm’jg(xj)
=0

> aif ()
k=0

i i
<cae3 )Y loijllaix Elx| x|

j=0k=0
1 i i
< ECQC3 (Z Fir(a, O')E)C]% + Z Fij (o, a)Exf)
k=0 j=0
1 ! )
=§QQ;%UﬁMJO+EﬂmanE@. (7.31)

Substituting (7.30) and (7.31) into (7.29), we obtain

i
EAV; < —ciEx} + ) QijEx],
j=0

where

20263 Fij( )+1( )(Fij(a,0) + Fij(o,a))
e (o Zen — - (a, (o,
3 gy c3Fij(o, 0 4c2 c)(Fij(a,o ij(o,a

and via (7.17) and (7.21)

o0

2 —
Y 0ji< 2 (cacw,awc2 — G(a,a>) < 0.
j=i

Qij =

2—aC2

Via Theorem 1.2 if the inequality

26‘203
2—acy

2 —C

(C3G(O’, o)+ G(a, a)) <cq (7.32)

(which is equivalent to (7.20)) holds then the trivial solution of (7.15) is asymptoti-
cally mean square stable. Theorem is proven. g

Remark 7.3 Consider the stationary equation

i i
Xip1=—Y ai jf&x)+Y oijgx)E. i€Z.

j=0 j=0
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It is easy to see that in this case G(a, o) = ao, where a = Z?io aj, o= Z?io |oj .
So the stability conditions (7.18)—(7.20) have the form

ai>aj+1>0, ajy2—2aiy1+a; >0, i=0,1,..., (7.33)
1 —

ao— L < = _Boco + 214, (7.34)
2 ) Cl 2

Remark 7.4 If f(x) = g(x) = x then ¢; = ¢» = ¢c3 = 1 and stability condi-
tions (7.18)—(7.20) and (7.33) and (7.34) coincide with similar conditions (4.31)
for the linear case.

Remark 7.5 If the function f(x) is a linear one (i.e. ¢ = ¢2) or in (7.15) stochas-
tic perturbations are absent (c¢3 = 0) then the boundedness of G(a, o) (or a in the
stationary case) is not supposed.

Remark 7.6 Note that without loss of generality in condition (7.16) we can put
cz=1landc; <cp=1o0rcy>cy =1.1Infact, if it is not so we can put for instance
ajj f(x;) = a;j f(xj), where a;; = c2a;j, f(x) = cz_lf(x). In this case the function
f(x) satisfies condition (7.16) with ¢, = 1.

Example 7.1 Consider the equation with stationary coefficients

i i
Xipr=—hy_qy Tf&)+r Y ay T eepEita, (7.35)

j=0 j=0

where 4; > 0, 0 <g; <1, I = 1,2, functions f(x) and g(x) satisfy condi-
tions (7.16). Equation (7.35) is a particular case of (7.1) with A =0 and condi-
tion (7.2), where a; = Aic2qi, bij =0, i > 0, by; = Azcaqy . Thus, using (7.3) we
have

STe) A3c?
=——.  fo=—""5.  pi=0

l—q (I—q2)
Via Remark 7.2 sufficient condition for asymptotic mean square stability of the triv-
ial solution of (7.35) has the form a% 4+ Bo<1or

@0

222 222
19 4 0% (7.36)
I—q)* (A-—q2)
From (7.33) and (7.34) another stability condition follows:
M_Mm <l_ Aac3 < A2c3 M(Cz—ﬁ))
2 2 call=g)\l-q2 2(1—-q1)
or

A Mcz(er — 1) A3c3 cl
i@ —q)+ 5 <—. (7.37)
2 (I =g —q2) (I=q)*
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w
o

[
=]
B T

Fig. 7.1 Stability regions for (7.35) obtained by the conditions (7.36) and (7.37): (/) co =c3 =1,
qg1=05,2=0.1,2)c1=1,3¢c1=0.8,(#) c1 =0.5,(5) ¢; =0.2,(6) c; =0.1

In Fig. 7.1 stability regions in the space of the parameters (A1, Ap) are shown
which are constructed via condition (7.36): (1) co =c3 =1, g1 =0.5, g2 = 0.1 and
condition (7.37) for the same values of the parameters c¢;, c¢3, g1, g2 and different
values of the parameter c1: (2) c; =1, 3) ¢1 =0.8, 4) ¢c1 =0.5, (5) 1 =0.2,
(6) c; =0.1.

Example 7.2 Consider the equation with stationary coefficients

i i
Xit1 = —A1 Zai—jf(xj) + A2 Zai—jg(xj')éiﬂ, a; (7.38)

=\
j=0 im0 i+1D
where A; > 0, = 1,2, functions f(x) and g(x) satisfy conditions (7.16). Similar
to Example 7.1 from Theorems 7.1 and 7.2, respectively, we obtain the two follow-
ing sufficient conditions for asymptotic mean square stability of the trivial solution
of (7.38):

(M3 +23c3)8% < 1 (7.39)
and

M (7
2L 26 + aacs(en — e1) 8% ) + 23282 < <L (7.40)
2 \4 * )
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Fig. 7.2 Stability regions for (7.38) obtained by the conditions (7.39) and (7.40): (/) co =c3 =1,
2 c1=1,3)c1 =0.8,(4) c; =0.5,(5) ¢c; =0.2, (6) c; =0.1

where

s 1
S=Y — —1.645.
; (i +1)2

In Fig. 7.2 stability regions in the space of the parameters (A, A2) are shown
which are constructed via condition (7.39): (1) ¢ = ¢3 = 1 and condition (7.40) for
the same values of the parameters ¢y, c3 and different values of the parameter ci:
2)c1=1,3)¢1=08,4)c1=05,5)c; =0.2,(6) c; =0.1.

One can see that for both equations (7.35) and (7.38) the conditions of Theo-
rem 7.2 extend the stability region given by Theorem 7.1.

Example 7.3 Consider now the equation with nonstationary coefficients

i i .
G+1)
Xipt = =M Y a f) + R Y ayg ()i, aijz—(l.]+2)2, (7.41)
j=0 j=0

where A; > 0,/ =1, 2, functions f(x) and g(x) satisfy conditions (7.16).
Let us construct stability condition for this equation using Theorem 7.2 only,
since Theorem 7.1 cannot be used for the nonstationary case.
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It is easy to obtain

X i1 Kk
am@Z“““{X%ruﬂzzu+mJ
k=0

ieZ =i

. 1 (G+2G+D
=AA +1
Hal );<j+2>4 2 ]

- AAo
-2

> 1
sup|:(i+ 1) Z —2j|
ieZ j=i+2j
Via Lemma 1.4
Ga,0) = 22 gupl i 4 1 —! +/md”
a,o) < sup| (i —
2 ey (122" )2
Aho _(+D< Lo 1)}
= su l —_—
2 ool (i+22 i+2
Mk _(i+l)(i+3)]_)»1)»2
AR 2

Analogously G(o,0) < %A% Conditions (7.18) and (7.19) hold. Note that

aj+1,i+1 +aii — ai+1,i

(it it il
G2 T (122 (+3)2

—x( 1 +i+1>
a2 T a+22)

Since the expression in brackets decrease for i € Z then supremum is reached by
i=0,ie.a= %A]. So the condition (7.20) takes the form

2
1314 - zl:l _ C_3<)\.2C3 n Aira(co —C1))]

36 2 C1l 2 4
or
M he )+ @ (7.42)
— = c3(cr — = < .
2\ g@ Thal@—a > o

In Fig. 7.3 stability regions in the space of the parameters (A, Ap) are shown
which are constructed via condition (7.42) for ¢) = ¢3 = 1 and different values of
the parameter c1: (1) c1=1,(2) 1 =0.8,3)c1 =0.5,(4) c1 =0.2,5) ¢c; =0.1.
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*a

e

[
(4]

1 z 3 a 5 Ay

Fig. 7.3 Stability regions for (7.41) obtained by condition (7.42) for co =c3 =1and: (/) c; =1,
2)c1=08,3)c1=05,4)c1=02,05 ¢ =0.1

7.2 Stability in Probability

Here it is shown that using the investigation procedure of the construction of the
Lyapunov functionals of stability in probability of nonlinear stochastic difference
equation with an order of nonlinearity higher than one can be reduced to the inves-
tigation of asymptotic mean square stability of the linear part of this equation.

7.2.1 Basic Theorem

Let {£2, 5, P} be a basic probability space, i be a discrete time, i € Zg U Z, Zg =
{—h,...,0}, Z=1{0,1,...}, h be a given nonnegative number, §; € o, i € Z, be
a sequence of o-algebras, E be the mathematical expectation, P{./3;} and E; =
E{./5i} be, respectively, conditional probability and conditional expectation with
respect to the o-algebra §;, &, i € Z, be a sequence of mutually independent ;-
adapted random variables such that E§; =0, E.Sl.z =1, llello =maxjez, l@jl, Us =
{x x| <e}.
Consider the difference equation

i
X1 =F(,x p.ox)+ Y GG, joxon, ... x))Ej1, i€Z,  (143)
j=0
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with the initial condition
xXj=gj, Je€Zo. (7.44)

Here F:Z+«S=R", G:ZxZ S =R" S is a space of sequences
with elements from R”". It is assumed that F(i,...) does not depend on x; for
j>1i, G@,j,...) does not depend on x; for k > j and F(i,0,...,0) =0,
G@,j,0,...,00=0.

Definition 7.1 The trivial solution of (7.43) with initial condition (7.44) is called
stable in probability if for any ¢ > 0 and &; > O there exists a § > 0 such that the
solution x; = x; (¢) of (7.43) satisfies the inequality

P{sup|x,~| > 8/%’0} <& (7.45)
ieZ

for any initial function ¢ which is less than § with probability 1, i.e.,

P{llgllo <8} =1. (7.46)

Theorem 7.3 Let there exist a functional Vi = V (i, x_p, ..., x;) which satisfies the
conditions

Vi, X_p oo xi) = colxi|, (7.47)

V0.9 .....00) < cillellg. (7.48)

E;AV; <0, xjeU,, —-h=<j<ijieZ, (7.49)

where € > 0, cg > 0, ¢; > 0. Then the trivial solution of (7.43) with the initial con-
dition (7.44) is stable in probability.

Proof We will show that for any positive numbers ¢ and & there exists a positive
number § such that the solution of (7.43) satisfies condition (7.45) if initial function
(7.44) satisfies condition (7.46).

Let x; be a solution of (7.43). Consider the random variable t such that

t=infli € Z: |x;| <&, |xi41] > ¢} (7.50)

and two events: {sup;. |x;| > ¢} and {|x;4| > &}. It is clear that

[sup|x,-| > s} C {lxei] > &) (7.51)
ieZ

From (7.49) we have

T T
Eo) EiAVi=) (EoViy1 —EoVi) =EoVry1 —Vo<0.  (752)
i=0 i=0
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Using (7.51), the Chebyshev inequality, (7.47), (7.52), (7.48) and (7.46) we get
P{suplxi| > /o) < P{lresi| > /50
ieZ

Eolx.111>  EoV, Vo  cllell3 182
_ Eolxe1|” _ Eo 1 _ Vo _ 1||</>||0< 1

g2 ~ cog? T cog? T cpe? coe?’
Choosing § = &,/ elcocfl we obtain (7.45). The theorem is proven. U

Remark 7.7 1t is easy to see that if € > g¢ then

P{sup xil > e/fo} < P{sup il > eo/ o).

It means that if condition (7.45) holds for small enough &g > 0, then it holds for any
& > g¢. Thus, for stability in probability of the trivial solution of (7.43) it is sufficient
to prove condition (7.45) for small enough ¢ > 0.

7.2.2 Quasilinear System with Order of Nonlinearity Higher than
One

Consider the nonlinear scalar difference equation

i+h i+h
Xit1= Zajxi—j + ZG/M—,/&'H +8i(xop, o xg) (7.53)
=0 =0

with the initial condition (7.44). It is supposed that

i+h
|giGeons oo x| <Dyl > 1, jeZ. (7.54)
=0

Put

o0 oo o
a=Y lajl, o=y lojl. y=Y_ v (7.55)
j=0 j=0 j=0

Theorem 7.4 Let y < oo and
a? 4o <1. (7.56)

Then the trivial solution of (7.53) is stable in probability.
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Proof 1t is sufficient to construct a Lyapunov functional V; satisfying the Theo-
rem 7.3 conditions. We will construct this functional in the form V; = V;1 + Vj»

with V;| = xl.z. Then

B AVIi =B (xy) = x7)

i+h i+h 2
=Ei<zajxij +Z<7szej§i+1 +gi(Xh,-.-,xz')> —x}

j=0 j=0

i+h 2 i+h 2
= (Zajxi—j) + (Zajxi—j> +gi2(x—hv--~»xi)
j=0 j=0

i+h
+22ajxi,jg,-(x,h,...,xi) —xiz.
=0
Put
o0
u(e) =yl k=12, (7.57)

j=0

From (7.55) and (7.57) it follows that if ¢ < 1 then uz(¢) <y < oo. Using (7.54)
and (7.55) and assuming that x; € Ug, j <i, we obtain

i+h 2 i+h i+h 2 i+h
2 2
( E ajx,-j) <a E |aj|x,-_j, < E ojxij> <o E |Uj|x,~_j, (7.58)
Jj=0 Jj=0 Jj=0

j=0
i+h i+h
& p . x) Sy Yyl P <y Yyl (7.59)
j=0 j=0
i+h
ZZasz‘—jgi(x—h,--.,Xi)
j=0
i+h i+h
<2 lajl ) yilxicl" x|
j=0 =0
i+h i+h i+h
= |aj| ZV!SW?I (xiz_l +x,'2_j) = Z(angvjil + H1(8)|aj|)x52_j~
j=0 =0 j=0
Therefore,
i+h
E, AV < —x,-z + Zijiz—j’ (7.60)

j=0
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where
Aj=(a+p1®)lajl +olojl+ (a+ye )y~ (7.61)
Choosing the additional functional V; in the form

i+h

Vi = Zx, ] Z Al (7.62)

we get
i+1+h i+h
E, AV = Z x,_H /ZAI le JZA[
i+h i+h
:le - Z A — le ]ZAI
I=j+1 j=
i+h

_xZZAl ZA,x, i (7.63)

Via (7.60) and (7.63) for V; = Vy; + V; we have

o0
EiAw5<ZAj—1>xf

Jj=0
or using (7.61)
EiAV; < (a®+0° +2ap1(e) + ypae) — 1)x;.

From (7.56) it follows that E; AV; <0 for small enough ¢. It is easy to see that
the constructed functional V; satisfies the conditions V; > xi2 and Vo < (1+h)|l¢ ||(2).
Thus for the functional V; the conditions of Theorem 7.3 hold. Therefore, using
Remark 7.7 we find that the trivial solution of (7.53) is stable in probability. The
theorem is proven.

Let y be defined in (7.55) and

o0 o0
a=> a. B=> aj. (7.64)
=1 j=0

Theorem 7.5 If y < oo and
B2+ 2a|l — Bl +o2<1 (7.65)

then the trivial solution of (7.53) is stable in probability.
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Proof Represent (7.53) in the form
i+h
Xip1=Bx; + AF; + Z(zjifjéﬂrl +8i(x_p, ..., x;) (7.66)
J=0
with
i+h

Zx, IZa, (7.67)

Using the procedure of the construction of the Lyapunov functionals we will con-
struct a Lyapunov functional V; in the form V; = Vy; 4+ Vy;, where Vi; = (x; — Fi)z,
Via (7.66) we have

EiAVi; =Ei(xip1 — Fir1)? — (v — F))?

i+h 2
=E, <,3xi —Fi+ ) ojxiojEin + gi) — (i —F)?

j=0
i+h 2
=(B*—)x] + (Zajxi—,) +87 +2(1— B)xi F; +2Bxigi — 2F;g;.

Using xj € U, j <1, (7.58), (7.59) and (7.64) we have

i+h i+h
2 2 2 2
25 Fil <) au(xf +x7) Saxi 4+ ) auxiy,
I=1 =1

i+h i+h
2
2xigil <) yie" T (o7 4 x ) S m@xF + ) yieti TN,
j=0 j=0
i+h  i+h i+h i+h
1
2AFigil <2 v Y aulxiollxi ,|J<Zye“f Zaz xP+al)
j=0 I=1
i+h

<aype™! 2+Z (e +aye”xr,.

=1
So
EiAVy; <[+ 11— Bla + |Blui(e) + oo

i+h
+ (a4 1Bl +ye™ Yy =137+ > Al (7.68)
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where uf(¢) is defined in (7.57) and
Aj=(1=Bl+m@) +olojl+ (a+ Bl +ye e~ (7.69)

Choosing the additional functional V»; again in the form (7.62) and using (7.68) and
(7.63) for the functional V; = Vy; 4+ V,; we obtain

E;AV; <[B* +2all — Bl +0° — 1+ 2(a +18])m1(e) + y pa(e) 7.
From this and (7.65) it follows that for small enough ¢ there exists ¢ > 0 such that
E;AV; < —cox?. (7.70)

It means that the constructed functional V; satisfies condition (7.49). It is easy to see
that the condition (7.48) for some ¢; > 0 holds too. But this functional V; does not
satisfy condition (7.47). So we cannot use Theorem 7.3 and must find another way
for proving it.

Let us consider now the random variable t, which is defined by (7.50). Using
(7.51) and the Chebyshev inequality we get

E())C2
P{supl;| > e/fo} < Pixesi] > /fo} < =3+ (.71)
i€z

To estimate onf 1 suppose that 0 <k <i < 7. Then from (7.70) it follows that

i i
E Y EjAV =EVip —Vis—a ) x? <—oxf <0,
j=k j=k

From this we have

Ve>cx?, 0<k<r, (7.72)
EoViy1 <=V, 0<i=<r~. (7.73)

It is easy to see that
Vest = (g1 — Fepn)? 2 32, — 2xr41 Fog. (7.74)

From (7.67) and (7.64) it follows that

T+14h T+1+4h

2 2 2 2
2xr41Fri1 = Z (g g +x5p) Saxgy + Z X1
=1 =1

T+1+h

T
_ 2 2 2
—“xt+1+2“lxr+1—z+ Z AIXT -
=1 I=1+1
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Using (7.72), (7.46) and (7.64) we get

T
o]
e Frpn Saxgy + )0~ Veri +ad?, (7.75)
I=1

From (7.65) it follows that | 3| < 1. Thus,

Substituting (7.75) into (7.74) we get

1 ! o
x%H < - <a82 + Z C—2Vr+1—l + Vr+1>.
=1

Calculating Eq by virtue of (7.73), (7.64) and (7.48), which holds, as was noted
above, and (7.46), we get

1
Eox? ., < — <a82 + (ﬁ + 1)V0> <C8?,

2

where

1 o
C= <(¥+(+1>61).
l—«a )

From this and (7.71) by § = e4/€1/C, (7.45) follows. Therefore, the trivial solution
of (7.53) is stable in probability. The theorem is proven. U

Remark 7.8 Note that the condition (7.65) can be written in the form
o’ <(1=pU+p—2a), |Bl<l

Remark 7.9 1t is easy to see that if in (7.53) g; = 0, then the functionals which
were constructed in Theorems 7.3 and 7.4 satisfy the conditions of Theorem 1.1. It
means that conditions (7.56) and (7.65) are sufficient for asymptotic mean square
stability of the trivial solution of the linear part of (7.53). Thus, it is shown that the
investigation of stability in probability of nonlinear stochastic difference equations
with an order of nonlinearity higher than one can be reduced to the investigation of
asymptotic mean square stability of the linear part of these equations.

Example 7.4 Consider the nonlinear difference equation

ax;

= i—m&i+1, 7.76
1+ bsin(r; ) + ox; m‘§1+l ( )

Xi+1

where k and m are nonnegative integers and

bl < 1. (7.77)
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2

Using inequalities (7.77) and | sin(x)| < 1 for the functional V; = x;* we obtain

EAV; = E(xi2+1 - x?)

2
ax; 2
:E B —— . . — X
[(1 ~+ bsin(x;_g) o mslH) i i|

2
a
- —1)Ex? + 0 2Ex?

<(1—i—bsin(xik))2 > SRR

2
a 2 212
< <—(1 162 — I)Exi +o°Ex;_,.

From Theorem 1.2 it follows that the inequality
a2

2
Tt 1 (7.78)

is a sufficient condition for the asymptotic mean square stability of the trivial solu-
tion of (7.76).

Let us obtain a sufficient condition for stability in probability of the trivial solu-
tion of (7.76). Rewrite (7.76) in the form

Xiy1 =ax; + g(xi—g, X;) + o xXi—m&it1, (7.79)

where

abx; sin(x;_x)

e I e

Using the inequality | sin(x)| < |x| in the numerator of the fraction and the inequal-
ities | sin(x)| < 1 and (7.77) in the denominator we have

abx;x;_ ab
| iXi k| < | |

2 2
Tl = 20—y )

| g (xi—i, xi)| <

It means that the function g(x;_g, x;) satisfies the condition (7.54). Therefore, the
condition

a?+o’ <1, (7.80)

which follows from (7.78) by b = 0, is a sufficient condition for asymptotic mean
square stability of the linear part of (7.79) and, as follows from Theorem 7.4, is a
sufficient condition for the stability in probability of the trivial solution of (7.76) for
all b satisfying condition (7.77).

It is easy to see that the condition (7.80) for stability in probability is weaker than
condition (7.78) for asymptotic mean square stability.
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7.3 Fractional Difference Equations

There is a very large interest in studying the behavior of solutions of the special
type of nonlinear difference equations, so called, fractional difference equations
[1,2,10,17-19, 37-39, 43-48, 55, 64, 65, 85, 86, 94, 100, 108, 147, 155-158, 169,
170, 193, 199, 257, 258, 260-262, 271, 273, 274]. Here the conditions for stability
in probability for fractional difference equations with stochastic perturbations are
obtained. Numerous graphical illustrations of stability regions and the trajectories
of solutions are plotted.

7.3.1 Equilibrium Points

Consider the fractional difference equation

k
1+ D0 djiXi-)

Xitl = " Zl;zobjxi—j , 1€Z, (7.81)

with the initial condition
xj=¢j, jeZo={—k,—k+1,...,0}. (7.82)
Here u, A, aj, b;, j =0, ..., k, are known constants. Equation (7.81) generalizes a

lot of different particular cases that were considered in [1, 2, 10, 17-19, 38, 39, 55,
64, 85, 86,94, 100, 108, 147, 258, 262, 273].
Put

k k
Aj=>a.  Bj=) b. j=0.1....k
I=j I=j

A:AO’ B:BO,

(7.83)

and suppose that (7.81) has some point of equilibrium X (not necessary a positive
one). Then by assumption

A+ BE#0 (7.84)

the equilibrium point X is defined by the algebraic equation

w+ Ax
A+ Bx’

£ = (7.85)

By the condition (7.84), (7.85) can be transformed into the form

B> —(A—WMi—pn=0. (7.86)
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It is clear that if
(A=2)>4+4Bu>0 (7.87)

then (7.81) has two points of equilibrium:

. A—2+(A=22+4Bu
N 2B

1 (7.88)
and
. A—A—/(A=N2+4Bu
= , 7.89
X2 7B (7.89)
and if
(A—1)24+4Bu=0 (7.90)
then (7.81) has only one point of equilibrium,
A—Xx
X=—". 7.91
Y 790
And finally if
(A=2)?>4+4Bu <0 (7.92)

then (7.81) has no equilibrium points.

Remark 7.10 Consider the case = 0, B # 0. From (7.85) we obtain the following.
If A £ 0 and A # A, then (7.81) has two points of equilibrium:

A—4 =0 (7.93)
3 xpy =0. .

f1 =

If A %0 and A = A then (7.81) has only one point of equilibrium: x =0. If A =0
then (7.81) has only one point of equilibrium: £ = AB~!.

Remark 7.11 Consider the case u = B =0, A # 0. If A # X then (7.81) has only one
point of equilibrium: ¥ = 0. If A = A then each solution X = const is an equilibrium
point of (7.81).

7.3.2 Stochastic Perturbations, Centering and Linearization

Let {£2, 5, P} be a probability space and {§;,i € Z} be a nondecreasing family of
sub-o -algebras of §, &;, i € Z, be a sequence of §;-adapted mutually independent
random variables such that E&; =0, E&iz =1.
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As was first proposed in [24, 235] and used later in [16, 30, 41], we will sup-
pose that (7.81) is exposed to stochastic perturbations &; which are directly propor-
tional to the deviation of the state x; of system (7.81) from the equilibrium point .
So (7.81) takes the form

k
D i0ajXi-j
dA Yo bjxi-j

Xiyl = +o(xi —X)&iy1. (7.94)

Note that the equilibrium point X of (7.81) is also the equilibrium point of (7.94)
Putting y; = x; — X we will center (7.94) in the neighborhood of the point of
equilibrium x. From (7.94) and (7.85) it follows that

k ~
> j—olaj —bjX)yi—;
A+ Bx + Z];:O biyi_j

Yitl = +oyi&it1. (7.95)

It is clear that stability of the trivial solution of (7.95) is equivalent to stability of the
equilibrium point X of (7.94).
Together with nonlinear equation (7.95) we will consider its linear part

k

Zi4l = Z“-/Z"—-i +ozi&iv1, oj=
j=0

aj—bjx

. 7.96
A+ Bx (7.96)

From (3.3) for (7.96) it follows that if
k
Z|a,-| <vJ1-02 (7.97)
j=0

then the trivial solution of (7.96) is asymptotically mean square stable.
Put

k k
a=Y 1>l  B=)e; (7.98)
j=tli=j Jj=0
If
B*+2a|l — Bl +0 <1 (7.99)

then the trivial solution of (7.96) is asymptotically mean square stable.
Let U and 2 be two square matrices of dimension k + 1 such that U = ||u;; || has
all zero elements except for uxy1 x+1 = 1 and

0 1 0 0 O

0 0 1 0 O
A=

0 0 0 0 1
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Let the matrix equation
A'DA—-D=-U (7.100)

have a positively semidefinite solution D with di41 x+1 > 0. Then the trivial solu-
tion of (7.45) is asymptotically mean square stable if and only if

o2di 11 < 1. (7.101)

For example, for k = 1 the condition (7.101) takes the form

ler] <1, Jaol <1—oy, (7.102)
1

ot <dy =1—a? —ag T (7.103)
1—0[1

If, in particular, o = O then condition (7.102) is the necessary and sufficient con-
dition for asymptotic mean square stability of the trivial solution of (7.96) for k = 1.

Remark 7.12 Put 0 = 0. If B = 1, then the trivial solution of (7.96) can be stable
(for example, z;4+1 = z; or zj+1 = 0.5(z; + zi—1)), unstable (for example, z;+| =
2z; — zi—1) but cannot be asymptotically stable. In fact, it is easy to see thatif 8 > 1
(in particular, B = 1) then the sufficient conditions (7.97) and (7.99) do not hold.
Moreover, the necessary and sufficient (for k = 1) condition (7.102) does not hold
too since by the condition (7.102) we obtain the contradiction 1 < 8 =«ag + o] <
log] + a1 < 1.

Remark 7.13 As follows from Remark 7.9, the conditions (7.97), (7.99) and (7.101)
for asymptotic mean square stability of the trivial solution of (7.96) at the same time
are conditions for stability in probability of the equilibrium point of (7.94).

7.3.3 Stability of Equilibrium Points

From conditions (7.97) and (7.99) it follows that | 8| < 1. Let us check if this condi-
tion can be true for each equilibrium point.

Suppose at first that the condition (7.87) holds. Then (7.94) has two points
of equilibrium x| and x; defined by (7.88) and (7.89), respectively. Putting S =

V(A =124 4B via (7.98), (7.96) and (7.83) we find that the corresponding B
and B, are

_A—B¥ _ A-3A-1+S5) A+r-S
S A+BI A+i(A-a+S)  A+A+S

B1

(7.104)
_A—Bi A-3A—-1-S5) A+r+S

CA+BR a4i(A-a-85  A+r-S

B2
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So B1B> = 1. It means that the condition || < 1 holds only for one of the two
equilibrium points X; and x;. Namely, if A + A > O then |B;| <1,if A+ A <0
then |B2]| < 1, if A+ A =0 then f; = B = —1. In particular, if u = 0, then via
Remark 7.10 and (7.96) we have 8 = AA~!, o = A~ A. Therefore, |B1| < 1 if
Al <Al |B2| < Lif [A] > |A], |B1] = [B2] = 1 if 2] = | A].

So, via Remark 7.12 we find that the equilibrium points x; and %, can be stable
concurrently only if the corresponding 81 and §; are negative concurrently.

Suppose now that the condition (7.90) holds. Then (7.94) has only one point of
equilibrium (7.91). From (7.98), (7.96), (7.83) and (7.91) it follows that correspond-
ing B equals

A—Bi A-3(A-)) A+nr

AT Ta+lamn T ara

As follows from Remark 7.12, this point of equilibrium cannot be asymptotically
stable.

Corollary 7.1 Let x be an equilibrium point of (7.94) such that
k
Zlaj—bj£|<|/\+B£|vl—az, o2 <1. (7.105)
j=0

Then the equilibrium point X is stable in probability.
The proof follows from (7.96), (7.97) and Remark 7.13.

Corollary 7.2 Let X be an equilibrium point of (7.94) such that
|A — BX| < |A+ BXx|, (7.106)

(A + B%)?

At (7.107)
I — A +2B3|

k
2) 1Aj = B3l <Ih+A] =0’
j=1

Then the equilibrium point X is stable in probability.

Proof Via (7.83), (7.96) and (7.98) we have

k
o= |A+B)2|—IZ|A, — B;il, B =
j=I

We rewrite equation (7.99) in the form

2

o
2a<1+,8—1—

5 1Bl <1,
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and we show that it follows from (7.106) and (7.107). In fact, from (7.106) it follows
that |8] < 1. Via |B| < 1 we have

1+ B 1+A—BJ€ A+ A
= = >
A+ Bx A+ Bx

and
A—BX A—A+2Bx

— = = >O
A+ Bx A+ Bx

1-8=1-
So, via (7.107)

A — B; A+ A A+ Bx
2a—22| x| A+ J _02 A+ x|A
o |A + BX| |A+Bx| [ — A+ 2BXx|
2

1-8
It means that the condition (7.99) holds. Via Remark 7.13 the proof is completed. [J

Corollary 7.3 An equilibrium point X of the equation

WA+ aox; +aixi— A
1= i — X)& 7.108
Xi+1 *+ boxi + bix; +o(x —X)éin ( )

is stable in probability if and only if

lay — b1X| < |A + Bx|,
(7.109)
lao — bok| < (A — a1 + (bo + 2b1)%) sign(x + BX),
o2 < (A+ai +bpx)(A+ag—ay +2b1x)(A— A+ 2Bx)
(A — a1 + (bo +2b1)X) (A + Bx)? '

(7.110)

The proof follows from (7.96), (7.102) and (7.103).

7.3.4 Examples

Below some examples are considered as an application of the results obtained.

Example 7.5 Consider (7.108) with ag = 2.9, a; =0.1, by = b1 =0.5. From (7.83)
and (7.87)—(7.89) it follows that A = 3, B =1 and, for any fixed p and X such that
w> —i(3 — )2, (7.108) has two points of equilibrium:

%= ;(3 ,\+\/(3—x)2+4u), )22:%(3—x—,/(3—x)2+4u).
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Fig. 7.4 Stability regions, o> =0

In Fig. 7.4 the region where the points of equilibrium are absent (white region),
the region where both points of equilibrium X; and X, are though being unstable
(yellow region), the region where the point of equilibrium X is stable only (red re-
gion), the region where the point of equilibrium X, is stable only (green region) and
the region where both points of equilibrium %; and %, are stable (cyan region) are
shown in the space of (i, A). All regions are obtained via the conditions (7.109) for
o2 =0. In Figs. 7.5 and 7.6 one can see similar regions for 62 = 0.3 and 0> = 0.8,
in accordance to those obtained via the conditions (7.109) and (7.110). In Fig. 7.7
it is shown that sufficient conditions (7.105), (7.106) and (7.107) are close enough
to the necessary and sufficient conditions (7.109) and (7.110): inside of the region
where the point of equilibrium X is stable (red region) one can see the regions of
stability of the point of equilibrium X that were obtained by condition (7.105) (grey
and green regions) and by the conditions (7.106) and (7.107) (cyan and green re-
gions). Stability regions obtained via both sufficient conditions of stability (7.105),
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Fig. 7.5 Stability regions, 62 = 0.3

(7.106) and (7.107) give together almost the whole stability region obtained via the
necessary and sufficient stability conditions (7.109) and (7.110).

Consider now the behavior of the solutions of (7.108) with o = 0 in points A,
B, C and D of the space of (i, A) (Fig. 7.4). In the point A with u = —5, A = -3,
both equilibrium points X; =5 and X, = 1 are unstable. In Fig. 7.8 two trajectories
of solutions of (7.108) are shown with the initial conditions x_; = 5, xg = 4.95
and x_; = 0.999, xo = 1.0001. In Fig. 7.9 two trajectories of solutions of (7.108)
with the initial conditions x_; = —3, xg = 13 and x_; = —1.5, xg = —1.500001
are shown in point B with u = 3.75, A = 2. One can see that the equilibrium point

X1 = 2.5 is stable and the equilibrium point X, = —1.5 is unstable. In point C with
u =9, A = =5 the equilibrium point X; =9 is unstable and the equilibrium point
Xp = —1 is stable. Two corresponding trajectories of solutions are shown in Fig. 7.10
with the initial conditions x_; =7, xg = 10 and x_; = —8, x¢o = 8. In point D

with u =9.75, A = —2 both equilibrium points X; = 6.5 and X, = —1.5 are stable.
Two corresponding trajectories of solutions are shown in Fig. 7.11 with the initial
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11-10-9 -8 -7 -5 -4-3 2-10 1 2 3 43 & 71 8 91‘01‘11'z|pn

Fig. 7.6 Stability regions, o> = 0.8

conditions x_1 =2, xo = 12 and x_| = —8, xo = 8. As was noted above in this case
the corresponding 81 and B; are negative: 81 = —7/9 and f» = —9/7.

Example 7.6 Consider the difference equation

Xi—m

+a(x,~ —)2)&,’.;,_1. (7.111)

Xiy1=p+q
Xi—r

Different particular cases of this equation were considered in [2, 10, 18, 19, 55, 94,

100, 273].
Equation (7.111) is a particular case of (7.94) with

ar=p, am =4, aj=0 if j#rand j #m,
n=xr=0, b, =1, bj=0 ifj#r, X=p+gq.
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Fig. 7.7 Stability regions, 02 =0
Suppose first that p+¢g # 0 and consider two cases: (1) m >r >0, (2)r > m > 0.
In the first case

A,_ p+q’ j=0""5r9 B: — 1, j=0,...,r,
I q, j=r+1""5m’ 7 0, j=r+1,...,m.

In the second case

A= p+q, j=0,....,m,
/ D, j=m+1,...,r1,

In both these cases Corollary 7.1 gives a sufficient condition for stability in prob-
ability for the equilibrium point £ = p + ¢ in the form 2|g| < v/1 — o2|p +g| or

pe(—o00,—g —0lql) U (—q +0lql, 00) (7.112)
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Fig. 7.8 Unstable equilibrium points Xy =5and X, =1 for u = —5,1= -3

with
0=260 2 (7.113)
=V = ——. .
Vi-o2
Corollary 7.2 in both cases gives a sufficient condition for stability in probability
for the equilibrium point X = p + ¢ in the form 2|g|jm — r| < (1 — o2)|p+q| or
(7.112) with

(7.114)

Since 6, > 61, condition (7.112) with (7.113) is better than (7.112) and (7.114).
In the case m = 1, r =0 Corollary 7.3 gives a stability condition in the form

(p+29)(p—q)

lgl<Ip+ql,  Iql<psign(p+q), o*<
p(p+q)
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Fig. 7.9 Stable equilibrium point X; = 2.5 and unstable X, = —1.5 for ©u =3.75, A =2

or

! ola1) ) U ( X 9 o= 227 s

pe < o0, 5(~4 Iql)> (2( q+ Iql),>, Vi oz 19

In particular, from (7.115) it follows that, for ¢ = 1, o = 0 (this case was con-

sidered in [10, 100]), the equilibrium point x = p + 1 is stable if and only if

p € (—oo, —2) U (1, 00). Note that in [10] for this case the condition p > 1 only

was obtained.

In Fig. 7.12 four trajectories of solutions of (7.111) in the case m =1, r =0,

0 =0,q9g=1areshown: (1) p=2,% =3,x_1 =4, xo = 1 (red line, stable solution);

(2) p=0.93,x =1.93,x_1 =2.1, xo = 1.7 (brown line, unstable solution); (3) p =

—1.9,x=-0.9, x_; = —0.89, xo = —0.94 (blue line, unstable solution); (4) p =
—2.8,x =—1.8, x_; = —4, x9 = 3 (green line, stable solution).
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Fig. 7.10 Unstable equilibrium point £ =9 and stable X = —1 for u =9, A = =5

In the case r = 1, m = 0 Corollary 7.3 gives a stability condition in the form

. p(p+3q)
lgl <1p+4ql. lg] < (p+2q)sign(p+q), o*<

(»+a)(p+29)
or
€(—o0 1( 3g —6lql) U 1( 3g +6lql),00), 6= o= (7.116)
p +5(=39 =0lql) JU | 5(=3¢ +0lgl).00 ). 0=,/ -——>. (.
For example, from (7.116) it follows that for ¢ = —1, o = 0 (this case was

considered in [94, 273]) the equilibrium point X = p — 1 is stable if and only if
p € (—00,0) U (3, 00). In Fig. 7.13 four trajectories of solutions of (7.111) in the
caser=1,m=0,0 =0, g=—1 are shown: (1) p=3.5, x =2.5, x_| = 3.5,
xo = 1.5 (red line, stable solution); (2) p =2.2, x = 1.2, x_; = 1.2, xo = 1.2001
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Fig. 7.11 Stable equilibrium points X; = 6.5 and X, = —1.5 for ¢ =9.75, A = -2

(brown line, unstable solution); (3) p = 0.3, x = —0.7, x_; = —0.7, xg = —0.705
(blue line, unstable solution); (4) p = —0.2, x = —1.2,x_1 = —2, xg = —0.4 (green
line, stable solution).

Via a simulation of a sequence of mutually independent random variables &;,
i € Z, consider the behavior of the equilibrium point by stochastic perturbations.
In Fig. 7.14 1000 trajectories are shown for p =4, g = -1, 0 =0.5, x_1 = 3.5,
xo = 2.5. In this case the stability condition (7.116) holds (4 € (—o0, —0.21) U
(3.21, 00)) and therefore the equilibrium point X = 3 is stable: all trajectories go
to x. Putting o = 0.9, we find that the stability condition (7.116) does not hold
(4 & (—o0, —1.78) U (4.78, 00)). Therefore, the equilibrium point X = 3 is unstable:
in Fig. 7.15 one can see that 1000 trajectories fill the whole space.

Note also that if p + g goes to zero all obtained stability conditions are violated.
Therefore, by the conditions p 4 g = 0, the equilibrium point is unstable.
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Fig. 7.12 Stable equilibrium points X =3 and * = —1.8, unstable * = 1.93 and X = —0.9

Example 7.7 Consider the equation

n+axi—;

i — X)E& 7.117
PR +o(xi —X)&iq1 ( )

Xi+l =

(its particular cases were considered in [1, 64, 85, 259]). Equation (7.117) is a par-
ticular case of (7.81) withk =1, ap = b1 =0, a1 = a, bp = 1. From (7.87)—(7.89) it
follows that by the condition yu > — % (a — 1)? it has two equilibrium points

. —A+S N —A2—=S
x1=a72+ , x2=a72 . S=y/la—12+4pu.

For the equilibrium point X the sufficient conditions (7.105) and (7.106), (7.107)
give
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X ]

Fig. 7.13 Stable equilibrium point X = 2.5 and x = —1.2, unstable x = 1.2 and X = —0.7

IX| +lal < A+ XV1—02, (7.118)

5, (A +3)?

2al < | +al —o?—oT
lal < It al =0 —al

. la—3F <A +3I (7.119)

From (7.109) and (7.110) it follows that an equilibrium point X of (7.117) is stable
in probability if and only if

A +X]>lal, |%] <A +%—a)sign(r+ X),

» A+ R+a(—a) 0 +28—a) (7.120)
= G+ i—a)r+4)?

For example, for x = x| from (7.118) and (7.119) we obtain
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Fig. 7.14 Unstable equilibrium point X =3 for p=4,g=—1,0 =0.5

la—A+S|+2lal<|la+ 1+ S|V1—02, (7.121)
A 5)2
2|a|<k+a—oz%, A+a>0. (7.122)

From (7.120) it follows that

la+ X+ S|>2lal,
la—X+S|<X—a+ S)sign(a+Ar+39),

, 4Sh—a)(A+3a+Y9)
o< .
A—a+SA+a+85)?

(7.123)




7.3 Fractional Difference Equations

k.

X

“

|
' “ i
h
]
H I}
i
| |J AL |
£y ‘n" B i
! [
([0
. 1
i I
I
! i
i

Il

| | : H ' \ | | i,

Fig. 7.15 Stable equilibrium point x =3 for p=4,g=—1,0 =0.9

Similarly for x = %, from (7.118) and (7.119) we obtain

la—Xx—S|+2la] <la+Ai—SV1—02,

s (A+a—S8)?

2 A —
lal| < |A+a|l—o 1S

From (7.120) it follows that

la+Xx—S8|>2|al,
la—A—S|<(A—a—S)sign(a+r—279),

. 4S@—10.+3a—S)
S —a—S0ta—57

, At+ta<O.

169

(7.124)

(7.125)

(7.126)
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Fig. 7.16 Unstable equilibrium point X =0 for u =0, A=—-2,a=1,0 =0.6

Put, for example, 4 = 0. Then (7.117) has two equilibrium points: X =a — A,
X7 = 0. From (7.118)—(7.120) it follows that the equilibrium point x; is unstable and
the equilibrium point X is stable in probability if and only if

lal

Vi—o2

Note that for the particular case of (7.117) by u =0,a =1, 1 > 0,0 =01in [259] it
is shown that the equilibrium point X is locally asymptotically stable if A > 1 and
for the particular case of (7.117) by u =0,a = —a <0, A > 0, 0 =0 in [64] it is
shown that the equilibrium point %, is locally asymptotically stable if A > «. It is
easy to see that both these conditions are particular cases of the condition (7.127).

Note that similar results can be obtained for the equation x; 11 = /{ﬂ;‘l‘f‘l , which
was considered in [1].

In Fig. 7.16 1000 trajectories of (7.117) are shown for u =0, A = -2, a =1,
o =0.6, x_1 = —0.5, xp = 0.5. In this case the stability condition (7.127) holds
(2 > 1.25) and therefore the equilibrium point X = 0 is stable: all trajectories go
to zero. Putting o = 0.9, we find that the stability condition (7.127) does not hold
(2 < 2.29). Therefore, the equilibrium point X = 0 is unstable: in Fig. 7.17 one can
see that 1000 trajectories by the initial condition x_; = —0.1, xo = 0.1 fill the whole
space.

| > (7.127)
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Fig. 7.17 Stability regions, 0 =0, %, =0foru =0, A=—-2,a=1,0 =0.9

Example 7.8 Consider the equation

p+Xxi—i A
Xipl = ————— + o (x; — D)&iq (7.128)
qxi +xi—1
which is a particular case of (7.108) with u = p, A =0,a0=0,a; =1, by =¢,
b1 = 1. As follows from (7.84) and (7.87)—(7.89) by the conditions p(q + 1) > —%,
q # —1, (7.128) has two equilibrium points

1 1—
P e S ks H N S prw Py s (7.129)

T2q+ 1) T2+ 1)

From (7.109) and (7.110) it follows that an equilibrium point X of (7.128) is
stable in probability if and only if

1—% < [(g+ DI, Ig2] < (Q2+q)% —1)sign((q + D)%),
2 (14+¢HEE-DQ2@+Di-1) (7.130)
(Q+ @)% — (g +1)2%2

Substituting (7.129) into (7.130), we obtain the stability conditions immediately
in terms of the parameters of the equation considered, (7.128): the equilibrium point
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Fig. 7.18 Stability regions, 0 =0

X1 is stable in probability if and only if

pei(%,oo), q=0, 4SS (S+3)g+2)
(“1grn- ¢ +77) 4€(=5.0). (S+D2g+Dg+2S—q)’
(7.131)
the equilibrium point X is stable in probability if and only if
st gm0l 4SS ous-De-2)
(G 2+ 0 a<-2 (5= D2(q +D((g +2)S+4)

(7.132)
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Fig. 7.19 Stability regions, o = 0.7

Note that in [147] (7.128) was considered with ¢ = 0 and positive p, g. There it
was shown that the equilibrium point %, is locally asymptotically stable if and only
if ¢ <4p + 1 which is part of the conditions (7.131).

In Fig. 7.18 the region where the points of equilibrium are absent (white region),
the region where both points of equilibrium X; and X, are though being unstable
(yellow region), the region where the point of equilibrium X is stable only (red
region), the region where the point of equilibrium X, is stable only (green region)
and the region where both points of equilibrium x; and X, are stable (cyan region)
are shown in the space of (p, g). All regions are obtained via the conditions (7.131)
and (7.132) for 0 = 0. In Fig. 7.19 similar regions are shown for o = 0.7.

Consider the point A (Fig. 7.18) with p = —2, ¢ = —3. In this point both equi-
librium points x; = —1.281 and x; = 0.781 are unstable. In Fig. 7.20 two trajecto-
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Fig. 7.20 Unstable equilibrium points x| = —1.281 and £ =0.781 for p=—2,q = -3

ries of the solutions of (7.128) are shown with the initial conditions x_; = —1.28,
xo=—1.281 and x_; =0.771, xo = 0.77. In Fig. 7.21 two trajectories of solutions
of (7.128) with the initial conditions x_1 =4, xg = —3 and x_; = —0.51, xo = —0.5
are shown in point B (Fig. 7.18) with p = ¢ = 1. One can see that the equilibrium
point X; = 1 is stable and the equilibrium point X, = —0.5 is unstable. In point C
(Fig. 7.18) with p = —1, ¢ = —6 the equilibrium point X; = —0.558 is unstable
and the equilibrium point X, = 0.358 is stable. Two corresponding trajectories of
solutions are shown in Fig. 7.22 with the initial conditions x_; = xo = —0.55 and
x_1=—4, xo=5. In point D (Fig. 7.18) with p = 2.5, g = 3 both equilibrium
points X1 = 0.925 and X, = —0.675 are stable. Two corresponding trajectories of
solutions are shown in Fig. 7.23 with the initial conditions x_; = 2.1, x9 = 0.2 and
x_1=-02,x0=-14.

Consider the behavior of the equilibrium points of (7.128) by stochastic per-
turbations with o = 0.7. In Fig. 7.24 the trajectories of solutions are shown for
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®

Fig. 7.21 Stable equilibrium point X; = 1 and unstable o = —0.5for p=1,¢g=1

p=2,qg=1 (point E in Fig. 7.19) with the initial conditions x_1 = 1.5, xo =1
and x_; = xp = —0.78. One can see that the equilibrium point x; = 1.281 (red
trajectories) is stable and the equilibrium point X, = —0.781 (green trajectories) is
unstable. In Fig. 7.25 the trajectories of solutions are shown for p =7, g =2 (point
F in Fig. 7.19) with the initial conditions x_; = 1.5, xo = 1.9 and x_| = —1.4,
xo = —1.3. In this case both equilibrium points X; = 1.703 (red trajectories) and
X = —1.37 (green trajectories) are stable.

7.4 Almost Sure Stability

In this section almost sure asymptotic stability of the trivial solution of a nonlinear
scalar stochastic difference equation is studied. Sufficient criteria for stability are
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=3

Fig. 7.22 Unstable equilibrium point £; = —0.558 and stable X, = 0.358 for p=—1,g = —6

obtained by virtue of the procedure of the construction of the Lyapunov functionals,
martingale decomposition and semi-martingale convergence theorems.

7.4.1 Auxiliary Statements and Definitions

Consider the stochastic difference equation
Xit1 =X + ki P (xi) — a;i P (xi1) + fi(xi)
+&i(Xis Xi—1, ) +0i (X, Xi—1, - D&,
ieZ, Xj=¢j, jGZo. (7.133)
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Fig. 7.23 Stable equilibrium points x; = 0.925 and x, = —0.675 for p =2.5,¢ =3

The concept of almost sure asymptotic stability for the solution of this equation is
defined as follows.

Let {£2, 3, P} be a basic complete probability space, §; € §, i € Z, a family
of o-algebras, &;, i € Z, martingale-differences [253], non-random parameters «;,
a; and the functions @ (x), f;(x) be defined for x € R!, i € Z; let the function-
als gi(xo,x1,...) and o;(xg, x1, ...) be defined on Z x S, where S is a space of
sequences {xop, x1,...}, ®(0) =0, f;(0) =0, g(,0,...) =0, 0;(0,0,...) =0.
The abbreviation “a.s.” is used for such wordings as “P-almost sure” or “P-almost
surely”, respectively, wherever convenient.

Definition 7.2 The trivial solution of (7.133) is called globally a.s. asymptotically
stable if for each nontrivial (a.s.) initial function, which is independent on the o -
algebra o (§; : i € Z), the solution x; satisfies the condition P(lim; o, x; =0) = 1.
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_"11

Fig. 7.24 Stable equilibrium point ¥; = 1.281 and unstable %, = —0.781 for p = 2,
q = 1,0 =0.7

Let B(R') be the set of all Borel-sets of the set R!. The following lemma is a
generalization of Doob decomposition of sub-martingales (for details, see [174]).

Lemma 7.2 Let the sequence &;,i € Z, be a §;-martingale-difference. Then there
is a §i-martingale-difference u;, i € Z, and a positive (§;—1, EB(RI))—measurable
(i.e. predictable) stochastic sequence n;, i € Z, such that, for every i € Z, almost
surely §i2 = w; + n; and the process n;, i € Z, can be represented in the form n; =
E[&i2 | S§i—1]. Moreover, if &;, i € Z, are independent random variables, then n;,
i € Z, is a non-random sequence such that

ni =B&,  p=& — K& (7.134)
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Fig. 7.25 Stable equilibrium points X; = 1.703 and X, = —1.37for p=7,¢=2,0 =0.7

Lemma 7.3 Let W;, i € Z, be a nonnegative (§;, %(RI))-measumble process with
the properties EW; < 00,i € Z, and

Wisi <W;+U; = Vi+¢iy1, i€Z, (7.135)

where ¢; is an §;-martingale-difference, U; and V; are nonnegative (§;, B(R)-
measurable processes with EU; < 0o, EV; <o00,i € Z. Then

{we.Q:ZUi<oo}g{weQ:ZVi<oo}ﬂ{we.Q:W,-(a))—>}.
i=0 i=0

Here {w € 2 : Wi(w) —} denotes the set of all w € §2 for which lim;_, oo W;(w)
exists and is finite.
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Remark 7.14 Lemma 7.3 remains correct if V; > 0 only for i > iy, where i € Z is
non-random.

Lemma 7.4 The increments AV; = Vi1 — V; of the functional
o oo
Vi=Y ajiif@icy). aji=Y_ B
j=1 k=j
can be represented by
(0.¢] o0
AVi=aii f () + Z( > Bi—Bric) - ﬁj,i_1>f(x,-_,->.
j I=j+1
If in addition Bj; is non-increasing in i for all j € Z, and f(x) is a nonnegative
function, then
o
AV <ay; f(x) — Z,Bj,i—lf(xi—j)s ieZ.
j=l1
Proof 1t is enough to note that

AVi=Y ajifCini)— > aji1f (i j)

j=1

j=1
Z Ojtli. fxi- j) Z“}l 1f (xio ])

j=1

=oay; f(x) + Z(aj+l,i —aji-1)f(xi—j)

j=1
= o f(xi) + Z( Y Bi—Bri-1) - ﬁj,i—l)f(xi—j)-
j=1\i=j+1 O

7.4.2 Stability Theorems

Below it is supposed that the parameters of (7.133) satisfy the following major hy-
potheses.

(HO) q; is a non-increasing sequence of non-random, nonnegative real numbers and
k; is a sequence of non-random real numbers satisfying the condition

ai > ki, ieZ. (7.136)



7.4  Almost Sure Stability 181

(H1) The function @ € {R! — R!} is continuous and satisfies the following condi-
tions: if @ (x) =0 then x =0 and

x®(x) > cx2", (7.137)

where m is a positive integer and ¢ > 0.

(H2) There are nonnegative non-random numbers §;, v;, y ](lo), y j(ll), y ](12 ) such that

) <8920, |giixior... )| < ny°>|x, PN @a3s)

a,?(xi,xi_l,..qsv,-+Zy},”x, P (i ,)+Zy,% (i), (7.139)

j=0 j=0
Zvini+1<oo, a.s. (7.140)
(H3)
1 P(O) 1
s§)=2<al~—m—\/5— ’C) niv1p” =0, (7.141)
2
( ) — K2 - 771+1p,( )
p(O)
— Ik;] [2f+<1+ )“”] <f+ : ) >0, (7.142)
where

p! Zy}f), 1=0,1,2, i e Z. (7.143)
(H4) There exist € > 0 and i € Z such that 8(1) + 8(2) > ¢ > 0foralli > ij.
(HS) All ﬂ;}) and ﬂ;%) are non-increasing in i, where

0) 2m — 1

()
B = V,l i+ Vi
(7.144)

1
2 2 0 0
Y = y](,)m+1+y](1)(lfcl|+p()+c\/t3_i)c—2

Despite of its apparent (visible) complexity, hypotheses (HO)—-(H4) are fulfilled
in many cases. We now present three examples satisfying those major hypotheses.

Example 7.9 Let a; =a >0, ki =k >0, a > k, f; =0 and therefore §; = 0,
@ (x) = x2"! and therefore c = 1, g; = 0, y;f) =0,/=0,1,2,n=1,v; =
jieZ.

_1
(+D?2°
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In this case (7.133) takes the form

2m—1 -1, 1 .
Xil = Xi +KiX; " aixifl +l'+—1§i+l’ i€Z,

and
(1) =2(a—«) >0, (2)_61 —k2>0,
@ 1 2
g—mm{ (1) ()}, ’31(1) /3<)—

Example 7.10 Let a;j =a >0, kj =k >0, a > k, @(x) = x>~ and therefore
c=1,8=8= (552 fi(x) = f(x)x* !, where f2(x) < for all x € R!,

- 1 O _ vy _ ..
ni=1,v;= e Vi = (j+1)2,l—0,1,2,],l e’Z.

Put

SO
S = —— =1.645
Z:(J'Jrl)2
j=0
and suppose that
a—«k a—«k (a—«x)(Ta+«)
0) < —, 1 _ D)< ——M———, 7.145
y(0) < s y() < S Y2 < 165 ( )

From (7.143) and (7.145) it follows that ,ol.(l) =y()S,1=0,1,2, and 2y (0) +
y(1))S <a—«.So

eV =6 =2(a =k =5 —y(0)S) —y(HS=a — ik — 2y (0) + y(1))S > 0.
An estimation of sl.(z) yields

8 =@ =a’ — k2 —y (@5 - k|(2V5 + 27 (0)S) — (Vo + 1 (0)5)

2
—a® 12— k(a—k)— y(2)S — 2%y (0)S — <% + y(O)S)

(a—«x)(Ta+«) a—kK a—k a—«\>
> (@—ka - 16 ) _< 2 TG )
_ 7a+/c_£_9(a—/c) _
_(a—/c)(a——16 AT >_0.

Thus, ¢ = min{eV, ¢@} and ﬂ;lj), 1 =1,2, does not depend on i.

Example 7.11 Leta; =a+«k;j,a>0,k; >0,i € Z, let k; be decreasing, @ (x) =
lp(x)xz’"_l, ¥(x) > 1, be an arbitrary continuous function and therefore ¢ = 1,
fi(6) = Pi(0)x?= where |y;(x)2 <8 < % forall x eR!, i € Z, m; = A5

i+1°
o O___y® _ ;o
Vi=m1e Vi = (H_UUH)Z,y(l)>0,l—0,1,2,],l e’Z.
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We have
0 1
Y =——yDS, [=0,1,2.
P i+1)’()
So, if i — oo then
N a N Sy (D) 1
Ooofa-2-2pO))-—2" —4+0 .
sz (“ 2 i+1y()> (Toain-Toi) e

For the estimation of 81.(2) we obtain

2 N2 _ 2_—5
g > (a+K) — K (i+2)(i+l)J/(2)

28 a S 2
— ki —yO)) -z +——y©
|Kz|<a+l.+l)/( )) <2+i+ly( ))
3 5 1 35 1
=-a +a/cl-+0(z )z—a +O(l ),
4 4
which also tends to a positive limit as i — oo.

Consequently, we can recognize that the hypotheses (HO)-(HS) are satisfied in
several meaningful examples.

Theorem 7.6 Let &, i € Z, be square-integrable, independent random variables
with E& =0, E 1.2 = n; and the hypotheses (HO)—(HYS) be fulfilled. Then the trivial
solution of (7.133) is globally a.s. asymptotically stable.

Proof Rewrite equation (7.133) in the equivalent form

Yi+l + (@i — ai+1)P (xit1)
=yi — (a;i — k)P (x;)
+ fiCx) +gi(xiy xi—1,..) +oi (i, xi1, .. )&y, (7.146)
where
yi =x;i +a;P(x;). (7.147)

Following the procedure of the construction of the Lyapunov functionals, we will
construct the Lyapunov functional V; for (7.133) in the form V; = Vy; + V,; with

Vii=yi = (x; +Cli‘p(xi))2-
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Note that via hypothesis (HO) and (7.147) and (7.137)

2
(i1 + (@i — air1)P(xi41)
= y,~2+1 +2(a;i — ai+1)Yi41P (Kip1) + (@i — aip1)* @ (xi41)
>y +2(a; — ai) (X1 @ (ign) + @ @ (i) = -

So, applying (7.146), (7.147) and (7.134) and the equality y; — (a; — k;) @ (x;) =
x; + k; @ (x;) for the estimation of the increments AVy; = yl.2Jr = yi2 we obtain

AVii < (yig1 + (ai — ai+1)<b(xi+1))2 -y}

=[yi — @ — k)P (x) + fi(xi) + i (xi, xi—1,...)
+ o (Xi,xi—1,~~-)§i+1]2 —y}

= —2(a; — k) yi P (i) + (@i — k1) *P? (x)
+2(xi + 1@ () [ fi i) + gi ey xio1, )]
+ [ fi i) + gi (xia X, .)]2 07 (i, X1y g1+ Gig1, (7.148)

where
Gipt = 2[x; 4 ki P (xi) + fi (xi) + i (xiy Xi—1, - )]0i (xi s Xim1, - i1
+ 0 (Xt X1y - it

and p; is the martingale-difference defined by (7.134).
Via (7.147) and Lemma 1.2 we continue the estimation (7.148) with some «;; > 0

AVy; < =2(a; — ki) (xi + @i P (x)) P (xi) + (a; — 1) > D> (x;)
+2(xi + ki@ () fi i) + 8i (i Xim1, .- )]+ 07 (i Xi—1, - DM
+ (U 4a) 20 + (T4 a7 ) g? (i ximt, ) + it (7.149)

Using (7.143) and the inequalities (7.138) and (7.137), we get

00 0) oo
0 0 1y _ P 0
ghxixion, ) < p 0 Yy lx PO < 2 Yyl ei-))
Jj=0 J=0

0) 0

Pi ©) 52 ©) 2

=3 (Vol- @ (Xi)+2;yji @ (xi_,-)>, (7.150)
]:

| fi ) (i + ki @ ()| < /8| )| [xi + ki D (x|
< Vi[5 @ () + I |92 (x1)]. (7.151)
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Via Lemma 1.1 we obtain

|gi (xiv xio1, .. )xil

o0
(0) 2m—1
<> v b1
j=0

Zy“” (i P + @m = D)lxi—[*™)

_2m

1

2m °
j=1
1
=5 {( O L om -1y M)x® @)+ @m - 1)j21yﬂ Xi— P (X ,)}
(7.152)
Besides, via Lemma 1.1 and (7.137)

|gi (xiv xim1, .. )@ ()] < Z i1 @ ()|
j=0

IA
N =
Ma

0 —
>y (@7 ) + i)

20y .
(0200 + 252
Cc

.
Il
(=)

IA
N =

Il
S

j
1
2

Substituting (7.150)—(7.153) into (7.149) yields

(pf >q> (i) + Zy}?’@zm_p].

(7.153)

AVy; < =2(a; — ki) (xi +a; P (x;)) P (x;)

+ (@ — k)P (x) + 238 [xi P (i) + ki | P2 (x) ]

1 o0
) (0) ©)
+ P [(pi +@2m — Dyy, ) xi® (x;) + 2m — 1) E 17{,5 xz-_j@(Xi—j)]
J:

0)
+ A +a8 2 (x) + (1 + a7 )'Ol <y01)cb (x,)—i—ZyJ(O)CD (xi_ ]))
j=1
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+m+1(v,-+2y,(,”x, P iz ])+Zy}% (xi ,))
J

j=0
0 (0) 0
+ ki (p“+ )@ () + 22)’!(,)‘1) (i) | + Gt

Now, rewrite this inequality by summing over all terms involving x; ®(x;) and
@2 (x;), respectively. This leads to

1
AV < |:_2(ai — ki = /&) + i1y + — e (p; O+ @m - I)VO(?))}X@(X:‘)

+[ (a2 = k?) + Ix;] (2\/_+p(0)+y0’ )

0 ,,0)

Pi VY,
+7h+]V01 +(1‘|‘051)5 +( +o; ) COI i|®2(xi)

o0 oo
I 2
+ Zﬁj('i)xifjd)(xifj) + Z,B](',')@z(xifj)gﬂrl +vinit1,

j=1 j=1
where
2m — 1
1 1 0
ﬁ;,)—yj(,)nz 1+J/](,) o
X (7.154)
2 2 0 — 0
Bii = vy mii ) (il + (1+ 07 )p”) .
Now, set
2
Voi = Za _1Xi— JP(xi- /)"‘Za;,) ](pz(xi—j)»
j=1
with
l 1
” Zﬂ,ﬁl), I=1,2. (7.155)

From Lemma 7.4 it follows that

AVy =aVx®(x) + P 2 (x)

+z(z - A 00

Jj=1 \i=j+1

+z( S (50— 2 1)—/3,(»?1)@2(%—]')-

Jj=1 \l=j+1
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As a result, for the functional V; = Vj; + V,; we have
1
AV = |:_2(ai — ki — /&) + sy

1
+ (" + @m 1)y(0))+oz{1)i|xiq)(x,-)

(0)
+|: (a —K)+|K1 <2\/_+p(0)+yco—é>

p(O)y(O) )
F i + (4 ap)s + (1+a7h) ’CO’ + “]@ (x)

+Z<Z i = 1(11)1)))61‘—/45()@'—/)

=)

2 2
Z(Z D - l(z) 1))‘1)2(’51'—1) +vini+1 + Civ1-

I=j

D (1) (1)
Via the representations (7.141) for ¢;* and (7.154) and (7.155) for «};" and 8 ji we
obtain

AV; < —E x,@(xl)+|: (a —K; )+|Kl <2\/_+<1+ 1) (0))
0)
p;
1o + (U + s + (147 )(T) ]@ (x)

+Z<Z Bii’ — Bl 1))xl~,~cb(xi,-)

I=j

o0
2 2
+Z<Z P - z(z) 1 >¢2(xi—j)+vmi+1 + Giv1.

Via Lemma 1.2 to minimize right hand part of this inequality put o;; = ,ol.(o) (c/8)~ L.
With this «; the representation (7.154) coincides with (7.144). Via the hypothe-
sis (HS5), the ﬁj(.ll.) are non-increasing in i € Z. Thus, using (7.142), we get the esti-
mate

1 2 .
AVi = =& xi®(x) = & @2 () + vimir + L1, i €2,

By summing this inequality over i, we obtain the decomposition

Vi<Vo+ A" — AP 1, iez,
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with
i—1

i—1 i

1 2 1 2) 52

A§)= E Vinj+1, AE)Z E (8; )x]'(p(x]')-i-é‘;- )¢ (x]')), M; = E gj.
Jj=0 Jj=0 Jj=1

Note that lim;_ Al(l) < 00 (a.s.) due to the condition (7.140) in the hypothe-
sis (H2). Eventually, we may apply Lemma 7.3 to the sequence W; := V + Agl) -
Afz) + M;. In fact, W; > V; is positive and all assumptions of Lemma 7.3 are satis-
fied. Therefore, W; converges (a.s.) to a finite limit W, = lim;_, oo W; and A;z) also

converges to the finite limit Ag)) =lim; Al@ (a.s.). In particular, this implies that
V; is a positive, bounded sequence (a.s.) for all finite values Vy. By construction of
V; and yi2 =(x; + a,-(b(x,-))z, the y; must satisfy the condition

0 <limsup in <00 (as.).
i—00

Note that yl.2 > xi2 + a?cbz(x,-) under (H1). Hence, we can easily conclude that

0 <lim supx,-2 <00 (as.).
1—> 00
Let us prove that lim; _, xi2 = 0. Suppose, indirectly, that the opposite is true. Then
there exists a.s. a finite c%(a)) >0on 2] ={w:lim supiﬁooxiz(a)) = c(z)(a)) > 0}
with P(£21) = p1 > 0. There also exists a subsequence x;,, iy € Z, an a.s. finite
random variable c; = cj(w) > 0 and an integer N (@) such that

i @) 2 c0@),  x @)z, D) e,  (7.156)

for all iy > N(w) on w € £2;. Let I/’;, ={ixre Z:i>ir > N(w), (7.156) holds}.
Note that the cardinality #(/ 1'\',) of the set / 11\/ tends to oo as i — oo. Then, for all
w € §21 and for all i > max{N (w), ip}, we have

i
AIQ)(“)) - Z(gﬁl)xjé(xj) + 8;2)452()(]'))
=0

i
1 2
> (e xj0(xp) + P02 (x))
j=N

i
> Y (Vo) +eP o))
j=N.jelj
i
> c1(w) Z (8;1) + 8;2)) > c1(w)e#(I}) — oo
j=N,jel,



7.4  Almost Sure Stability 189

as i — oo, due to the hypothesis (H4). Therefore, limsup,_, Al@ =1lim; o Afz)
= 00. This result contradicts the finiteness of lim; _, oo AIQ) as claimed by Lemma 7.3.
Therefore, the condition lim;_,» x; = 0 holds (a.s.), independently of the initial
values ¢;, j € Zp. This observation obviously confirms the conclusion of Theo-

rem 7.6. O

Remark 7.15 Note that Remark 7.14 implies that Theorem 7.6 holds true if there ex-
ists a non-random iy € Z such that conditions (7.136), (7.141), (7.142) and (7.144)
are fulfilled for all i > ij.

Theorem 7.7 Let &;, i € Z, be square-integrable, independent random variables

with E&; =0, ESI-Z = n; and let the hypotheses (H0)—(H3) and (HS) be fulfilled and

(.¢]
> (el +6) = 0. (7.157)

i=1

Suppose, in addition, that the coefficients y;f-) from conditions (7.138) and (7.139)
possess the following property: there exists k € Z such that for alll =0, 1,2

— Ji
e (7.158)
i) =0, j>k ieZ.
Assume also that one of the following conditions holds:
(1) lim;a; =0.
(1) lim;_ o a; =a > 0, function @ (x) does not decrease and @ (—x) = —P (x) for

all x e R.

Then the trivial solution of (7.133) is globally a.s. asymptotically stable.

Remark 7.16 Note that the function @ (x) = Y"7_, « jx27 a; >0, m > 1, satis-
fies the conditions stated in (ii); in particular, @ (x) = x>"~! does.

Proof In the same way as in Theorem 7.6, we prove that lim;_, o, V; exists. Then
for some a.s. finite random variable H(w) > 0 and all i € Z we have x; @ (x;) <
H, @2(xl-) < H. We show that lim;_, o, V}; exists. We note first that via (7.154)
and (7.158)

o0
1 2
Vai =Y (e pxiej @ (aim) + ) @2 is))
j=1
oo k
1 2
= ZZ(ﬁl(,i),lxi—jfp(xi—j) +/31(,i),1§b2(xiji))

j=l1=j

—
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Kk
(1) (2)
<HZZ :311 B 1)
j=11=j
k(k+l) 1) )
<H 2 = 1_” {'sz 1+ﬂ1171}_>0

when i — oo. The above relation implies also that lim;_, o Vi; = 0. To prove that
lim; 0 xi2 exists, we suppose the opposite, i.e. there are numbers [, [ with |I| > |/|
and sequences ix, k € Z, i;, | € Z, such that

lim x;, =1, lim x;, =L.
k— 00 [—00

By substituting iy and i; instead of i in the expression Vi; = (x; + a,-(b(xi))2 and
passing to the limit twice, we arrive at

([+a®(l))’ = +ad (D). (7.159)

In case (i) equality (7.159) is reduced to =1 2, which contradicts the assumption
1] > L]

In case (ii) the equality (7.159) is also impossible. Note that ¥ (x) = x + a® (x)
is a strictly increasing function. When sign/ = sign/, the equality (7.159) implies
that Jl(l_) = W (l), which is impossible since ] # [. Suppose now that [>0> L. Then
[+a®()=—1—ad(l).Since -] —ad(l) = —1 +a®(—I) = ¥ (—1), we arrive at
(- D)= W (1), which is also impossible, since — cannot be equal to I. The case
I<0< [ can be treated in the same way.

Thus, lim; _ 5o xi2 exists. In order to prove that lim;_, o, x; = 0, we act in a similar
way as in the proof of Theorem 7.6. ]



Chapter 8
Volterra Equations of Second Type

In this chapter the asymptotic behavior of the solutions of stochastic difference sec-
ond kind Volterra equations is studied by virtue of the procedure of the construction
of Lyapunov functionals and also by the resolvent representation of the solution.

8.1 Statement of the Problem

Let {2, §, P} be the basic probability space, i € Z = {0, 1, ...} discrete time, §; €
$§ a nondecreasing family of o-algebras, H,, p > 0, the space of sequences x =
{x;,i € Z}, §;-adapted random values x; € R" with the norm ||x||” = sup; .z E|x;|?,
n={n,i€Z}e Hp.

Consider the stochastic difference equation in the form

Xiv1=ni+1+F(,x0,...,x;), [€Z,

(8.1)
X0 = 1o,
and the auxiliary difference equation
xiy1=F@,x0,...,x;), [€Z,
(8.2)
X0 =10

It is supposed that the functional F in (8.1) and (8.2) is such that F': Z x H, =
R" and F (i, -) does not depend on x; for j > i, F(i,0,...,0)=0,n € Hp.

Definition 8.1 The sequence x; from H,, p > 0, is called:

— Uniformly p-bounded if ||x||” < co.
— Asymptotically p-trivial if lim;_, o, E|x;|? = 0.
— p-summable if ) 72 E|x;|? < oo.

Definition 8.2 The solution x = {xg, x1, ...} of (8.1) is called p-stable if for every
& > 0 there exists a § > 0 such that ||x||? < ¢ if ||n||? <.

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 191
DOI 10.1007/978-0-85729-685-6_8, © Springer-Verlag London Limited 2011
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In particular, if p = 1 then x; is called, respectively, uniformly mean bounded,
asymptotically mean trivial, mean summable and mean stable. If p = 2 then x;
is called correspondingly uniformly mean square bounded, asymptotically mean

square trivial, mean square summable and mean square stable.

Remark 8.1 1Tt is easy to see that if the sequence x; is p-summable, then it is uni-
formly p-bounded and asymptotically p-trivial.

Theorem 8.1 Let there exist a nonnegative functional V; = V (i, xg, ..., X;) and a
sequence of nonnegative numbers y; such that

o0
EV(0, x) < 00, > i <oo. (8.3)

EAV; < —cE|xi|” +y,, i€Z, c>0. (8.4)
Then the solution of (8.1) is p-summable.

Proof From (8.4) it follows that

i i i
> EAV; =EV(i+1.x0.....x11) —EV(0.x0) < —c Y "Elx;|” + > ;.
j=0 j=0 j=0

From this by virtue of (8.3) we obtain

i 00
cZE|xj|p SEV(O,xo)—i—Zyj < 00.

j=0 Jj=0
Therefore, the solution of (8.1) is p-summable. Theorem is proven. [l
Corollary 8.1 Let there exist a nonnegative functional V; =V (i, xg, ..., x;) and a

sequence of nonnegative numbers y; such that the conditions (8.3) hold and

i
EAV; < —cE|xi|” + Y AijElx;|” + v,
j=0
(8.5)

Aijj>0, ieZ, j=0,...,i, supZA,]<c
]EZ

Then the solution of (8.1) is p-summable.

The proof follows from Theorem 8.1 and the proof of Theorem 1.2.
From Theorem 8.1 and Corollary 8.1 it follows that investigation of solution
asymptotic behavior of stochastic difference equations type of (8.1) can be reduced
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to the construction of appropriate Lyapunov functionals. For this aim the formal pro-
cedure of the construction of Lyapunov functionals which was described in Sect. 1.2
can be used by the assumption that G(i, j, ...) = 0. Note also that Theorem 1.1 is
applicable for (8.2).

Below, this procedure is demonstrated for one simple scalar equation.

8.2 Illustrative Example

Using the procedure of the construction of Lyapunov functionals let us investigate
the asymptotic behavior of solution of the scalar equation with constant coefficients

X0 ="1o, X1 =mn1+aono,
' (8.6)
Xi+1=Ni+1 +aox; +aixi—y, =1

8.2.1 First Way of the Construction of the Lyapunov Functional

The right-hand side of (8.6) is already represented in the form (1.7) with 7 =0,
Fi(i, xi) = aox;, Fo(i, xo, ..., X)) =aixi—, F3(i, xp, ..., x;)) =0.

Auxiliary difference equation (1.8) in this case is y;+1 = agy;. The function v; = yl.2
is a Lyapunov function for this equation if |ag| < 1, since Av; = (aé -1 yl.z.
Put V; = xiz. Calculating EAV; for (8.6) and using some A > 0 we get

EAV; = E(x7, —x7) =E[(ni41 +aox; + aixi—1)* — x7]

< [1+27"(jaol + la1]) JEn,; + (a5 — 1 + laoa1| + alao| ) Ex}
+ (a12 + |agaq | +)»|a1|)Exi271.
It
lagl + la1| <1 (8.7)

then there exists small enough A > 0 such that

(1ol + la1])” + A(laol + la1]) < 1.

Thus, if the condition (8.7) holds and the sequence n;, i € Z, is mean square
summable then the functional V; satisfies the conditions of Corollary 8.1 by p =2
and therefore the solution of (8.6) is mean square summable.

Note that the summability region corresponding to the condition (8.7) is shown
in Fig. 2.1 (number 1) by a = ag, b = a;.
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8.2.2 Second Way of the Construction of the Lyapunov Functional

Let us use another representation of (8.6). Represent the right-hand side of (8.6) in
the form (1.7) with T =0,
Fi(i, x;) = (ap + a1)x;, F (i, xo, ..., x1) =0,
F3(ls X0y .- 7xi) = —aiXj—1.
Aucxiliary difference equation (1.8) in this case has the form y;+1 = (ap + a1)y;.
The function v; = yl.2 is a Lyapunov function for this equation if |ag + a1| < 1, since
Av; = ((ap +a1)* = 1)y}
Put V; = (x; + a1xi_1)>. Calculating EAV; for (8.6) and using some A > 0 we
get
EAV; = E[(xj+1 + a1x)? — (x; + a1xi-1)?]
=E(ni1 + (a0 + a1 — Dx;) (niy1 + (a0 + a1 + Dx; + 2a1x; 1)
<[1+ 2" (la1] + lao + a1]) |En7,,
+ [(ao +an? = 1 + |ai (a0 + ay — 1)| + Alag + a1 | |Ex}
+ (|ai(ao +ar — D) + Alay|)Ex? ;.

If
(ao+a)* +2lar(ao+ar — )| <1 (8.8)
then there exists a small enough A > 0 so that
(a0 +a1)* +2|ai(ao + a1 — D| + A(la1| + lao + a1]) < 1.
Thus, if the condition (8.8) holds and the sequence 7;, i € Z, is mean square
summable then the functional V; satisfies the conditions of Corollary 8.1 by p =2

and therefore the solution of (8.6) is mean square summable.
Note that the condition (8.8) can be rewritten in the form

lag +ai|l <1, 2lai|<1l4ayg—+ay.

The summability region corresponding to the condition (8.8) is shown in Fig. 2.2
(number 1) by a =ag, b =aj.
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8.2.3 Third Way of the Construction the Lyapunov Functional

In some cases the auxiliary equation can be obtained by iterating the right-hand side
of (8.6). For example, from (8.6) we get

X0 =10, X1 =m +aono, X2 =12 +aon +(a§+a1)XO,
Xigl = Nig1 +aoni + (ag +a1)xi—1 +aoarxi—2, i >2.
Lett =0,
Fi@,x;)=F3(,xo0,...,x;) =0, P, x0,...,x;) = (a%+a1)xi,1+aoa1xi,2.

The auxiliary difference equation is y;+1 = 0, i > 0. The function v; = yl.2 is a Lya-
punov function for this equation since Av; = yl.2 Y yi2 =— yl.2.
Put V; = xl.z. Calculating EAV; and using some A > 0 we get

EAV; =E(x}, —x7)
=E[(ni+1 +aoni + (ad + a1)xi—1 +aoa1Xi—2)2 —x7]
< —Ex{ +E[n} +agn; + (a5 +an)’x2, +adalx?
+laol (07 +17) + |ag +ar| (A7 iy + 2y
+laoar|(A ™07,y +Axp) + [ao(ag +an)[ (7107 + Axiy)
+ lagar [ (A~ "nf + axi_p) + |avar (a +ar) | (57 +x75)]

= —E)ci2 + AlExi{l + A2Exi272 + yi,

where
vi = Ao(Enj,, + laolEn}),
Ao =1+ laol + 17" (|ad + a1| + laoai]),
Ay = (@} + 1) + |aoar (a2 + a1)| + (1 + laol) |2 + a1,
As = alai + |aoay (a§ + ar)| + (1 + |agl)laoai |-
If

|a§ +ai| + laoar| <1 (8.9)
then there exists a small enough A > 0 so that
AL+ A= (}aé —{-al} + |a0a1|)2 +A(1+ |a0|)(|a§ +a1| + lagai]) < 1.

Thus, if the condition (8.9) holds and the sequence 7;, i € Z, is mean square
summable then the functional V; satisfies the conditions of Corollary 8.1 by p =2
and therefore the solution of (8.6) is mean square summable.



196 8 Volterra Equations of Second Type

Note that the summability region corresponding to the condition (8.9) is shown
in Fig. 2.3 (number 1) by a = ag, b = aj.

8.2.4 Fourth Way of the Construction of the Lyapunov Functional

Consider now the case t = 1. Represent (8.6) in the form (1.7) by Fy(i, xi—1, xj) =
aox; + arxi—1, Fa(i, xo, ..., x;) = F3(, xq, ..., x;) = 0. In this case the auxiliary
difference equation is

Vi1 =aoy; +ayyi—1. (8.10)

Introduce the vector y(i) = (y;—1, y;)’. Then (8.10) can be represented in the form

Vi + 1) = Ay(D), A:<° 1) @11

ay ap

Let the matrix D be a solution of the equation A’DA — D = —U, where U = (8 ?)
Then the matrix D has (see (2.14)) the elements d;; such that

d
di = aidy, dip = ol 2

1—a
(1 —ap) (8.12)

dyy = 2 7

(I +apld —a)” —ag]

The matrix D is a positively semidefinite matrix by the conditions

lai| <1, J|agl<1—ay. (8.13)

Put v; = y'(i)Dy(i). Then
Av; =y'(i + 1)Dy(i +1) — y'())Dy(i) = y'()[A'DA — D] y(i)
= —y' (U () = —»}.

Thus, the function v; = y’(i) Dy (i) under the conditions (8.13) is a Lyapunov func-
tion for (8.10).
Put x (i) = (xj—1, x;)', n(i) = (0, n;)". Then

x(+1D=nG+1)+ Ax(@).

Putting V; = x’(i) Dx (i) and calculating EAV;, we get

EAV; =E[x'(i + )Dx(i + 1) — x'()) Dx (i) ]
—ExX'())Ux(i)) +En'(i + )Dn(i + 1) +2En'(i + 1) DAx (i)

—Ex} + d22E77i2+1 + 2(d12 + dxnao)Exini 11 + 2dxnalEx; _1niy1.
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Via (8.12) and (8.13)

|aol

|d12 + daao| = dx
1—a

<dyp, l|dpail<dn.

Therefore,
i
EAV; < —Ex] +dnEn}y, +2dn Y Elxjniqal.
j=i—1

For arbitrary A > 0 we have

A 5, dn 4
2|xj77i+1|5d—22Xj+T77i+1-

Thus,
EAV; < —(1 — MEx7 + AEx? | +do (14207 dn)En?, .

It means that if the condition (8.13) holds and the sequence ;, i € Z, is mean square
summable then for small enough A > 0 such that 2A < 1 the functional V; satisfies
the conditions of Corollary 8.1 by p = 2 and therefore the solution of (8.6) is mean
square summable.

Note that the summability region corresponding to the conditions (8.13) is shown
in Fig. 2.4 (number 1) by a = ag, b = ay.

8.3 Linear Equations with Constant Coefficients

Consider the difference equation

l
Xit1 =Ni+1+ Zai—jxj', i €Z, xo=no. (8.14)
j=0

Here a; are known constants.
Let us apply the proposed procedure of the construction of Lyapunov functionals
to this equation.

8.3.1 First Way of the Construction of the Lyapunov Functional

Represent the right-hand side of (8.14) in the form (1.7) with T =0,

i—1
FiGi.x)=aoxi,  Fa(i,x0.....x)=» aix;,  F3(i.x0,....x)=0.
=0
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Auxiliary difference equation (1.8) in this case is y;+1 = agy;. The function v; = yl.2
can be taken as a Lyapunov function for this equation if |ap| < 1 since Av; =
(ag — Dy}

Put now V; = xl.2 and

oo
ar=) lal, Aj=G+aplajl, j=0, >0
=0

Estimating EAV;, we obtain

. 2
1
BAV, = E(2,, - ) = —Ex? +E(nm v Zm—m)
j=0

i 2 i
Z_Exi2+E77i2+l+E<Zai—jxj> +22ai_jExjni+1
=0 =0

i i
< —Ex}+En’ + ) laii| ) lai_j|Ex?
1=0 Jj=0

i
+ D lai (7 By + AEx])
j=0

i
< —Exl-2 + ZAi,jEsz + (1 + X_lal)Enl-z+l.
j=0
So, if
o) <1 (8.15)

then there exists small enough A > 0 such that Z?io Ai =ai(A+a1) <1 and
functional V; satisfies the conditions of Corollary 8.1 by p =2.

Therefore, if the condition (8.15) holds and the sequence n;, i € Z, is mean
square summable then the solution of (8.6) is mean square summable.

In particular, for (8.6) we have oy = |ag| + |ai| and from (8.15) the condi-
tion (8.7) follows.

8.3.2 Second Way of the Construction of the Lyapunov Functional

Represent the right-hand side of (8.14) in the form (1.7) with ¢ =0,

Fii,x)=pxi, B=Y a;

j=0
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i—1 oo
Fyi,x0.....x) =0,  F3(i.x0.....x)=—Y x »_ aj.
=0 j=i—I

Auxiliary difference equation (1.8) in this case is y;+1 = By;. The function v; = yl.2
can be taken as Lyapunov function for this equation if 8 < 1, since Av; =
(B> =Dy}

Put V; = (x; — F3,')2 and

M2
2

o =

!

T
S
i

Calculating EAV; via some A > 0 we get
EAV; = E[(xi41 — F3i41)% — (x; — F3)?]
=Exip1 — F3i01 — X + F3)(Xi1 — F3i401 +xi — F3;)
=E®Wit1 +Bxi + AF3 — F3 ;01 — X + F3) (i1
+ Bxi + AF3; — F3 41 +x; — F3;)

i—1 00
=E(nit1+ (B —1Dx;) (77:'+1 + B+ Dxi + szl Z “./)

=0 j=i-I
i—1 oo
=Enj, + (87— 1)Ex] +2BExiniy1 +2) Eniixi ) a;
1=0 j=i—l

i—1 00
+2B-1) Exixi Y a;
=0

j=i—l
<En’, + (B — 1)Ex? + |BI(AEx? + 27 'En?, )
%) i—1
> aj|(MEx AT Egf ) 1B -1
=0

< (1+271(1B1 +a))En?, + (B> — 1+ AlBI +alp — 1])Ex}

o0
>4

e8]

> 4

j=i—l

(Exi2 + Exlz)

Exlz.

If
BE4+2ap—1]<1 (8.16)

then there exists small enough A > 0 such that 82+ 2|8 — 1|+ A(|8| +«) < I and
the functional V; satisfies the conditions of Corollary 8.1 by p =2.
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Therefore, if the condition (8.16) holds and the sequence n;, i € Z, is mean
square summable then the solution of (8.6) is mean square summable.
Note that the condition (8.16) can be rewritten in the form

Bl <1, 2a<l1+48.

In particular, for (8.14) we have 8 = ap+ a1, @ = |aj|, and from (8.16) the condition
(8.8) follows.

Example 8.1 Consider the equation
Xit1 =Ni+1 +aox; +axx; 2. (8.17)

From (8.15) and (8.16) we obtain two conditions for the mean square summability
of the solution of (8.17):

lao| + laz| <1
and
lag + az| <1, 4lax| <14 a9+ as.
For getting a third condition let us represent (8.17) in form (1.7) by t =2,
Fi(i, xi—2, Xi—1, xi) = aox; + axxi—2,

F> (@i, xo, ..., x;) = F3(i, x0, ..., x;) = 0.

In this case the auxiliary difference equation is y;+1 = agy; + a2yi—>. Put

Yi-2 0O 1 0 0 0O
y@)=\|vyi-1], A=10 0 1], U=|0 0 0
Vi a 0 ap 0 0 1

Then the auxiliary difference equation can be represented in the form y(i + 1) =
Ay (i) and the solution D of the matrix equation A’DA — D = —U is the symmetric
matrix with the elements

dii = ayds, di» = pa3ds, di3 = payxdss,
dy = a3ds;, dr3 = paz(ap + az)ds3, (8.18)
| -1
P= 1—(aoa3—a2)az’ d33=<1—a%— 31t221232>
By the conditions
laol + (a0 + a2)az < 1,
2 21+ (a0 +a)as (8.19)

a5 + <1,

g2 4o d2)d
200 — (@ +a)ar
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the matrix D is a positively semidefinite matrix with d33 > 0 and the function v; =
y'(i)Dy(i) is (via Sect. 5.1) a Lyapunov function for the auxiliary equation. In fact,
Av; = y'(i + 1)Dy(i +1) — y' (i) Dy(i) = y'(i))[A'DA — D] y(i)
=—y (OUy() =—y}.

Put now x(i) = (x;_2, xi—1, %), n(i) = (0,0, n;)’. Then (8.17) can be rewritten
in the form x(i +1) =n(i + 1) + Ax(i). Putting V; = x’(i) Dx (i) and calculating
EAYV;, we get

EAV; =E[x'(i + 1)Dx(i + 1) — x'() Dx(i) ]
=—-Ex'\)Ux@)+En'(i +1)Dni +1) +2En (i + ) DAx(i)
= —Ex{ +ds3Enf, | +2(do3 + d33a0)Exi i1

+2d3Ex; —1mi1 + 2d33a2Ex; omiq 1.

From (8.18) it follows that d»3 + d33a9 = pd3z3. Thus, for A > 0 we have

EAV; = —Exi2 + d33E7]l-2+]
+2d33(pExini+1 + pasExi—1ni+1 + a2Ex; —omit1)
< —Ex} + Ad33(|p|Ex? + |paz|Ex?_| + |az|Ex;_»)
+ds3[1+ 27" (|ol + |pazl + lazl) [En7, .
There exists small enough A > 0 such that Ad33(|p| + |paz| + |az]) < 1. So, the
functional V; satisfies the conditions of Corollary 8.1. Therefore, if the conditions
(8.19) hold and the sequence 7;, i € Z, is mean square summable, then the solution

of (8.17) is mean square summable. The corresponding region of summability is
shown in Fig. 5.1 (number 1) by a = ag, b = a.

8.4 Linear Equations with Variable Coefficients

Here the proposed procedure of the construction of Lyapunov functionals is applied
to a linear Volterra difference equation with variable coefficients

i
Xit1 =m+1+zaijx]', i €Z, xo=no. (8.20)
=0
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8.4.1 First Way of the Construction of the Lyapunov Functional

Represent the right-hand side of (8.20) in the form (1.7) by 7 =0,

FiG,x) =aixi,  Fali,x0,...,x)=Y aux,  F3(i,x0,...,%)=0.

2

Putting V; = x;* we obtain

; 2
EAV; =E(x}, | —x7) = —Ex? +E<ﬂz+1+2a,1x1)
j=0

=-Ex? +En’, + 1 + b,

where
i i 2
11=2En,-+12a,-jxj, 12=E<Zaijxj) .
j=0 j=0
Let A > 0 and
Oll—SupZ|az/| a2_5up2|al/|
zeZ ]eZ
_ (8.21)
1 o
Ajj = laijl Z lairl, A= SUPZAij-
=0 JE€Z i~
Then
|11|<Z|a,,|< Enl+1+AEx) Enl+l+AZ|al]|Ex
j=0
i
2
L < ZAijExj,
j=0
and
EAV; < —Ex? +Z Aij + Majj|)Ex? +<1+ )En,+1
j=0
Note that

supZ Aji +A|a/,|) <A+ Aop.

zeZ]l
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So, if A < 1 then for small enough A > 0 we have A + Aoy < 1 and via Corollary 8.1
the solution of (8.20) is mean square summable for each mean square summable ;,
ie”Z.

Remark 8.2 Via (8.21)

ieZ =i

o J
A=sup ) lajil Y laji| < ey
1=0

So, if ¢jay < 1 then A < 1 and the solution of (8.20) is mean square summable.

Remark 8.3 In the stationary case, i.e., a;; = a;—; we have o) = ap = Z?O:O lajl,

A= a%. So, the sufficient condition for the mean square summability of the solution
of (8.20) takes the form «; < 1, which coincides with (8.15).

8.4.2 Second Way of the Construction of the Lyapunov Functional

Represent the right-hand side of (8.20) in the form (1.7) with T =0,

o0
Fi(i,xi)=Bixi, Bi= Zaji,
=i

i—1 00
Fa(i,x0,..., %) =0,  F3()=F3(i,X0,....,x)=—Y_x; ¥ _ai.
j=0 I=i

By the condition

sup|Bi| <1 (8.22)
ieZ

the solution of the auxiliary difference equation y; 1 = B;y; is asymptotically sta-
ble.
Put V; = (x; — F3(i))%. Then via the representation x;+1 — F3(i + 1) =41 +
Bix; — F3(i) we have
. 2 12
EAV; =E[(xit1 — F3( +1D)" = (xi — F3())7]
=E(nit1 + Bixi — F3() — xi + F3())) (ni+1 + Bixi — F3(i) + xi — F3(i))
=E(ir1+ (B — Dxi) (i1 + (B + Dx; — 2F3(0))
=En}, + (87 — )Ex} + I + L+ L3,

where

I =28En;y1x;, I = —2En; 1 F5(i), I3 =201 - B)Ex; F3(i).
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Suppose also that

i—1 00
, ot:supZBij<oo, sup Z Bij < oco. (8.23)
i>1 "
=1 j=0

J€Zi—jtn1

B,’j:

o0
D oaj
=i

Then via (8.22), (8.23) and A > 0

1
1< S Enig + AEx?,

i—1

i—1
1 o
b= :Bij<XEm~2+1 +AEx,2~> = B0l +2 ) BiEx],
j=0 j=0

i—1 i—1 i—1
I3l < (1= B ) Bij(Exi +Ex}) = (1~ &)(Ex?ZB,-j +>° BijExi).

j=0 j=0 j=0

As a result we obtain

1
EAV; <Enj, + (87 — 1)Ex} + XEﬂi—H + AEx?

i—1 i—1 i—1
o
+ KEH%—H —|—)LZB,']'EXJZ + 1 - ﬂi)(ExiZZBij + ZBijEij)

j=0 j=0 j=0

i
1+o
=—(1 - MEx} + ) _ AjjEx] + (1 + T)EU%H,

Jj=0
where
L (]_ﬂi‘k)»)Bij,. j<i,
TR S B, =i
So, if
jfl o0
S;up(ﬂer (=B B+ ) _,Bi)Bij) <l (8.24)
jeZ = i1

then via (8.23) for small enough A > 0 the functional V; satisfies the conditions of
Corollary 1.1 and therefore by the conditions (8.22)—(8.24) the solution of (8.20) is
mean square summable for each mean square summable 1;,i € Z.
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Remark 8.4 In the stationary case, i.e. a;; = a;j, the condition (8.24) coincides
with (8.16). In fact, in this case 8; = 8,

o o o0 o0 o
2 Bi= ) D= Y al=q
i=j+1 i=j+1li=i m=1l1=m
J—1] o0 j=1] oo 00 | o0
Y|S0 Y | 3 an =3[ an| =
izVicoli=j JZVicolm=j—i k=1lm=k

8.4.3 Resolvent Representation

In this item stability conditions for the solution of the difference equation (8.20) are
obtained by virtue of the resolvent b;; of the kernel a;;.

Lemma 8.1 The solution of difference equation (8.20) can be represented in the
form

l
Xip1=nig1+ Y bijnj,  xo=no, i € Z, (8.25)
j=0

where the numbers b;; are defined by recurrent formulas

i
bij =aij + Z apgb;—1,j, 0<j<i, (8.26)
I=j+1
or
i
bij=aij+ »_ bua_yj. 0<j<i. (8.27)
I=j+1

Proof Substituting (8.25) into (8.20) we obtain

i i j-1
Mi+1 +Zbij77j =1i+1 +Zaij (nj +ijl,l771>-
j=0 j=0 =0

From this for an arbitrary sequence n;, j € Z, it follows that

i i
Z( Z ailbl—l,j>77j

j=0 \I=j+1

i i
Y binj =) aijn; +
=0 =0
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or (8.26). Substituting (8.20) into (8.25) we obtain

i i j—1
xi+1=xi+1—Zaijxj+Zb,~j xj_zaj—l,lxl .
j=0 j=0 =0

From this, for an arbitrary sequence x;, j € Z, it follows that
i
j=0 I=j+1

or (8.27). The lemma is proven. O

Remark 8.5 In stationary case, i.e. a;; = a;—j and b;; = b;_j, from (8.26) it follows
that

i
b,‘:d,’—FZai_lb[_l, i=0,1,....
=1

In particular,
bo=ap, by =a)+aphy=ai+ai,
by =ap +aibg + apby1 = az + 2ajag + ag,

Theorem 8.2 If

B1= Supz |bij| < o0 (8.28)
lEZ

then the solution of (8.20) is mean square stable. If besides

B2 = sup Z |bij| < o0 (8.29)
]EZ

then the solution of (8.20) is mean square summable for each mean square
summable n;,i € Z.

Proof From (8.25) we get
i i
Elxip|* < 2<E|ni+1|2 + > Ibul ) |bi,»|E|n,~|2>. (8.30)
1=0 j=0

Lete>0.If )2 <8 = 2(1+/3 5 then via (8.28) El)c,_Hl2 <2(1+ ,31)8 = ¢. Thus,

the solution of (8.20) is mean square stable.
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Via (8.30) and (8.29) we have

ZE|x,+1| <2<ZEIm+1I +ZZ|blz|Z|b,,|E|n, )

i=0 1=0 j=0
[o') o0 o0
52(2E|m+1|2+[31ZZ|bij|E|77j|2>
i=0 Jj=0i=j

<2(1+pip2) Y _Eln,I?

j=0

Thus, if the sequence 7; is mean square summable then the solution of (8.20) is
mean square summable too. The theorem is proven. U

Theorem 8.3 If
a _supZ|a,,| <1 (8.31)
IGZ
then the solution of (8.20) is mean square stable. If besides

ay = sup Z laij| < 1 (8.32)
/GZ

then the solution of (8.20) is mean square summable for each mean square
summable n;,i € Z.

Proof From (8.27) we get

Z|b,,|<2|al,|+z Z \birllai—1|

j=01l=j+1
i i - i
=Y laijl +Z|bi1|2|az—1,,‘| <ar+ar ) |bil.
j=0 =1 j=0 1=0

From this and (8.31) we obtain B < a;(1 — 1)}, i.e., (8.28). Via Theorem 8.2 it
means that the solution of (8.20) is mean square stable.
Via (8.26) and (8.32) we have

00 00 00 i
Dbl =D laijl + >0 > laibiojl
i=j i=j i=j 1=j+1

o0

=Zal,|+ Z |bi - 1]|Z|a,z|<az+a12|b,j|
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From this and (8.32) follows (8.29) and therefore the solution of (8.20) is mean
square summable for each mean square summable n;,i € Z. The theorem is
proven. g

Remark 8.6 In stationary case, i.e. a;; = a;—; and b;; = b; _;, the conditions (8.28),
(8.29), (8.31) and (8.32) take the form

o o
ar=a=Y lajl<1,  pi=pr=) Ibjl<oo.
i=0 j=0

As follows from Theorems 8.2 and 8.3, in this case the solution of (8.20) is mean
square stable, mean square summable and asymptotically mean square trivial for
each mean square summable 7;,i € Z.

Consider now the equation with degenerate kernel

Xit+1 =1Ni+1 + ZP;ijj, xo="no, i € Z. (8.33)
j=0
Here x; and 7; are scalars, p| = (p(’) i, q; (q(’), ALY

Corollary 8.2 Put G; = q;p;_,. The inequalities

i

1]_[]

i—j—
p,( I+ Gi—k))‘Ij
k=0

supz < 00,
l>0] —0
(8.34)
00 i—j—1
SUPZ pi 1_[ (I +Gi-k) )qj| < o0,
JjezZ - k=0
or the inequalities
supZ|p,qj| <1, supZ|p,qj|<1 (8.35)
zeZJ —0 jezZ i=j

are sufficient conditions for the mean square stability and mean square summability
of the of solution equation (8.33).

Proof Let b;; be the resolvent of the kernel plq;. Represent b;; in the form b;; =
p;Pijq;j where P;; is an unknown matrix. Via (8.26) and (8.27), we have

i i
piPija;=piaj+ Y piGiPi_1jaj,  PiPya;=piaj+ Y piPuGiaj.
I=j+1 I=j+1
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From this it follows that P;; =1,
i i
Pj=I1+ Y GiPyj. Pj=I+ Y PG i>]j
I=j+1 I=j+1
where [ is n x n-identity matrix. Then

l
Pij=1+ Z GiP_1,j=P1,j+GiPi-1;=U+G)Pi—1,
I=j+1

i
Pj=1+ Z PiiGi+ Pij+1Gjr1 =P j1(I + G j11).
I=j+2
Elementary calculations show that
i—j—1
Pij = 1_[ U+Gip), i>].
k=0

Therefore, the resolvent b;; has the representation

i—j—1
bij=p, [[ U+Gi—g;. i>].
k=0
Via Theorems 8.2 and 8.3 the corollary is proven. 0

Note that the conditions (8.34) and (8.35) are defined immediately in terms of
the parameters of (8.33).

Example 8.2 Consider difference equation (8.20) with the kernel

G+

W, 0<j<i, y>0. (8.36)

ajj =

Using Lemma 1.4 for estimating «; and «» we obtain

i+1

o _sup2|au| +2)y+1 Z i

zEZ

|A| i+ A
<Sup ———— xVdx < ——,
iez G+2)rT1 y+1
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oo

1
Otz—SHPZ|au| = Sup () + 1) Y o
Jez =j i= j+2l
- G +l)y/°° dx A
sup |A|(j =—.
jez qxrtly

So, via Theorem 8.3, if |A| < y + 1 then the solution of (8.20) is mean square
stable, if |L| < y then the solution of (8.20) is mean square stable and mean square
summable for each mean square summable 7;,i € Z.

Note that Remark 8.2 gives another sufficient condition for the mean square
summability:

Al <y + 1), (8.37)

which is weaker than |A] < y.

Example 8.3 Consider the difference equation (8.20) with the kernel

(+bD¥ .
U= Gy 0<j=<i,y>1l (8.38)

Kernel (8.38) is a degenerate one; therefore, (8.20) with kernel (8.38) can be con-
sidered as (8.33) with

1

Gy G=UHDT (8.39)

pi =

As follows from Example 8.2, if || < y then the conditions (8.35) hold, so, via
Corollary 8.2 the solution of (8.33) and (8.39) is mean square stable and mean
square summable.

Let us show that the conditions (8.34) hold too. In fact, via (8.39) G; = (I +1)~!.
Therefore,

l]]_[l(1+G ) 1+ ! 1+1 1+ 1 —i+2
= +1 i j+2 j+2

k=0

and via Lemma 1.4 we obtain

i 1 <j+1) 3 %,,,
“j+2\i+2 (1+2)V /

1 i+2 1 1
-1
< — / xV 7 dxy < — < ,
G+2)y J y(@i+2)r—1 = yor-1



8.5 Nonlinear Systems 211

Yin(fa) o 2

l=] i= j+2

o0
s(j+1)y”/ e __1
X7 Ty =1

Example 8.4 Consider the difference equation (8.20) with the kernel a;; = Aa’b/
that satisfies the conditions

la|+ Al <1,  Jab| <1. (8.40)

Let us show that by the conditions (8.40), the conditions (8.35) hold. In fact,

i i
S bl < 0 Y lal bt < <,
j=0 j=0 ~lal

o0 o0 )\‘

> lra'bT| < 3 o T abl = <
2 2 )
i=j i=j

The conditions (8.34) hold too. In fact, G; = Aa'~'b! = xa~'(ab)'. Thus,

i—j—1
p§-< I1 <1+G,-_k>>qj
k=0
i—j—
( ]‘[ (1 —i-&(ab)"k))(ab)j
k=0 a

S (o) 2

i
=[x (lal+1a) ™ = <00
2 S Y TEarY)

i

2

j=0

and similar for the second inequality.

8.5 Nonlinear Systems

Here the procedure of the construction of Lyapunov functionals is used for some
nonlinear Volterra equations.
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8.5.1 Stationary Systems

Consider the nonlinear difference equation

i
Xip1 =nip1+Axi+ Y F(i—j.x)). (8.41)
j=0

Here x;,n;, F(i,x) € R", n ={n;,i € Z} € Hy, A is a n x n-matrix, |F(i, x)| <

a;lx|,

ﬁ:Zaj < 0. (8.42)
=0

Theorem 8.4 Let D be a positive solution of the matrix equation A’ DA — D = —1
(here I is the identity n x n-matrix) and let it satisfy the condition

B2ID| + 28I DA| < 1. (8.43)

Then the solution of (8.41) is mean square summable for each mean square
summable n;,i € Z.

Proof Put V; = xlf Dx;, Calculating EAV;, we get

i /
EAV; :E|:<77i+1 +Axi+ Y Fi —j,xj)> D

J=0

i
x (niﬂ +Axi+ ) F —j,xj)> —x;Dxl}

Jj=0
4

< IDIElniy11> —Elxi>+)_ 1.
=1

where

i
I =2En}, DAx;,  I,=2Y Enj DF(i—j.x),
j=0
i i i
Iy = 2ZEF/(1' — j.xj)DAx;, Iy = ZZEF’(;’ — j,x))DF (i —1,x)).
j=0 j=01=0

Via (8.42) and some A > 0 we have

1
|| < IIDA|I<XEIm+1I2 +AE|xl~|2>,
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" 1
|| < |ID]| Za,-_,(XEm,-HR +AE|xj|2)
j=0

i—1
ﬁ 1
<|ID|| (xEmmF +haolxi > + 1) ai jElx;* ),
j=0

i
I3 < |DAIY ai— (Elxi[? + Elx; %)
j=0

i—1
< IDA|| ((/3 +ao)Elx;|* + ZaijE|xj|2),

j=0

i 2 i 2
Iy < ||D||E(Z\F<i—j,x,»>|) §||D||E<Zai,-|xj|)

J=0 J=0

i i i
<IIDIY ai—j Y aijElx;j> <BIDI Y ai jElx;|?
=0

j=0 Jj=0

i—1
=BID| (aoE|xi|2 + Zai_,-E|xj|2>.

j=0
As a result we obtain

i—1
EAV; < —cElx;|*+ ) AjElx;[* + <||D|| +
j=0

A

where
c=1—BaglD|| — (B +ao)IDA| — Aaoll DIl + [IDA]),
Ai—j = (BIDI + IIDA| + Al D)ai—j, i> .

If the condition (8.43) holds then there exists a small enough A > 0 such that

BAIDI + 28I DA| + A(BI D] + [ DA]) < 1

BID| + | DA|
- 4 E|77i+1|2,

213

and therefore the functional V; satisfies Corollary 1.1. Thus, if the condition (8.43)
holds, then the solution of (8.41) is mean square summable for each mean square

summable sequence 7;. The proof is completed.

O

Remark 8.7 Put in (8.41) A = 0. Then D = I and the condition (8.43) takes the

form o) < 1.

Remark 8.8 If (8.41) is a scalar one then D = (1 — A2)~! and the condition (8.43)

takes the form 8 + |A| < 1.
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Consider now the system of two scalar difference equations

. . —1
l 1
Xl =Mig1+ Y aiix, YVigl =cy,-(1 +ijx,2~) : (8.44)

=0 j=0

Here bj > 0, a; and c are known constants. Put

o0
o] = Z laj| < oo.
=0

Using the functional V; = xi2 + yi2 and A > 0, we have

EAV; =E(x} + 37y — %7 —57)

C
=E| —x?+nip1+ )Y aix ] + ( - - 1>Y~2
| ( g 1+ X g bjx))? '

i i 2
<E[—x7 407 +2) aimipin+ (Zm-z)ﬂ) + (- 1)yi2}

L =0 1=0

i
1
<E| a7 = (1= D+ + Ll +
L =0

i
2
oy |ail|x1:|
1=0

1
< —Ex} — (1 = ?)Ey? + (a1 + 4) Z lai—i|x7 + (1+2 " oy )Enf, ;.
=0

From Corollary 8.1 it follows that if the conditions |c|] < 1 and || < 1 hold,
then the solution of system (8.44) is mean square summable for each mean square
summable sequence 7;.

8.5.2 Nonstationary Systems

Consider the nonstationary nonlinear Volterra difference equation

i
Xip1 =nip1+ Y _aijg(x)),  xo=no. (8.45)
j=0
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Theorem 8.5 Let the sequence n; be mean summable, and let the kernel a;; and the
function g(x) satisfy the conditions

oo
w=sup) lajl <l |g@)| <l (8.46)
jeZi:j

Then the solution of (8.45) is mean summable.
Proof As follows from Theorem 8.1 it is enough to show that some functional V; =
Vi, xo,...,%;), 1 € Z, satisfies the conditions (8.3) and (8.4) by p = 1. Put

i—1

o0
Vo = |xol, Vi:ZZMUg(Xj)\, i>0.

j=01=i—1
This functional is bounded for each i > 0. In fact, from (8.46) it follows that

i1
Vi Sa22|g(xj)| <00, i>0.
Jj=0

For i =0 via (8.46) we have

o0
AVo = "laing(x0)| — |xol < a2|g(x0)| — xo] < —(1 — @2)[x0l.
=0

From (8.45) it follows that — le;lo lai—1,;8(x;)| < Inil — |x;i]. So, via (8.46) for
i > 0 we obtain

i oo [ee) i—1
AV; = ZZ!aug(Xjﬂ —Vi=|gx)| Z lazi| — Z|ai—l,jg(xj)|
I=i j=0

j=0 I=i

< alxi| + nil = |xi| = = (1 = a2)|x;| + [n;l.

As aresult, EAV; < —(1 — w»)E|x;| + E|n;|, i.e. conditions (8.4) by p =1 hold.
The proof is completed. g

Let us obtain a sufficient condition for p-summability of the solution of (8.45)
by p>1.

Theorem 8.6 Let the sequence n; be p-summable and the kernel a;; satisfy the
condition

(xzaf_l <1, (8.47)
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where a; is defined by (8.46) and

i
ar=sup Y _|ajl. (8.48)
ieZ 1=0

Then the solution of (8.45) is p-summable.

Proof Let us show that the functional V; = V (i, xo, ..., xi), i € Z, where

p, i >0,

i—1 oo
Vo=1Ixol?. Vi=)_ Y layllg(x))

j=01=i—1

satisfies the conditions (8.4). Note that the functional V; is bounded for each i > 0
since from (8.46) it follows that

i—1
Vi Sazz|g(xj)‘p<oo, i >0.
j=0

It is easy to see that

o0
AVo = "lanl|gx0)|” = 1x0l” < —(1 — a2)lxo|”.
[=0

Calculating AV; by i > 0 we have

i o0
AV =Y ayjl|g(xp]” = Vi

j=0I=i
00 i—1

= g@)|" D lail = > lai-1jl|g ()]’ (8.49)
I=i j=0

Via Lemma 1.2 from (8.43) for some A > 0 it follows that

i1 P
x| < (|’7i| +y |ai—1,j||g(xj)‘)

j=0
1 p—] i—1 4
—1
<({1+n7? |m|”+<1+x> (2(:)Iai—1,jl|g(xj')})'
/:

Via the Holder inequality we have



8.5 Nonlinear Systems 217

i1 P
(Z |ai—1,j||8(xj)|>
j=0

i1 1 1 P
-1 1
= (Z lai—1,;1" 7 lai-1,j17 g(xj)|>
=0

i—1 p=1li—1 i—1

14 -1 P

< <Z|ail,j|> D laicijllgeep]’ el Y laiorjllgep|”.
Jj=0 J=0 Jj=0

Therefore,

—1i—1
_ a1 (142" §
xi [P < (1+2)7 1|m|”+<f > laicrjllg @]’
j=0

From this it follows that

i—1 -1
A A p
E : o AP |P |P
— a;— X < — X, .
j=0| i l,,/”g( /)| = <051) [7; (0[1(14_)\)) |x; |

So, using (8.49) and (8.46) we obtain EAV; < —cE|x;|? 4 y;, where

A p=l A\P!
_ — o, R Eln:|P.
Cc (051(14—)»)) o Yi <051> [7i

From (8.47) it follows that there exists a large enough A > 0 such that

p—1 A e
0120(1 < m

or ¢ > 0. Therefore via Corollary 8.1 the solution of (8.45) is p-summable. The
proof is completed. 0

p—1

Remark 8.9 If in (8.45) a;j = a;_j then a1 = ap = Z?O:o |aj| and the inequality
a1 < 1is asufficient condition for p-summability of the solution of (8.45) by p > 1.
Let, for example, a; = Aq',i € Z, |q| < 1. Thena; = |A|(1 — lgD)~" and the inequal-
ity || + |¢g| < 1 is a sufficient condition for p-summability, p > 1.

Remark 8.10 1If the kernel a;; in (8.45) is degenerate, i.e. a;; = p;q;, then

i 00
a1=sup<|p,-|Z|q,-|), az=sup<|q,-|2|pi|>.
ieZ jezZ

j=0 i=j
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8.5.3 Nonstationary System with Monotone Coefficients

In some cases for some systems of special type it is possible to get stability condi-
tions using special characteristics of parameters of the system under consideration
without too restrictive conditions type of (8.47). Consider the nonlinear difference
equation

Xip1=nig1— Y aij f(x)), (8.50)

J=0

where the function f(x) satisfies the condition

0<C]§&§C2, x #0. (8.51)
x
Theorem 8.7 Let the coefficients a;j,i € Z, j =0, ...,1, satisfy the conditions
ajj > aj j—1 =0, (8.52)
@it1,j—1—Giy1,j — @i j—1 +ajj >0, (8.53)
2
a=sup(@i1,i+1 +aii —ajy1,;) < —, (8.54)
ieZ 2
1 o0
o] =supZaij < 00, oz2=supZaij <00 (8.55)
ieZ =0 jeZ =]

(here it is supposed that a; —1 = 0). Then the solution of (8.50) is mean square
summable.

Proof Let us construct the functional V; satisfying the condition (8.5) in the form
Vi =Vii + Vo;. Put

i i 2
Vi = xi f (xi), Vai = Zaij(Zf(xk)) ;
k=)

Jj=0
where the numbers «;; are defined in the following way:

G ATl ez =01, i+ 1. (8.56)

o =
J 2—acp

Here it is supposed that a; _1 =0, a; ;1 = a.
From (8.52)—(8.54) and (8.56) it follows that the numbers «;; satisfy the condi-
tions

Ofa,-+1,j§a,~j, ieZ, j=0,1,...,i+1. (8.57)



8.5 Nonlinear Systems 219

Using (8.51) we have
AVy; = —xi f(x3) + Xi1 £ (ip1) < —c1xf + xig1 f(xis).

Representing AV»; in the form

i+1 i+1 i i 2
AVy = Z%H ,(Z f(xk)> — > a <Zf(xk)>
j=0  \k=j
i+1 i+1 2
= Z(%’Jrl,j - aij)(Z f(Xk)>
=0 k=j
i i+1 i 2
+Za,-,~[ (Zf(m)) (Zf(xw) } + i1 [ (i)
j=0 k=j

and using (8.57) we get

AVy < i) [fz(xm) +2f (xi1) Zf(xk)} + i f2 (i)

Jj=0 k=j
i+1
= fA(xis) Y +2f(x,+1>2f<xk>2a,,
j=0 k=0 j=0

From (8.56) it follows that

ZO‘ Zaij —4aij—-1 4k
i 2—ac 2—acy’

=0

Therefore, using (8.51) and (8.50), by x;+1 # 0 we obtain

le (xit1) zf(-lerl)

AVy < 2—acy § aix f (xi)
a  f(xi+1) 2f(xit1)
= o Xip1 f(Xigp) + —— alks Mi+1 — Xi+1)
2—acy Xit1 2—acp
1) 2f(Xi+1)Mi+1 — Xi+1)
< Xip1 f(xig1) + lte\hs s
2—acs 2—acp

2 f(Xi+1DNi+1

= —xi+1f (xXi+1) +
2— ac)

As a result for the functional V; = Vi; + V; we have

2
EAV; < —ciBx} + — aog S i (8.58)
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Using (8.51), (8.50) and (8.55) and some X > 0 we get

|Ef (xigD)mi1| < 2Elxigpinizal

< c2E(ni2+1 + Zaij|f(xj)77i+1 |>

j=0

i
<o (Eniz+] ) ZaijE|xj77i+1 I)

j=0

i
[65) 1
= (Eniz-i-l T 2 aij <AEx12- + XEnl'z-'rl))

j=0

2, i
ajco CcHA
< Cz(l + 7)ErﬁH + 27 > aijEx7. (8.59)
j=0

Substituting (8.59) into (8.58), we obtain

i +aicr) 5

i
EAV; < —ClExiz—i-ZQijExlz--‘r 22— acy) Miy1s

Jj=0
where
c%kaij ad cgkaz
Qij=->—=, ) Qi< .
2—ac, 4~ 2—ac
=]

Since ar < oo then there exists small enough A > 0 such that c¢; >
c%ka2(2 — acy)~ L. Thus, via Corollary 1.1 the solution of (8.50) is mean square
summable. The proof is completed. (|

Remark 8.11 In the case a;; = a;_j, the conditions (8.52)—(8.55) have the form

a; > aj41 >0, aiv2 —2aiy1+a; >0, ieZ,
, > i (8.60)
ap—a; < —, A== a; < oo.
e —~ I
j=

Remark 8.12 1f the kernel a;; in (8.50) is a degenerate one, i.e. a;; = p;q;, then the
conditions (8.52)—(8.55) take the form

0<piv1 < pi, 0<qg; <qgjt1,
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2
a=sup[pit1(@i+1 — i) + pigi| < o

ieZ
i 00
o] =Ssup piqu' oo, oy = Sup qup,' < Q.
€2\ j=o J€Z\ i

Remark 8.13 Note that without loss of generality in the condition (8.51) we can put
¢1 < ¢z = 1. In fact, if it is not so we can put for instance a;; f (x;) = &ijf(xj),
where a;; = c2a;;, f(x) = cglf(x). In this case the function f(x) satisfies the
condition (8.51) with ¢; = 1.

Example 8.5 Letin (8.50) a;; =a;_j anda; =Aq',i € Z,A > 0,0 < g < 1. From
Theorem 8.6 using Remarks 8.9 and 8.13 for comparing the estimations on f(x)
from (8.46) and (8.51) we obtain a sufficient condition for mean square summability
of the solution of (8.50)

Aca+q <1 (8.61)

From Theorem 8.7 and (8.60) there follows another sufficient condition for the mean
square summability of the solution of (8.50):

2
Aoy < ——. (8.62)
2—q

It is easy to see that the condition (8.62) is weaker than (8.61), since 1 — g <
22 —¢g)7 .

Example 8.6 Consider (8.50) with a;; =a;_jand a; =A@ +1)77, 1 >0,y > 1,
i € Z. In this case the conditions (8.60) hold and oy = a» = AL (y), where £(y) is
Riemann function,

= 1
‘y)= Z =
i=1
From Theorem 8.6 and Remark 8.9 we obtain a sufficient condition for mean square
summability of the solution of (8.50)
rer <N (y). (8.63)

From Theorem 8.7 and Remark 8.13 we obtain another condition:

rcy < (8.64)

2-27v"
It is easy to see that £~ (y) < 1, but 2(2 — 277)~! > 1. Thus, condition (8.64) is
weaker than (8.63). For instance, by y = 2 the conditions (8.63) and (8.64) take the
form

2 8
rer < c7H2) =1.64571 = 0.608, reay < =5 = 1.143.
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Example 8.7 Consider (8.50) with
AU+ )Y

ajj—m, OS]SZ,)\.>0,)/>O (865)
Similar to Example 8.2 we obtain
A A
o = —, a = —.
y+1 Y

From (8.47) by p = 2 using Remark 8.13 we obtain a sufficient condition for the
mean square summability in the form

Ay <Yy +1). (8.66)

Using (8.54) and (8.65) we have
((i+2)V—(i+l)V i+ 1 )
a = Asup

ieZ (i +3)r+! (i +2)r+!
Y 22V
< 2 sup —2 = LA (8.67)
v=0\ (x + DY+l (y + Dr+l

From this via (8.54) and Remark 5.7 another summability condition follows:

(y + )r!
<
y)’
In spite of the fact that the estimate (8.67) is rough enough, the condition (8.68)
is weaker than (8.66). Actually for given y > 0 it is possible to get an estimate that

is essentially weaker than (8.67) and as a result to get a summability condition that
is weaker than (8.68). For instance, by y = 1 it is easy to see that

As < ! + i+l ><m (8.69)
a = u —_— .
ieg i+3)?% (+22)~ 36

and the summability conditions (8.66), (8.68) and (8.54) with the estimation (8.69)
take the forms, respectively, of

ACa (8.68)

72
A <2 =1.414, Ao < 4, rer< 33 =5.538.

If y =2 then

2i +3 i + 1)2 172
az,\sup< i+3  @+D >< (8.70)

ez \(+3)3 " (+23) " 12
and the summability conditions (8.66), (8.68) and (8.54) with estimation (8.70) take
the forms, respectively,

144
Acy < V6 =2.449, Acy < 6.75, Acoy < o= 8.471.
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So, a sufficient condition for the mean square summability of the solution of (8.50)
given by Theorem 8.7 is better than the similar condition given by Theorem 8.6.

8.5.4 Resolvent Representation

Consider the nonlinear difference equation
i
X1 =g+ Y fij (x)), (8.71)
j=0
Theorem 8.8 Let the function f;;(x) satisfy the inequality
| fij @] < aijlx] (8.72)
and let the kernel a;j have the resolvent b;; such that
i
B1= suprij < 0.

ieZ =0

Then the solution of (8.71) is mean square stable. If besides
o
Br = suprij <00
jezZ i=j

then the solution of (8.71) is mean square summable for each mean square
summable n;,i € Z.

Proof From (8.71) and (8.72) it follows that
i
[xi+1] < mit1l + Zaij|xj|- (8.73)
j=0
Let y; be the solution of the equation
i
Yirr = Iniv1l+ ) aijy;. (8.74)
j=0
Then from Lemma 8.1 it follows that y; 41 can be represented by

i
Yirr = nivil+ Y bilnjl.
j=0
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Let us prove that |x;| < y; with probability 1. Put yl.(o) = |x;],

i
1
i =il 4+ Y agyy”. a=01,.... (8.75)
j=0

Show that yl.(o) < yl.(l). In fact, from (8.73) and (8.75) we get

i i
0 0 1
W = il < il + > aijlxjl=Imiv1l + Zaijy; "=y

j=0 j=0
0

M (m)
<y, <---=y’ <---. Therefore, there

Similar one can show that |x;| =y ;

exists lim,,_, oo yl.(") = y;, and y; is the solution of (8.74). Hence |x;| < y; and from
mean square stability and mean square summability of the solution of (8.74) (Theo-
rem 8.2) it follows that the solution of (8.71) is mean square stable and mean square
summable too. The proof is completed. U

From Theorems 8.8 and 8.3 it follows that the next theorem is true too.

Theorem 8.9 Let the function f;j(x;) in (8.71) satisfy inequality (8.72) and the
inequality

i
= supZaU <1
i>0 =0
holds. Then the solution of (8.71) is mean square stable. If besides
o
oy = supZaij <1
JjeZ i=j
then the solution of (8.71) is mean square summable for each mean square
summable n;,i € Z.

Similarly, Corollary 8.2 can be proven

Corollary 8.3 Suppose that the function f;j(x) in (8.71) satisfies the condition
| fij ()] < piqj|x|, where p, = (pi’), i, q;. = (ql('/), ...,q,gj)). Then the con-
ditions (8.34) and (8.35) are sufficient conditions for the mean square stability and

mean square summability of the solution of (8.71).

Example 8.8 Consider the nonlinear difference equation

i .

[ G+DY

Xi41 =1Ni+1+ A E sml:mx]- , V> 0. (876)
j=0
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Since

[ GHDY -+
sin| — x| < — x|
(i +2)y+1 (i +2)y+1
then via Theorem 8.9 the conditions for the mean square stability and mean square
summability of the solution of (8.76) are obtained in Example 8.2.






Chapter 9
Difference Equations with Continuous Time

In this chapter some of the results, obtained in previous chapters, are repeated for
stochastic difference equations with continuous time that are popular enough with
researchers [27, 59, 146, 177, 179, 200, 201, 205, 238-241, 243]. It is shown that
after some modification of the basic Lyapunov type theorem the general method of
the construction of the Lyapunov functionals can be used also for difference equa-
tions with continuous time. Also some peculiarities of the investigation of difference
equations with continuous time and their differences from difference equations with
discrete time are shown.

9.1 Preliminaries and General Statements
9.1.1 Notations, Definitions and Lyapunov Type Theorem

Let {£2,§, P} be a probability space and {§;, t > fo} be a nondecreasing family of

sub-o -algebras of §, i.e. §;, C §s, for t| < o, E be the mathematical expectation

with respect to the measure P, and let E; = E{./§;} be the conditional expectation.
Consider a stochastic difference equation

x(t+0)=a(t,x(),x(t —hy),x(t —h2),...)
+ar(t,x(t), x(t —h1),x(t —h2),..)E(t+7), t>10—7, (9.1

with the initial condition

x@)=¢©O), 0e€O =[th—h,], h:r—l—ma;dz;. (9.2)
Jj= ’
Here x e R", 7, hy, hy, ... are positive constants, the functionals a; € R” and a; €

R™*™ gatisfy the condition

o0 2 o
Ial(t,xo,xl,xz,...)|2§Zalj|xj|2, A:ZZaU < 00, (9.3)
j=0

=1 j=0

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 227
DOI 10.1007/978-0-85729-685-6_9, © Springer-Verlag London Limited 2011
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¢(0), 0 € O, is a §;,-measurable function, and the perturbation £(t) € R™ is a §;-
measurable stationary stochastic process such that £(¢) is independent on §; for
s<t—r,

Ei(t+1)=0, FE&t+0EG+n)=1, t>1p—1. 9.4)

A solution of problems (9.1) and (9.2) is a §,-measurable process x(t) =
x(t; ty, @), that is equal to the initial function ¢ (¢) from (9.2) for ¢t < #yp and with
probability 1 is defined by (9.1) for ¢ > 1g.

Definition 9.1 The solution of (9.1) with initial condition (9.2) is called uniformly
mean square bounded if there exists a positive number C such that for all # > 7,

E|x(; 10, )| < C. 9.5)

Definition 9.2 The trivial solution of (9.1), (9.2) is called mean square stable if for
any € > 0 and 7y there exists a § = §(e, f9) > 0 such that E|x(¢; 1, (}5)|2 < € for all
t =10 if |$]* = supgee Elp (©)* < 5.

Definition 9.3 The solution of (9.1) with initial condition (9.2) is called asymptoti-
cally mean square trivial if

lim E|x(1; 10, $)|> = 0. 9.6)
1—00

Definition 9.4 The solution of (9.1) with initial condition (9.2) is called asymptoti-
cally mean square quasitrivial if for each 7 € [t, fp + 7)

lim E|x(t + j7; 9, $)|* = 0. 9.7)
J—>00

Definition 9.5 The trivial solution of (9.1), (9.2) is called asymptotically mean
square stable if it is mean square stable and for each initial function ¢ the solu-
tion of (9.1) is asymptotically mean square trivial.

Definition 9.6 The trivial solution of (9.1), (9.2) is called asymptotically mean
square quasistable if it is mean square stable and for each initial function ¢ the
solution of (9.1) is asymptotically mean square quasitrivial.

Definition 9.7 The solution of (9.1) with initial condition (9.2) is called uniformly
mean square summable if

o0

sup ZE|x(t+jr;to,¢>)|2<oo. 9.8)
te[to,to+r)j=0
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Definition 9.8 The solution of (9.1) with initial condition (9.2) is called mean
square integrable if

/OOE|x(t;to,¢)|2dt < 0. 9.9)
fo

Remark 9.1 1If the solution of (9.1) and (9.2) is asymptotically mean square trivial
then it is also asymptotically mean square quasitrivial but the inverse statement is
not true. In fact, let us construct the function y(¢), t > f¢, by the following way. On
the interval [ty + nt,t0+ (n + 1)7),n=0,1, ..., put

y@) =0
if
1
te[t0+nf,t0+(n+1—2—n>f>
or
1
te|:to+<n+l—ﬁ>r,to+(n+l)r>,
put
if
1
te|:to+<n+1—2—n)‘c,to+<n+l—m)‘c)
and put
. -1 3
y@)y=1-2" |: n—1+2n+2i|
if

3 1
te|:to+<n+l—m>f,to+<n+l—2n+l>r>.

The graph of the function y(¢) for tp = 0, T =1 is shown in Fig. 9.1. This function
satisfies the conditions:

o0 00 1
0<y@®) <l t+j1) <1, H)dt = —.
<y =1, jX_(:)y(JrJt)_ /O y(d =

It is easy to see also that for each fixed ¢ € [19, fo + 7) the sequence a; = y(t + jT)
has only one nonzero member and therefore lim;_, o, y(t + jt) = 0. On the other
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Fig. 9.1 The graph of the function y(¢) for tp =0, t = 1 (see Remark 9.1)

hand for every T > 0 there exists enough large number n such that

3
t1:t0+(n+l—w>r>T, y(t) =1.

Therefore, lim;_, » y(¢) does not exist. So, the function y(¢) satisfies the condition
(9.7) but does not satisfy condition (9.6).

Remark 9.2 From the condition (9.8) it follows that

o
supZE|x(t +jt; t0,¢)|2 < 0.
0

1>t ",
]=

In fact, arbitrary ¢ > #y can be represented in the form + = s + kt with an integer
k>0ands €19, 19+ 7). So,

o0 o0
S Elx+jrit. g =Y Elx(s + &+ Hrine. o)
j=0 Jj=0
o0
=Y Elx(s + jT; 10, )|
Jj=k
o0
< sup ZE}x(s+jr;to,¢>)|2<oo.
se[to,to+r)j=0
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Remark 9.3 1If the solution of (9.1) and (9.2) is uniformly mean square summable
then it is uniformly mean square bounded and asymptotically mean square quasitriv-
ial.

Below it is supposed that the functional V(t) = V (¢, x(¢),x(t — hy),x(t —
h>),...) equals zero if and only if x(#) = x( — h;) =x( — hy) =--- = 0. Also
let [¢] be the integer part of a number ¢ and

AV()=V(t+1)=V(). (9.10)
Theorem 9.1 Let there exist a nonnegative functional V(t) =V (t, x(t), x(t — hy),

x(t — hy), ...) and positive numbers c1, ¢z, such that

EV(s) <c1supE|¢@)|>, s €t — 7,10, 9.11)
0<s

EAV (1) < —cE|x (1) 2

t>1. (9.12)

Then the trivial solution of (9.1) and (9.2) is asymptotically mean square qua-
sistable.
Proof Rewrite the condition (9.12) in the form

EAV (i + 1) < —cE|x(t + jo)|*,

t>ty, j=0,1,....

Summing this inequality from j =0 to j =i, by virtue of (9.10) we obtain

EV(i+ G+ D7) —EV(®) <—c2 Y Elx@+ )
=0

Therefore,
o0
&Y Elx@+ 0 <EV@). 1= (9.13)
j=0
Via (9.10) and (9.12) we have
EV@)<EV(E—1)<EV({—-271)<..-<EV(s),
t>ty), s=t—q(t)t € (to—7,1to], 9.14)
where

(581 ifR =,
q(n) = (9.15)

SR <

From (9.13), (9.14) and (9.11) it follows that

o0
. 2
Y Elx+ 0| <cll®. =1, (9.16)
j=0
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and also
2
E[x(]” <cillol®,  t=1. (9.17)

From (9.17) we see that the trivial solution of (9.1), (9.2) is mean square stable.
From (9.16) it follows that the solution of (9.1) and (9.2) is uniformly mean square
summable and therefore asymptotically mean square quasitrivial. So, the trivial
solution of (9.1) and (9.2) is asymptotically mean square quasistable. Theorem is
proven. O

Remark 9.4 1f the conditions of Theorem 9.1 hold and A < 1 (A is defined in (9.3))
then the trivial solution of (9.1) and (9.2) is asymptotically mean square stable. In
fact, via (9.1)—(9.4) for ¢ > ty we obtain

E|x()]” =E|ai(t — 7, x(t = 1), x(t =T —h1), x(t =T — ), ...)

tar(t — T, x(t — 1), x(t =T —h1), x(t — T —ha), .. )ED|

2
ZE|a1(t —T,x(t—1),x(t—T1—h)),x(t — T —hz),...)|2
=1

2 00
< Z(a10E|x(t — 1:)|2 + Zale|x(t —T— h,-)|2>
=1

Jj=1

<A sup Elx(s)|. (9.18)

s<t—T1
Repeating inequality (9.18) we obtain
Elx)]’ < A1 )g1%, 1 =1, (9.19)
where ¢ (¢) is defined by (9.15). Via A < 1 and lim;_, 5, ¢ (t) = 0o we have
. 2
lim E[x(1)|" =0
1—>00

for each initial function ¢. So, the trivial solution of (9.1) and (9.2) is asymptotically
mean square stable.

Remark 9.5 If the conditions of Theorem 9.1 hold then the solution of (9.1) for each
initial function (9.2) is mean square summable and mean square integrable. In fact,
summability follows from (9.16). Besides integrating (9.12) from t =9 tot =T,
by virtue of (9.10) we have

T T
/ E(V(t+1) - V(t))dtf—cz/ E|x(n)|* dr
4]

fo
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or

T+t to+7 T 2
/ EV(z)dz—/ EV(t)dtf—cz/ E|x(®)|"dr.
T

to Io
From this and (9.14) and (9.11) it follows that

fp

T 2 o+t
c2/ E|x()] dtg/ EV(t)dtg/ EV(s)ds <c1t||¢? < o0
0]

fo I0—7

and by T — oo we obtain (9.9).

Corollary 9.1 Let there exist a functional V(t) = V(¢t,x(),x(t — hy),x(t —
h»),...) and positive numbers cy, c2, such that the conditions (9.11), EV(¢) >
02E|x(t)|2 and EAV (t) <0 hold. Then the trivial solution of (9.1) is mean square
stable.

Corollary 9.2 Let there exist a nonnegative functional V(t) = V(t,x(t),x(t —
h1), x(t —h2), ...), which satisfies the conditions (9.11) and EAV (t) = —cE|x(1)|?,
t > to. Then the inequality ¢ > 0 is the necessary and sufficient condition for asymp-
totic mean square quasistability of the trivial solution of (9.1).

Proof A sufficiency follows from Theorem 9.1. To prove a necessity it is enough to
note that if ¢ < 0 then

]
D EAV(t+ j1)=EV(+it)—EV() >0
j=0
or EV(t +it) > EV(t) > 0. It means that the trivial solution of (9.1) cannot be
asymptotically mean square quasistable.

From Theorem 9.1 and Corollaries 9.1, 9.2 it follows that an investigation of
stability of the trivial solution of (9.1) can be reduced to the construction of appro-
priate Lyapunov functionals. Below some formal procedure of the construction of
the Lyapunov functionals for an equation of the type of (9.1) is described. U

9.1.2 Formal Procedure of the Construction of the Lyapunov
Functionals

The proposed procedure of the construction of the Lyapunov functionals consists of
four steps.

Step 1. Represent the functionals a; and aj at the right-hand side of (9.1) in the
form

ar(t,x(0), x(t —h1),x(t — h2), ...) = Fi(t) + F2(t) + AF3(0),

(9.20)
ar(t, x(1), x(t —h1),x(t —h2),...) = G1(t) + Ga(1),
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where

Fi(t)=F(t,x(0), x(t = hy), ..., x(t — hy)),
Fi()=Fj(t,x(t),x(t —h1),x(t —h2),...), j=2,3,
Fi1(t,0,...,0) = F(t,0,0,...) = F3(t,0,0,...) =0,
Gi()=G(t,x(@0), x(t —hy),...,x(1 —hyp)),
Ga(t) = Go(t,x(1), x(t — hy), x(t —h2), ...),
G1(t,0,...,0)=G2(£,0,0,...) =0,
k > 0is a given integer, AF3(t) = F3(t + 1) — F3(¢).

Step 2.  Suppose that for the auxiliary equation

y(t+r):Fl(t,x(t),x(t—hl),...,x(t—hk))
+Gi(t, x(0), x(t —hy),....x(t —h))§(+71), t>1—71, (9.21)

there exists a Lyapunov functional v(t) = v(¢, y(¢), y(t — h1), ..., y(t — hy)), that
satisfies the conditions of Theorem 9.1.

Step 3.  Consider Lyapunov functional V (¢) for (9.1) in the form V (r) = V1 (¢) +
Va2 (1), where the main component is

Vi) =v(t, x(t) — F3(1), x(t — hy), ..., x(t — hy)).

It is necessary to calculate EA V] (¢) and in a reasonable way to estimate it.

Step4. Inorder to satisfy the conditions of Theorem 9.1 the additional component
V> (t) is chosen by some standard way.

Note that some standard way for construction of additional functional V, allows
to simplify the fourth step of the procedure and do not use the functional V; at all.
Below corresponding auxiliary Lyapunov type theorems are considered.

9.1.3 Auxiliary Lyapunov Type Theorems

The following theorems in some cases allow one to construct Lyapunov functionals
with conditions that are weaker than (9.12).

Theorem 9.2 Let there exist a nonnegative functional Vi(t) = Vi(t,x(t), x(t —
hy), x(t — hy), ...), which satisfies the condition (9.11) and the conditions
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N(t)

j=1 (9.22)

t+h
N@®)=|——| A@,s>0, s=<t, t>1,
T

a+b<0, —supZA(t—i-]r 1. 9.23)

t>1o =1

Then the trivial solution of (9.1) and (9.2) is asymptotically mean square qua-
sistable.

Proof According to the procedure of the construction of the Lyapunov functionals
described above, let us consider the functional V (¢) in the form V(¢) = Vi(t) +
Vo (1), where V() satisfies the conditions (9.22) and (9.23) and

N(t)

Va(t) = Z]x(t —mt)| Z t+(j —m)r,t—mt).

Note that N(t + t) = N(¢) + 1. So, calculating EAV,(¢), we obtain

N()+1
EAV()= Y Elx(t+7—mn)|’

m=1

e

X A(t—l—f+(j—m)r,t+r—mr)—EVz(t)
j=m
N()+1
—E|x()|? ZA(t+jr D+ > Elx@+t—mo)l
j=1 m=2

Alt+74+(j—m)t,t + 7 —mt) —EV,(1)

.gg

~
Il
3

N()

—E|x()|? ZA(: +jnn+ Y Elx(t — ko)

j=1 k=1

x Z Alt+(j =K1t —kt)
j=k+1
N
- ZE|x(t —mr)| Z (t+ (—m)T,t —mr)
N
=E|x0)|’ ZA(H—]I D~ Y AG.t —mE|x(t —mo)[”.

j=1 m=1
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From this and (9.22) and (9.23), for the functional V (¢r) = V| (t) + Va(t) we get
EAV (1) < (a + b)E|x(1)|2. Together with (9.23) this inequality implies (9.12). So,
there exists the functional V (¢), that satisfies the conditions of Theorem 9.1, i.e.
the trivial solution of (9.1) and (9.2) is asymptotically mean square quasistable. The
theorem is proven. g

Theorem 9.3 Let there exist a nonnegative functional V(1) = V(t,x(t), x(t —
h1),x(t — hy), ...), that satisfies the conditions (9.11) and
2

EAV(1) <aE|x()]* +bE|x(t —k)[*, 1 >10, (9.24)

where k is a positive integer. If the solution of (9.1) and (9.2) is uniformly mean
square bounded but is not uniformly mean square summable then

a+b>0. (9.25)
Proof Rewrite (9.24) for t + jT witht > 19, j =0, 1,...,ie.
EAV(t+j1) 5aE|x(t+jr)|2 + bE|x (1 + (j —k)r)|2. (9.26)
Summing (9.26) from j =0to j =i + k, we obtain

EV(t+(G+k+D1)—EV(@©)

i+k i+k
<a) Elxt+jol +5 Elxt+( - b
j=0 j=0
i+k i -1
=a Y Elx(t+jo) + 0> Elx¢+ 0 +5 Y Elx¢+ jn)|
j=0 Jj=0 j=—k
i i+k -1
=@+b Y Ex¢+ o) +a Y Ext+j0+b Y Elx+jo.
Jj=0 j=i+l j=—k
From this and V () > 0 it follows that
i i+k
~@+b) Y Elxt+jol <EV@® +a Y Elxt+ )0
j=0 j=i+l

-1
+b > Elx@+ 0,
j=—k

t>10. (9.27)
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Consider ¢ € (o — 7, fp]. Since the solution of (9.1) and (9.2) is uniformly mean
square bounded, i.e. E|x(¢)|> < C, then using (9.11) and (9.2), we have

~@+b) Y Elx(t + jo|* <cillg)? +k(1alC +16116]?) < co.
j=0

Let us suppose that (9.25) does not hold, i.e. a + b < 0. Then the condition (9.8)
holds, i.e. the solution of (9.1) and (9.2) is uniformly mean square summable, and we
obtain a contradiction with the condition of Theorem 9.3. Therefore, (9.25) holds.
The theorem is proven. O

Corollary 9.3 Let there exist a nonnegative functional V(t) = V(t,x(t),x(t —
h1),x(t — hy), ...) that satisfies the conditions (9.11) and (9.24) and

a+b<0. (9.28)

Then the solution of (9.1) and (9.2) is either mean square unbounded or uniformly
mean square summable.

Corollary 9.4 Let there exist a nonnegative functional V(t) = V(t,x(t),x(t —
h1), x(t —hy), ...), that satisfies conditions EV (t) < c| sup,, E|x(s)|%, t > to, and
(9.24). If the solution of (9.1) and (9.2) is uniformly mean Equare bounded but is
not mean square integrable then the condition (9.25) holds. If the condition (9.28)
holds then the solution of (9.1) and (9.2) is either mean square unbounded or mean
square integrable.

Proof Integrating (9.24) from t =g tot = T, we have

T T+t +T
/ EAV(t)dt = / EV(t)dr — / EV(¢)dr
0 T

fo

—KT

T ) T—kt 5
sa/ E|x()] dt+b/ E|x ()| dt
fo 0]

r 2 fo 2
=(a+b)/ E|x()| dt+b/ E|x(®)|" dr
) 1

()—k‘[
T 2
—b/ E|x()| dr.

T—kt

Using V(¢) > 0 and (9.2), we obtain
T 2
—(a +b)/ E|x ()| dr
fo

o+t ) 2 T 5
5/ EV(t)dt+b/ E|x()| dt—b/ E|x(t)| dr
1 kt

0 to—kt T—

< t[eiC+kIbI(I1* +C)].
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The statement of Corollary 9.4 follows from this similarly to Theorem 9.3 and
Corollary 9.3. O

Theorem 9.4 Let there exist a nonnegative functional V(t) = V(t,x(t),
x(t —hy),x(t — hp),...), that satisfies the conditions (9.11), (9.24) and (9.28). If
a > 0 then each uniformly mean square bounded solution of (9.1) is asymptotically
mean square quasitrivial. If a < 0 then the trivial solution of (9.1) is asymptotically
mean square quasistable.

Proof 1t follows from Corollary 9.3 that by the conditions (9.11), (9.24) and (9.28)
each uniformly mean square bounded solution of (9.1) is uniformly mean square
summable and, therefore, it is asymptotically mean square quasitrivial. Let us show
that if a < O then the trivial solution of (9.1) is stable. In fact, if a = 0 then from
(9.28) we have b < 0. So it follows from (9.24) that

EAV (1) < bE|x(1 —k1)|* <0. (9.29)
Rewrite condition (9.29) in the form EAV (t + jt) < bE|x(t + (j — k)1)|, t > 19,
j=0,1,.... Summing this inequality from j =0 to j = k, we obtain
‘ 2
EV(t+(k+ D7) —EV(@©) <b Y Elx(t+(j — k1)
j=0
Therefore,
k
IE[x()|* <161 Y Elx(t + (j — k1) P <EV@®)., 121 (9.30)
=0

It follows also from (9.29) that
EV@H)<EV(t—1)<EV({ —-27)<.---<EV(s), t=>r, (9.3

where s =t — q(t)t € (to — 7, tv]), q(¢) is defined by (9.15). From (9.30), (9.31)
and (9.11) we obtain |b|E|x(1)|> < c1]|¢||%, > to. It means that the trivial solution
of (9.1) and (9.2) is mean square stable.

Let a < 0. If b < 0 then the condition (9.11) follows from (9.24). So, it follows
from Theorem 9.1 that the trivial solution of (9.1) is asymptotically mean square
quasistable. If b > 0 then the condition (9.24) is a particular case of (9.22). It follows
from this and (9.11) and (9.28) that the functional V (¢) satisfies the conditions of
Theorem 9.2 and, therefore, the trivial solution of (9.1) and (9.2) is asymptotically
mean square quasistable. The theorem is proven. g

Corollary 9.5 Let there exist a nonnegative functional V() = V(t,x(t),
x(t —hy), x(t — h2),...), that satisfies the conditions (9.11) and

EAV (1) =aE|x()[]” +bE|x(t —kv)|", b>0, 1> 1.
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Then inequality (9.28) is the necessary and sufficient condition for asymptotic mean
square quasistability of the trivial solution of (9.1).

Proof Sufficiency follows from Theorem 9.4 and necessity from Corollary 9.2. [

Example 9.1 Consider the equation
xt+1)=oax@)+px(t —k)+ox(t —m)E(t+1). (9.32)

In compliance with the procedure of the construction of the Lyapunov functionals
let us consider an auxiliary equation in the form y(t 4+ 1) = ay(¢). If || < 1 then the
functional v(r) = y*(¢) is a Lyapunov functional for this equation, since Av(t) =
Y2+ 1) =y = (@ = Dy ).

Put V1(¢) = xz(t). Calculating EAV/(¢) for (9.32), we have

EAVi(t) = E[x*(t + 1) — x*(1)]
= E[ax(t) + Bx(t —k) +ox(t —m)EE + 1] — Ex2(0)
= (¢? — 1)Ex?(t) + 2aBEx (1)x (1 — k) + B*Ex*(t — k) + o*Ex*(t —m)
< (a2 + |l — 1)Ex*(t) + (|| + B*)Ex*(t — k) + 0 ?Ex*(t —m).
(9.33)

Choosing an additional functional V(#) in the form

k m
Vo) = (laBl+ B2 D_x*(t — )+ 0> Y x>t — ),

j=1 j=1
we obtain

k
EAV (1) = (jeBl + B°) Y E[x*(t + 1 — j) —x*(t — j)]

j=1
+0? Y E[P 41— j)—x*1— j)]
j=1
= (leBl + BP)E[x*(1) — x*(t — k)] + o *E[x*(1) — x*(t —m)]
= (leBl + > + 02 )Ex?(1) — (JaB| + B*)Ex?(t — k) — o*Ex?(t — m).
(9.34)

It follows from (9.33) and (9.34) that if the inequality (Jo| + IB])> + 02 < 1 holds
then the functional V (t) = V() + V,(¢) satisfies the conditions of Theorem 9.1 and,
therefore, the trivial solution of (9.32) is asymptotically mean square quasistable.



240 9 Difterence Equations with Continuous Time

By virtue of Theorem 9.2 the same result can be obtained via the functional
V1(¢) only without construction of the additional functional V5 (¢). In fact, it follows
from (9.33) that the functional V| (¢) satisfies the conditions (9.22) and (9.23) with
a=a’+|af|—1and b= |af| + B% + o2

From Corollary 9.5 it follows that if 8 = 0 then the inequality o> + 02 < 1 is
the necessary and sufficient condition for asymptotic mean square quasistability of
the trivial solution of (9.32). It is easy to show also that if @ = 0 then the inequality
B% + 02 < 1 is the necessary and sufficient condition for asymptotic mean square
quasistability of the trivial solution of (9.32).

Remark 9.6 Suppose thatin (9.1) hj = jr,j=1,2,.... Puttingt =19 +s7, y(s) =
x(to 4+ s7), n(s) = &(tp + st), one can reduce (9.1) to the form

y(s+1):b1(s,y(s),y(s—1),y(s—2),...)
+ba(s, y(5), y(s = D), y(s —2),..)n(s + 1), s>—1, (9.35)
y@)=¢@®), 0<0.

Below, the equations type of (9.35) are considered.

9.2 Linear Volterra Equations with Constant Coefficients

Let us demonstrate the formal procedure of the construction of the Lyapunov func-
tionals described above for stability investigation of the scalar equation

[1]4r (14
X+ D= apxt—j)+ Y opxt—pEE+1), t>-1,
= = (9.36)

x(s)=¢(s), se[-+1),0],

where r > 0 is a given integer, a; and o; are known constants.

9.2.1 First Way of the Construction of the Lyapunov Functional

Following Step 1 of the procedure represent (9.36) in form (9.36) with F3(t) =0,
Gi(1) =0,
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k [t]+r
Pl =) ajxt—j), FRO= ) axt—j, k=0,
j=0 j=k+1
(9.37)
[t]+r
Ga(t)= Y ojx(t— ),
Jj=0
and consider (Step 2) the auxiliary equation
k
Ya+ D= ajy—j), t>-1,k=0,
J=0 9.38)
#(@s), sel=(+1),0]
y(s) =
0, s<—(r+1).

Introduce into consideration the vector Y () = (y(t — k), ..., y(t — 1), y(¢))’ and
represent the auxiliary equation (9.38) in the form

0 1 o ... 0 0
0 0 1 ... 0 0
Yt+1)=AY(@), A=]|... ... e (9.39)
0 0 o ... 0 1
ay Aag—1 Aag—2 ... 41 Qo
Consider the matrix equation
0 ... 0 O
/ _ I
A'DA-D=-U, U= o o ol (9.40)
0 ... 0 1

and suppose that the solution D of this equation is a positive semidefinite sym-
metric matrix of dimension k + 1 with dy41 41 > 0. In this case the function
v(t) = Y/ (t) DY (¢) is Lyapunov function for (9.39), i.e. it satisfies the conditions
of Theorem 9.1; in particular, the condition (9.12). In fact, using (9.39) and (9.40),
we have

Av®) =Yt +1)DY(t+1)—Y' (t)Dy(t)
=Y ()[A'DA-D]|Y(t) =Y \)UY (1) = —y*(1).

Following Step 3 of the procedure, we will construct the Lyapunov functional
V (¢) for (9.36) in the form V (t) = Vi (t) 4+ Va(¢), where

Vi) =X'(ODX (1), X(1)=(x(t —k),...,x(t —1),x(0))" 9.41)
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Rewrite now (9.36) using the representation (9.37)
Xt+1)=AX@®) + B(@),
B(t) = (0, ...,0, b(t))/, b(t)=F1t)+ Ga(t)§(t + 1), (9.42)

where the matrix A is defined by (9.39). Calculating AV (t), by virtue of (9.42) we
have

AVi()=X'(t +)DX (@ + 1) — X' (1) DX (1)
= (AX() + B(1))' D(AX (1) + B(t)) — X' (1) DX (1)

= —x%(t) + B'(t)DB(1) + 2B (1) DAX (1). (9.43)
Put
o (0.¢]
w=Ylajl. &= lojl. 1=0.1,.... (9.44)
j=l j=l

Using (9.42), (9.37) and (9.44), we obtain
EB'(t)DB(t)
= dit1.4+1ED* (1)

= di 1 i1 E[Fa(0) + Ga(E(t + D] = diy1 o1 [EF2() + EG3(1)]

[t]+r 2 [t]1+r 2
=dk+1,k+1[E( > ajxa—j)) +E<Zajx<r—j>) }

j=k+1 j=0
[t]+r [t]+r
< dit1 k1 [akﬂ Y laj[Bx( — j)+80 Y loj|Bx?(t — j)}. (9.45)
j=k+1 j=0
Since
dy k+1 x(t—k+1)
k1 x(t —k+2)
DB(t) =b(t) , AX(t) = ,
di k+1 x(t)
di+1,k+1 an=0 amx(t —m)
then
EB'(t1)DAX (1)

k k
=Eb(1) [Z di 12 (0 = k1) +dist et Y amx(t = m)}

=1 m=0
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k-1
=Eb(1) |:Z(amdk+1,k+l + di—m k)X (1 —m) + agdpy 1 k4151 — k)}
m=0

k
=dis1 k1 EFR2(0) Y Qunx(t —m), (9.46)

m=0
where

di—
Qtm =t + —=4 =0, k-1, Okk = aj. 9.47)
At 1,541

Putting

k mk+1

am +
dk+1 k+1

(9.48)

k
= 10km| = lax| + Z
m=0

and using (9.46), (9.37), (9.44) and (9.48), we obtain

2EB'(t)DAX (1)
k  [t]+r

=2jp1 441 ), Y, QumaEx(t —m)x(t — j)

m=0 j=k+1

ko [t]+r

<diriit Y, Y 1Qwmllajl(Ex>(t —m) + Ex*(t — j))

m=0 j=k+1

[t]+r
<dpi1 k1 Z |ka|<ak+1Ex t—m)+ Y laj|Ex (t—;))

m=0 Jj=k+1

[t]+r
=di 1, kH(akHDQkMEx (t—m)+B Y laj|Ex (t—;)) (9.49)

m=0 Jj=k+1
Now put
1) , 0<m<k,
Ry = 1] Qkm| + Solom| <m=< 9.50)
(@k+1+ Bi)lam| + dolom|, m > k.
Then from (9.43), (9.45) and (9.49) it follows that
[t]+r
EAVI(1) < —Ex*(0) +di1i1 ) RienBa®(t —m). (9.51)

m=0
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It means that the functional V(¢) satisfies condition (9.22). It is easy to see that
condition (9.11) holds too. So, via Theorem 9.2 if

oo
vodiriir1 <1, =) R, (9.52)

then the trivial solution of (9.36) is asymptotically mean square quasistable.
Using (9.52), (9.50) and (9.48), transform yy in the following way:

k

Z kj+ Z Rkj

j=0 Jj=k+1

k [e'9)

= (or11Qijl +80loj1) + D ((@wr1 + Bolajl + dolol)
j=0 j=k+1

= gy 1 B + (g1 + Baks1 + 8% = 0‘1%+1 + 20441 B + 83
Thus, if

Oy + 2001 B+ 8 < di iy (9.53)

then the trivial solution of (9.36) is asymptotically mean square quasistable.
Note that the condition (9.53) can also be represent in the form

Q41 < \/ﬂk +d k+1 k+1 — 8 — B (9.54)
Remark 9.7 Suppose that in (9.36)
aj=0, j>k. (9.55)
Then o441 = 0 and the condition (9.53) takes the form

8 <d)

k+1k+10 (9.56)

So, if the condition (9.55) holds and matrix equation (9.40) has a positive semidefi-
nite solution D with the condition (9.56), then the trivial solution of (9.36) is asymp-
totically mean square quasistable.

Remark 9.8 Suppose that in (9.36) condition (9.55) holds and o; =0, j # m, for
some m > 0. In this case a1 =0, 83 = 02 and from (9.43), (9.45) and (9.49) it
follows that

EAV)(t) = —Ex?(t) + diy 1 k1102 Ex>(t —m).

Via Corollary 9.5 the inequality di 41 k+1 an% < 1 is the necessary and sufficient con-
dition for asymptotic mean square quasistability of the trivial solution of (9.36).



9.2 Linear Volterra Equations with Constant Coefficients 245

Remark 9.9 From (9.36) and (9.44) it follows that (9.36) satisfies condition (9.3)
with A = o 4 8. So, via Remark 9.4 if

ad+85<1 (9.57)

then the trivial solution of (9.36) is asymptotically mean square stable.

9.2.2 Second Way of the Construction of the Lyapunov Functional

Let us find another stability condition. Equation (9.36) can be represented (Step 1)
in form (9.20) with F>(t) = G1(t) =0, k =0,

Fi(t)=px(t), B=) aj.

9.58
liltr [1]4r ©.58)

F3(1) = — Zx(t —m) Za,, Gty =Y ojx(t — j).

=0
In fact, calculating A F53(t), we have

[t]+14r

00 [t]+r 00
AF5(t) = — Z x(t+1—m)Zaj+ Zx(t—m)Zaj
j=m m=1 Jj=m

m=1

[t]+r [t]+r

——Zx(t—m) Z a]—i—Zx(t—m)Za]

Jj=m+1

[t]+r

= —x(t)Za/ + Z x(t —m)ay,.

Thus,
x4+ 1D =Bx@)+AF@) + G2(t)E®). (9.59)

In this case the auxiliary equation (Step 2) is y(r + 1) = By(¢). The function
v(r) = y2(1) is Lyapunov function for this equation if |8]| < 1. Consider (Step 3)
the Lyapunov functional Vi () = (x(t) — F3(1))>. Calculating EAV/(¢), by virtue
of the representation (9.59) we have

EAV () =E[(x(t +1) = F3(t + D)’ = (x() — F3(0)’]

= E[(Bx(1) — F3(t) + G2 (DED))” = (x(1) — F3(1))’]
= (B2 = DEx*(1) + Q(1),
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where
Q1) = —2(8 — DEx(1) F3(1) + EG3(1).
Putting

, By =|8—1| + 800, (9.60)

o0
>4

j=m

o0
>4
j=m

and using (9.58) and (9.44), we obtain

m=1

[t]+r| oo [t]+r 2
o] <2111 D> aj[E[x()x(t —m) +E<Z ojx(t —J))
m=11j=m j=0
[t]+r| oo
<1B-1| Z Za] (Ex?(t) + Ex*(t —m))
m=11j=m
[t [tr
+ Z o1 Y 1o [Ex*(t — j)
j=0
[t]+r
< («lB = 1]+ 8000)Ex*(t) + Y BuEx*(t —m).
m=1
As a result we have
[t]+r
EAVI() < (B> — 1+ alB — 1|+ 8000)Ex*(t) + Y BuEx*(t —m).
m=1
Via Theorem 9.2 and (9.60) and (9.44) if
B> +2a|B—1|+8% <1 9.61)

then the trivial solution of (9.36) is asymptotically mean square quasistable.
It is easy to see that the condition (9.61) can be written also in the form

8%<(1—,3)(1+,B—2oz), Bl < 1. (9.62)

9.2.3 Particular Cases and Examples

Consider the particular cases of condition (9.53) (or (9.54)) for different k > 0.

Casek =0 Equation (9.40) gives the solution dj; = (1 —a?) ™!, which is positive
if |ag| < 1. From (9.48) it follows that 8o = |ag| and the condition (9.53) takes the
form (9.57). So by k = 0 the condition (9.53) is a sufficient condition for asymptotic
mean square stability of the trivial solution of (9.36).
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Case k =1 The matrix equation (9.40) is equivalent to the system of equations
atdy —d =0,
(a1 — Dd12 + apardy =0,
di1 + 2aodi2 + (ag — l)dzz =—1

with the solution
aody
1 —a

2
dn =ayda, dip = da,

i —a (9.63)

T Atanld—an?—ad]

The matrix D is positive semidefinite with d»; > 0 by the conditions |a;| < 1, |ag| <
1 —ap. Using (9.48) and (9.63), we have

dx

din apaj laol
Bi=lail +|ao + ——|=lail + |ao + =lai| + ,
d» 1—ap 1—ap
: (9.64)
—1 2 2 +aj
dyy =1—aj —aol_al.
Condition (9.54) takes the form
jaoar | \* o, Jaol
a < 1+ =&y — la1l = . (9.65)
1—a 1 —a
Under condition (9.65) the trivial solution of (9.36) is asymptotically mean square
quasistable.
Note that the condition (9.65) can be written in the form
2|a
d+8i<1+ 1 | Z' (la1] — aoar). (9.66)
—a

It is easy to see that the condition (9.66) is not worse than (9.57).

Case k =2 The matrix equation (9.40) is equivalent to the system of equations

a§d33 —d;1 =0,
axdiz + ajaxdsz — dip =0,
axdys + apardsz — d13 =0,
) (9.67)
di +2a1diz +ajdzz — dn =0,
di2 +aopdi3 + apardss + (a; — 1)drz =0,

da + 2apdr3 + (a(z) —1)dy3=—1



248 9 Difterence Equations with Continuous Time

with the solution

dyy = a3ds;,
iy — ax(1 —ai)(a1 + apaz)
1l —ay—ax(ag+az)
d az(ap + a1az)
13=

"~ l—a) —ax(ap+az) 3
2aiaz(ag + ajap) :| (9.68)
l—ay—axao+ay) | ™

dy = |:a]2 —i—a% +

_ (ap +az)(a1 + apaz)

d - 9
3 1 —a; —ax(ap+az) ™

-1
s = [1 S S ,d142(a0 + a1a2) + do(a + a2) (a1 +aoaz)} .
I —a) —ax(ao + a2)

Using (9.48), (9.67) and (9.68), we have

d3 diz |d13] + |d12]
B2 = laz| + ao+—’+’al+— =|a| + ——F"—
ds3 ds3 laz|d33
ao +ajaz| + |(1 —ayp)(a; + apa
=|a2|+| o +araz| + |( V(a1 + ao 2)|. 9.69)

[l —a; —ax(ap + a2)]

If the matrix D with the elements defined by (9.68) is positive semidefinite with
ds3 > 0, then under the condition

w3 </ B3 +dy; — 82— po. (9.70)
the solution of (9.36) is asymptotically mean square quasistable.

Example 9.2 Consider the difference equation

xt+D)=ax@®)+bx(t—1)4+ox(t—1DEE+1), t>-—1,
x(0)=¢®), 06¢e[-2,0].

9.71)

From the conditions (9.57) and (9.65) follow two sufficient conditions for asymp-
totic mean square quasistability of the trivial solution of (9.71):

(lal+1b])’ +0% <1 (9.72)
and

2 2 a’
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b

i
I
1
I
1
|

Fig. 9.2 Quasistability regions for (9.71), given for c2=0 by the conditions: (/) (9.72), (2) (9.73),
(3) (9.74)

Condition (9.70) for (9.71) coincides with (9.73). Condition (9.62) takes the form
o’ <1 —a—-b)(1+a+b-2bl), la+bl <l (9.74)

As follows from Remark 9.9, condition (9.72) is also a sufficient condition for
asymptotic mean square stability of the trivial solution of (9.71). From Remark 9.8
it follows that the condition (9.73) is a necessary and sufficient condition for asymp-
totic mean square quasistability of the trivial solution of (9.71).

In Fig. 9.2 the regions of asymptotic mean square quasistability, given by the
conditions (9.72) (curve number 1), (9.73) (curve number 2) and (9.74) (curve num-
ber 3), are shown for o2 = 0. In Fig. 9.3 a similar picture is shown for 62 = 0.2.

In Fig. 9.4 the solution of (9.71) is shown for o2 =0and ¢(0) =cos20 — 1 inthe
point A(—0.5, —0.9), which belongs to the stability region. In Fig. 9.5 the solution
of (9.71) is shown for 02 = 0 and ¢ () = 0.05co0s26 in the point B(—0.5,0.6),
which does not belong to the stability region. The points A and B are shown in
Fig.9.2.

Example 9.3 Consider the difference equation

[t]4r
x(t+D=ax®)+ Y blx(t—j)+ox(t—rEt+1), t>-1,
j=1

X@)=¢@®), 6e[-0+1),0], r=0.

(9.75)
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-1

Fig. 9.3 Quasistability regions for (9.71), given for 62 = 0.2 by the conditions: (/) (9.72),
(2)(9.73), (3 9.74)

From the condition (9.57) and Remark 9.9 it follows that the inequality

bl \*
|a|+1—|b| +o2<1, |bl<l, (9.76)

is a sufficient condition for asymptotic mean square stability of the trivial solution
of (9.75).

Condition (9.65) gives a sufficient condition for asymptotic mean square qua-
sistability of the trivial solution of (9.75) in the form

b2 lab| \? lal
1 — 02— |b| - . bl <1. 9.77
1_|b|<\/(+1_b) o2 —|bl = . bl < (9.77)

From (9.68)—(9.70) we obtain another sufficient condition for asymptotic mean
square quasistability of the trivial solution of (9.75)

b3 N 1,
la + b3 + (1 —b)|b(1 + ab)|
—p? ;
b= T T b

b*(a +b3) +a(a + b*)(1 + ab)
1—b—b%(a+b?)

(9.78)

dy =1—a®>—p*—b*—2b
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Fig. 9.4 Stable solution of (9.71) in the point A(—0.5, —0.9)

%
———=

(4]

[y
T

i
-1

2

I
|
I
1
T
1
I
I
|
1
1
|
I
1

Fig. 9.5 Unstable solution of (9.71) in the point B(—0.5, 0.6)
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By virtue of the program “Mathematica” the matrix equation (9.40) was solved
and a sufficient condition (9.54) for asymptotic mean square quasistability of the
trivial solution of (9.75) was obtained also for k = 3 and k = 4. In particular, for
k =3 this condition takes the form

\/ 3 44 3, | | ’

. ] (9.79)
= b3 + 4+‘b+ﬁ+b2+i‘
| | daa daa daa
where
D _ 3053 455 — B8 4 a(l— b + 616
daa
324 _b2[ 2b+b2+b5_bﬁ_b8+a(1+b4+b6)]G—l
44
jﬁzb[b2+a3b2+b4—b7+a2(b+b4)+a(1+2b3+b5—b("—bg)]G",
44

du = G[1 —b—b>—a'b? —2b* + 20" — 2% +-2b° — b'° — p'2 + b1?

— b+ — &P (0 +0°) —a?(1+b+5b" — b+ — 267 — 1°)

—ab*(1+4b—b* + 50> = b* +b° —46° + 467 — b0 4+ b')] 7,

G=1-b—ab*— (1+a*)b’ = b* —ab’ —b° +b" +1°.
Condition (9.62) for (9.75) takes the form

ol <(I-p1+p-2a), [Bl<]1,
|b| b bl <1 (9.80)

In Fig. 9.6 the regions of asymptotic mean square quasistability of the trivial
solution of (9.75) for o2 = 0 are shown, obtained by the condition (9.54) for k = 0
(condition (9.76), curve number 1), for k = 1 (condition (9.77), curve number 2),
for k = 2 (condition (9.78), curve number 3), for k = 3 (condition (9.79), curve
number 4), for k =4 (curve number 5) and also obtained by the condition (9.80)
(curve number 6). In Fig. 9.7 a similar picture is shown for o2 = 0.5.

As is shown in Fig. 9.6 (and naturally it can be shown analytically) if o =0
then for b > 0 condition (9.76) coincides with the condition (9.77) and for a > 0,
b > 0 the conditions (9.76)—(9.79) give the same region of asymptotic mean square
quasistability, which is defined by the inequality

b
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h M
|
1

Fig. 9.7 Quasistability regions for (9.75), given for o2 = 0.5 by different conditions

Note also that the region of asymptotic mean square quasistability Qy of the
trivial solution of (9.75), obtained by condition (9.54), expands if k increases, i.e.
Q0 C Q1 C 02 C Q3 C Q4. So, to get a greater region of asymptotic mean square
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quasistability one can use the condition (9.54) for k =5, k = 6 etc. But it is clear
that each region Qj can be obtained by the condition |b| < 1 only.

To obtain a condition for asymptotic mean square quasistability of the trivial
solution of (9.75) of another type transform the sum from (9.75) for # > 0 in the
following way:

4 [1+r (r-1+r
S bixt—j=bY b 'xt—j)=b Y bix@t—1-)
j=1 j=1 j=0
[t]—14+r .
:b(x(t—l)+ > bfx(t—l—j)>
j=1

=b[(l—a)x(t =) +x(t) —ox(t — 1 —r)é&®)]. (9.81)
Substituting (9.81) into (9.75) we obtain (9.75) in the form

r—1
x(t+ D =ax()+ Y blxt—j)+oxt—r)E@t+1), te(=1,0],
j=1
xt+1D)=@+b)x)+b(l—a)x(t—1)
—box(t—1—-r)§@)+ox(t—r§@+1), t>0.

(9.82)

Equation (9.82) can be considered in the form (9.1) withfgp =1, 7 =1,
ar=@+b)x(t)+b(1 —a)x( —1),
ap = (—box(t —1—r),ox(t— r)) e R!*?

and perturbations (£(r), £(t + 1))’ € R%.
Consider now the functional V;(¢) in the form (9.41) where k = 1 and the matrix
D is defined by (9.63) with

apg=a-+>b, a; =b(1 —a). (9.83)
Via (9.83) the matrix D is positive semidefinite with dy> > 0 if and only if
b1 —a)| <1, la+bl<1—b(1—a). (9.84)

For (9.82) similarly to (9.43) with A and X (¢) defined by (9.39) and (9.41) for
k =1 we obtain

AV(t) = —x2(t) + B'(t)DB(t) + 2B (1) DAX (1)
with

B(t)=(0,b()), b(t)=o0x(t —r)E@t +1) —box(t — 1 —r)E@).
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Similarly to (9.45) we have
EB'(t)DB(t) = dnEb*(t) = dpo*(Ex*(t — r) + b*Ex?(1 — 1 —r)).
Similarly to (9.46) we obtain
EB'(t)DAX (1)
=Eb'(1)[(aoda2 + d12)x (1) 4+ ardapx(t — 1)]
=E[ox(t — )&+ 1) —box(t — 1 —r)E@)]
x [(aod2 + d12)x (1) + ardanx(t — 1)]
= —bo (apdxn + d12)Ex(t — 1 —r)&(t)x(2).

From (9.82) it follows that E(§(¢)x(¢)/S:) = ox( — 1 —r). So,
EB'(1)DAX (1) = —bo*(agdyy + di2)Ex?(t — 1 —r),

and by virtue of the representation (9.63)

bolayd
EB'(1)DAX (1) = — 2 2022 p 2 _1_ 1),
As a result we obtain

EAVi(t) = —Ex*(t) + o 2dn[Ex*(t —r) + yEx*(t — 1 — )], (9.85)

where, using the representation (9.83),

ap 9 a+b

=b>—2b =b> 22— 9.86
4 1—a 1—b(1—a) (©-86)

Note that by the condition (9.84) y > —1. In fact, using (9.86) and (9.84), we
have

la + b|

1>b*—20p|—————
y+1> ||1—b(1—a)

+1>b2—2/b|+1=(1—1b])>>0.

Similarly to Corollaries 9.2 and 9.5 from (9.85) it follows that if y > 0 then the
inequality

oldp(1+7y) <1 (9.87)

is the necessary and sufficient condition for asymptotic mean square quasistability
of the trivial solution of (9.82) (or (9.75)).

Besides via Theorem 9.2 from (9.85) it follows that if y € (—1, 0) then the in-
equality

oldy <1 (9.88)



256 9 Difterence Equations with Continuous Time

is a sufficient condition for asymptotic mean square quasistability of the trivial so-
lution of (9.82) (or (9.75)).

Let us now consider the case

1
ye(=1,0), 1<oc’dy<——: (9.89)
14+y

Lemma 9.1 By the condition (9.89) each uniformly mean square bounded solution
of (9.82) is asymptotically mean square quasitrivial.

Proof In fact, putting in (9.85) ¢ + j instead of ¢ and summing it from j =0 to
Jj =1 we have

EVit+i+1)-EVi()

=—ZEx2(t+j)

Jj=0
i i
+02d22 ZExz(t +j—r) +02d22y ZExz(t +j—1—r).
j=0 j=0
From this via Vi(t +i + 1) > 0 and y € (—1, 0) it follows that

i i —1
D Ex*(t+j) <EVi() +0%dyn Y Ex*(t+j)+o’dn Yy Ex*(t+ )
j=0 j=0 j=—r

i i
+02d22<3/ Y ECCH N+ Y Exz(t+j)>
j=0 j=i-r
or

(1= 0%dn(1+y)) Y "Ex*(t + j)
j=0

-1 i
<EVi(t) +02d22( dSOECG+ )+ Y ExPe+ j)).
j=—r j=i—r
If the solution of (9.82) is uniformly mean square bounded, i.e. Ex2(¢) < C, then
o0
(1—02dn(1+y)) Y Ex*(t + j) <EVI(t) +20%dn(r + 1)C
j=0

and therefore lim_, oo Exz(t + j) =0 for each # > 0. The proof is completed. [
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Fig. 9.8 Regions for (9.75) for o2 = 0.2: (I) {y = 0,0%dn(l +y) <1}, 2) {y €
(—=1,0),0%dy <1}, 3) {y € (=1,0), 1 <02dn < (1+y)'}

So, in the regions {y > 0,02%d»n (1 +y) < 1} and {y € (—1,0), 0%d»n < 1} the
trivial solution of (9.75) is asymptotically mean square quasistable. In the region
{y € (=1,0),1 <02%d» < (1 +y)~'} we can conclude only that each uniformly
mean square bounded solution of (9.75) is asymptotically mean square trivial. In
Fig. 9.8 all these regions are shown for c2=0.2: D {y =0, 02d22(1 +y) < 1},
D {y e(=1,0),0%dn <113 {y e (~1,0), 1 <odn < (1+y)7}.

In Fig. 9.9 the regions of asymptotic mean square quasistability of the trivial
solution of (9.75) for 02 = 0.2 are shown, obtained by the condition (9.54) for k =0
(condition (9.76), curve number 1), for kK = 1 (condition (9.77), curve number 2),
for k = 2 (condition (9.78), curve number 3), for k = 3 (condition (9.79), curve
number 4), for k = 4 (curve number 5) and also obtained by condition (9.80) (curve
number 6) and condition (9.87) (curve number 7). It is easy to see that some part
of the region {y € (—1,0), 1 < o2dy < (1+y)~ 1) belongs to the regions given
by the condition (9.54) and therefore the trivial solution of (9.75) is asymptotically
mean square quasistable. In Fig. 9.10 by virtue of the condition (9.84) a similar
picture is shown for 62 = 0.

In Fig. 9.11 the trajectory of (9.75) is shown for r = 1, 62 =0 and ¢(0) =
0.8 cos 6 in the point A (0.6, —2.3), which belongs to the stability region. In Fig. 9.12
the trajectory of (9.75) is shown for r = 1, 02 = 0 and ¢(8) = 0.1 cos 6 in the point
B(0.54, —2.3), which does not belong to the stability region. The points A and B
are shown in Fig. 9.9.
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Fig. 9.9 Quasistability regions for (9.75), given for o2 = 0.2 by different conditions

Fig. 9.10 Quasistability regions for (9.75), given for o> = 0 by different conditions
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4 2 / f’{f e .,
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Fig. 9.11 Stable solution of (9.75) in the point A (0.6, —2.3)

ir;rr’ (ol ’[f’ﬂf[ff [f’[ [(’ f

Fig. 9.12 Unstable solution of (9.75) in the point B(0.54, —2.3)
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9.3 Nonlinear Difference Equation

9.3.1 Nonstationary Systems with Monotone Coefficients

Consider the scalar difference equation

[t]+r

X(t+D ==Y al,)f(x@—))

Jj=0

[r1+r (9.90)
+ ) ot el —N)EC+D, t>-1,

j=0
x(s)=¢(s), se€ [—(r + 1), 0],

where the functions f(x), g(x) and the stochastic process &(¢) satisfy the conditions

0<e<?Pcer w20, g <ell,
x (9.91)
E£G+1)=0, E&@+D=1, >-1.
Put
[t]4+r
F(t,j,a,0)=a(t, )] Y_ |o@, k), (9.92)
k=0
1 o0
Ga,0)=2sup) (F+j ja,0)+Ft+j j,0.0). (993
>0 ",
=Y j=0

Theorem 9.5 Let the coefficients a(t, j), o (¢, j),t > —1,j=0,..., [t]+r, satisfy
the conditions

a(t, j)=>a(t, j+1)>0, (9.94)
a(t+1,j+ ) —at+1,j)—at, j)+a(t, j—1)>0, (9.95)
a= sup (a(t+1,0)+a(t,0) —a(t + 1, 1))

t>—1

<2|:l — C—3<C3G(050)+ 62;6‘1 G(a70)>i| (996)

c2 1

(here and everywhere below it is supposed that a(t,—1) = a and a(t, j) = 0 for
J > [t]+ r). Then the trivial solution of (9.90) is asymptotically mean square qua-
sistable.

For proving this theorem we will need in the following lemma.
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Lemma 9.2 Let () is a scalar §;-measurable process that satisfies the condition
O<ci=n®) = (9.97)
and &(t) is a §:-measurable stationary stochastic process that satisfies condi-

tion (9.4). Then

E[n( + DE+ D] < 2 ; “a, (9.98)

Proof Put ;" ={w:&(t +1,0) >0}, 2, = {w:&(t + 1, ) < 0}. Let P, be the
measure corresponding to the conditional expectation E,. Therefore,

E/[n(t+ D&+ 1]

:/ nit+1,w)é( + 1, w)P; (dw)
2

:/ n(t+1,w)é(t+1,w)P,(dw)+/ nit+1,wéE + 1, w)P;(dw)
ot .

t t

gcz/ g(t—i-l,w)P,(dw)—i—cl/ Et+ 1, 0)P;(dw).
oF 27
Using (9.91), we have
EIS(t+1):/ S(t—l—l,a))P,(dw)—i—/ Et+ 1, 0)P;(dw) =0.
oF Q7

So,

/ E(t + l,a))P,(da)):—/ é(t—i—],w)P,(dw):f £ + 1, )| P (dw)

o QF QF

and

E |6+ 1)| = /mé(ﬂr 1, 0)P; (dw)

+f £t + 1, 0) [P (dw) = 2/ E(t+ 1, w)P,(dw).
(oh [oh)
Therefore, by virtue of (9.91)

E/[n(t+ DEC+ D]

=(c2— Cl)/ £+ 1, 0P (dw)
2

€2 —C €2 —C1 €2 —C1
= E &+ 1| < T,/15,.52@ +h=——.
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Similarly
E,[n(t + D&t + l)] > ¢ / . Et+1, w)P/(dw) +C2/ Et+1, w)P;(dw)
Q[ Ql7

L Cg e+ 1)

= (c1 —62)/ £+ 1, 0)P(dw) =
2

cl —C cl —C
> E&2t+1)= .
== 1§21+ 1) 3

Thus, (9.98) is true. The proof is completed. |

Proof of Theorem 9.5 1t is enough to construct for (9.90) Lyapunov functional V (¢)
that satisfies the conditions of Theorem 9.2. Put V (¢) = V| (¢) + V2(¢), where

[t]+r J 2
Vi =xf(x®),  Va) = Za(t,j)(Zf(x(t—k))) . (9.99)

Jj=0 k=0
The nonnegative numbers «(, j) are defined here in the following way:

a(t,j)—a(t, j+1)
2—acp

alt, j) = . t>—1,j=0,1,....[t]1+r  (9.100)

From (9.100), (9.94) and (9.95) it follows that the numbers «(¢, j) satisfy the
conditions

O<a(+1,j))<at,j—1), t>-—1, j=0,1,...,[t]+r (9.101)
Using (9.99) and (9.91), we have
AVi(t) = —x(t)f(x(t)) +x(r + l)f(x(t + 1))
< —cx* () +x(+ D f(x(t +1)).

Using (9.99) and (9.101), we obtain

[14+1+r J 2
i = Y at+l, j)(Z fr@+1- k)))
j=0 k=0

[t]+r J 2
- > al, n( fx(t—k)>
j=0 k=0
[t]+14+r

j 2
=y (a(r+1,j>—a<r,j—1))<Zf(x(r+1—k))) +0(0) = 0,
k=0

j=0
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where

[r]+1+r J 2
o=y a(t,j—1)<2fx(t+1—k))
j=0 k=0

[t]+r J
- Za(r n(Zf x(t —k) )

Transform Q(¢) in the following way:

[1]+r J 2
Q) =a(t, =) f(x(t+ 1) = Y alt, j)(Z f(xa —k)))

j=0 k=0

tl+14r

j 2
+ Z a(t]—l)(fo(t+l—k)>
=0

k=

[1]+r J 2
=a(t, =D (x@+ D)= > a, j)(z fx(— k)))

j=0 k=0

[1]+r Jj+l 2

+ Z alt, J)( (x(t + 1))+Zf(x(t+l—k))>
k=1

=a(t,—1f (x(t + 1))

[11+r J 2
+y ot(t,j)|:(f(x(t+ D)+ flxc —k)))
j=0 k=0

-(Zreon)]

=a(t, D f(xt+1)

[t]+r j
+ Za(r J)[ x(t+1))+2f(x(t+1))Zf(x(t—k))i|

[t]+r [t]+r [t]1+r

=A@+ D) D et p+2f(x@+ 1) Y Fx—k) Y el ).

j=—1 k=0 j=k
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From (9.100) and a(t,[¢t] + r + 1) = 0 it follows that thi:ra(t,j) =2 -
acy)~'a(t, k). Since a(t, —1) = a we have
2 [e]+r
AV>(1) = afz(x(t 1) + 2/ + 1) Z a(t, k) f(x (& —k)).
k=0

—acy 2—acy

Therefore using (9.91) and (9.90), for x(¢ + 1) # 0 we obtain
a f(x@+1)

AV (1) < > ae xGED x(t+Df(x@+1)
2t + 1) (& .
L y— jgoa(td)g(x(t—J))i;'(t+1)—x(t+1)
aco, —2 | :
_2—aC2x(t+ )f(x(t+ ))
[t]+r
2f (x(r + 1)) , ,
T e ;0 ot g (x(t — e +1)
=—x(t+Df(xt+D)
[t]+r
3 —acs Z o(t, g(xt— N)EE+ D f(x(t+1)).

j=

As a result for the functional V (t) we have

EAV(t) < —c1Ex2(t) + S —Z(), (9.102)
- 2
where
[t]+r
Z@t)y=|Y_ ot DEg(x(t — ))&+ D f(x(t+ D).
j=0

Put now 7(f) = % E, =E{./3:}, t > 0. Then via (9.90) we obtain

Eg(x(t — ))s@ + D f(x + 1)
=Eg(x(t — ))E:[x( + Dyt + DET + D]

[t]4+r

=Eg(x(t — J)) [— Z a(t, k) f(x(t —k)En@ + DEE + 1]

k=0

[t]+r
+ Y ot kg —k)E[n(t + DE>( + 1)]}.

k=0
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From (9.91) it follows that E;[(z + 1)&2(t + 1)] < ¢, and therefore

[t]+r [t]+r
Z(t) <E Z o(t, jg(x—j)) Z a(t, k) f(x(t — k) ||E[n¢ + D& + D]
j=0 k=0
[t]+r 2
+czE<Zo(t,j)g(x(t—j))> :
j=0
Via Lemma 9.2
[t]+r 2
Z(r) < CzE(Z a(t, gl — j)))
j=0
¢y —ec1 [t]+r [t]+r
E Y ot gl —n)|| Y at.f(xt—b)]. 9.103)
j=0 k=0

Using (9.91) and (9.92), we have

[t]+r 2 [11+r 2
E(Zoa,j)g(x(t—j))) <c3E(Z!o<r nHw—n\)

Jj=0 =0
[t]+r
< Z F(t,j,0,0)Ex2(t — j) (9.104)
j=0
and
(14 (114
E|> o pgx—N)||D at.b)f(x —k))‘
j=0 k=0
[t]+r [t]+r
<ces Y Y o, pl|att, b)|E[x — j||x — k)
j=0 k=0
1 [1]+r 5 [t]+r )
<56 []; F(t,k,a,0)Ex2(t — k) + X(:)F(t j,o,a)Ex (t—])j|
1 [t]+r
= 5003 YO [F(t.j.a.0)+ F(t, j.o.a)|Ex*(t — j). (9.105)

j=0
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Using (9.102)—(9.105), we obtain
[t]+r
EAV(t) < —clEx*() + ) O(t, HEx*(t — j),

j=0

where

0@, j) =

2C2€3 .
c3F(t, j,0,0)
2—acy

+%(cz—cl)(F(t,j,a,a)+F(t,j,0,a))j|. (9.106)

From Theorem 9.2 it follows that the inequality

D 0+j. <

Jj=0

is a sufficient condition for asymptotic mean square quasistability of the trivial so-
lution of (9.90). Via (9.93), (9.92) and (9.106) this inequality is equivalent to (9.96).
The theorem is proven. g

Remark 9.10 As follows from Remark 9.5 by the conditions of Theorem 9.5 the
solution of (9.90) is mean square integrable.

Remark 9.11 Suppose that the parameters of (9.90) do not depend on ¢, i.e. a(z, j) =
a(j), o(t, j) =0o(j). It is easy to see that in this case G(a, o) = ad, where a =
Z?io la(j)|, 6 = Z(;O:O lo(j)|. So, the stability conditions (9.94)—(9.96) have the
form

a(j)za(j+1) =0, a(j+2)—2a(j+1D+a(j)=0, j=0.1,...,

1 1 —
P P AL PY RS- Sl P
2 o C 2

Remark 9.12 Without loss of generality in condition (9.91) we can put ¢c3 = 1
and c; <cy =1 or ¢ > ¢y = 1. In fact, if it is not so we can put for instance
a(t, ) f(x)=a(t, j)f(x), where a(t, j) = caa(t, j), f(x) =c; ' f(x). In this case
the function f (x) satisfies the condition (9.91) with ¢; = 1.

Example 9.4 Consider the equation

[t]+r
X+ 1= alt, Hl—rf(x@—))+rgxt—NEC+D],  (9.107)

j=0
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where a(t, j) = (z+2)2’ A > 0,1 =1,2, the functions f(x), g(x) and the stochastic
process £(¢) satisfy the conditions (9.91).
Let us construct the stability condition for this equation using Theorem 9.5. It is

easy to check that the conditions (9.94) and (9.95) hold. Calculating a, we have

) [ t+1 4 t t }
a = su —
PP 32 T 422 (1432

1 t
= A1 Su Al
1t>p1[<t+3)2 <t+2>2} a

Here A = 0.174 and takes his value in the point # = 1.1295. Calculating G (a, o),
we have

20| j—o k=0
[t]+j+r

> t+j—k
X::(t+]+2)2 2 (t+j+2)2:|

k=0

00 [t]+j+r
G(a,o) :Alkzsup[Za(Z—}—] J) Z a(t+j, k):|
:Alkzsup|:

j=0
_ Mk Q=[]+ =[]l +j+r+1)
s 5 J

4
= (t+j+2)

Note that

2 —[1+j—r)[]+j+r+1)<@+j+1=r)@+j+1+7r)
<@t+j+12%

So, via Lemma 1.4

Al
G(a,o) <

2 — 1 A ©dsT  MA
2 sup IZ — | < ! 2sup|:t/ —;]212
=0 5 (t+)) 2 ol Jipr s 2

Similar G(o, o) < 323. So, if the condition

A A2c2
Il[ZAcl (O cl)] 223 < o

1

holds, then the trivial solution of (9.90) is asymptotically mean square quasistable.
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9.3.2 Stability in Probability

Consider a quasilinear stochastic Volterra difference equation

(1) (1)
X(t+1)= ajx(t—hj)+ Y opx(t—hpEt+71)

j=0 j=0
+g(t,x(t),x(t —h1),x(t —h),.. ) t>1tg—1t, (9.108)
with the initial condition

x(O)=9©). 0€6 =~ h.iol h=r+maxh;. (9.109)

j=

Herer(t) =r+ [%], r is a given nonnegative integer, ho =0, h; > 0if j > 0, a;,

0j, j=0,1,... are known constants, the functional g satisfies the condition
o0
1, X0, X1,X2,..)| < Axi%, infv;>1, 9.110
‘g( 0, X1, X2 )‘_Z(:)Vﬂ jl %0 j ( )

$(0), 6 € O, is a §; -measurable function, the perturbation &(¢) is a §;-measurable
stationary stochastic process with the conditions

E&(1+1)=0, E&2(t+1)=1, t>1—1. 9.111)

A solution of (9.108) and (9.109) is a §;-measurable process x(t) = x(¢; ty, ¢),
which is equal to the initial function ¢ (¢) from (9.109) for ¢ <ty and with probabil-
ity 1 is defined by (9.108) for ¢ > t.

Definition 9.9 The trivial solution of (9.108) and (9.109) is called stable in proba-
bility if for any ¢ > 0, &1 > O there exists a 6 = §(e, €1, f9) > 0 such that

P, {supl(n)| > e <21 (9.112)
1211

for any initial function ¢ which is less than § with probability 1, i.e.,
P{l¢llo <8} =1, 9.113)
where [|$llo := supyce [¢(0)].

Theorem 9.6 Let there exist a nonnegative functional V(1) = V(t,x(t),
x(t —hy),x( —h2),...), t >ty — T, and positive numbers cy, c1, such that

V() = colx ()],

t > 1o, (9.114)

2
)

V(s) <cisup|x(®)|”, se€(to—r1, 10l (9.115)
0<s
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and
EAV() <0, 1> 10, (9.116)

if

x(s)eUg={x:|x|<e}, s=<t (9.117)
Then the trivial solution of (9.108) and (9.109) is stable in probability.
Proof We will show that for any positive numbers ¢ and &1, there exists a positive
number § such that the solution of (9.108) satisfies (9.112) if the initial condition
(9.109) satisfies condition (9.113).

Let x(t), t > ty, be a solution of (9.108). Consider the random variable 7 such
that

T =inf{t > to: |x(t)| > &} (9.118)

and two events: {sup,, |x(7)| > e} and {|x(T)| > &}. It is easy to see that
{sup|x(t)|>8]C{|x(T)|28}. (9.119)
t>1ty

Using ¢ (T'), defined in (9.15), from (9.116) and (9.117) we obtain

q(T) q(T)
Ey Y Er jAV(T — jr)=Y Ey(V(T - (j — D) = V(T — j1))
j=1 =1
=E,V(T)—-V(s) <0, (9.120)

where s =T — q(T)t € (ty — 7, t9]. So, using (9.119), the Chebyshev inequality,
(9.113)—(9.115) and (9.120), we get

P,O{tsutp|x(t)| > 8}
>1o
<Py {[x(1)] = ¢}

2
_E(D) _EG V(D) _VE) gl _ s

. 9.121
€2 T cog? T coe? T cpe? T cpe? ( )
Choosing § = e+/e1co/c1, we get (9.112). The proof is completed. U

Remark 9.13 1Tt is easy to see that if &€ > ¢, then
P{sup|x(t)| > 8} < P{sup|x(t)| > 80}.
[ =10} =1
It means that if the condition (9.112) holds for small enough ¢ > 0 then it holds for

each ¢ > 0. Thus, for the stability in probability of the trivial solution of (9.108) and
(9.109) it is sufficient to prove condition (9.112) for small enough ¢ > 0.
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From Theorem 9.6 it follows that the investigation of the stability in probability
of the trivial solution of (9.108) can be reduced to the construction of appropriate
Lyapunov functionals.

To get a sufficient condition for stability in probability in terms of the system
parameters, denote

o) o o
a=Y lajl,  So=)lojl, v=)_v (9.122)
j=0 j=0 j=0

Theorem 9.7 Let y < oo and
ad+85<1. (9.123)
Then the trivial solution of (9.108) is stable in probability.

Proof Let us construct a functional V (¢) in the form V () = Vi (¢) + Va(¢), where
Vi(t) = x2(t). Via (9.108) and (9.111) for ¢t > g — T we have

EAVi(1) = Ex?(t + 1) — x2(1)

r(0)
=F, (Zaix(t — i)+ g(t, x(0), x(t — hy), x(t — ha),...)

i=0

r(n) 2
+ ) oix(t —h)E( + r)) —x%(1)

i=0

r(1) 2 o 2
= <Zaix(t —hi)> + (Zo'ix(t - hl))
i=0 i=0

+&%(t, x(1), x(t — h1), x(t — ha), ...

r(0)
+2) aix(t —h)g(t.x(t), x(t — h1), x(t —ha). ...) — x*(1).
i=0

Via (9.122) and (9.110) we obtain

r(t) 2 r(t)
(Zaix(r —h») <o) lailx*(t — hi),

i=0 i=0

r(t) 2 r(t)
(Za,»xa—h,-)) <80 ) loila®(t — hy), (9.124)
i=0

i=0
r (1)

g2 (1. x (D). x(t —h).x(t —h),..) <y Y yilx @ —h) [,
i=0
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and
r(1)
2> aix(t —hi)g(t.x(0). x(t — h1), x(t —ha)....)
i=0
(1) (1)
<2 aillx —h)| Y welx (e —ho)]”*
i=0 k=0
r(1) r(1)
<> lal Y melxt = h)|" T (x = o |+ [x( = ki) [)
i=0 k=0
r(t)
< Z Yi|x(t — hk)|vk71 |x(t — hk)|2
k=0
r(r) r(t)
+ 3 e =" lalx e = )|
k=0 i=0

Assume that x(s) € U, for s <t and put

o
ue(e) =Y et k=12, (9.125)
i=0

If e <1 then ui(e) <y < 0. So,

r(1)
g (t.x(), x(t —h), x(t —h)...) <y > _yie?¥ V2 — hy),
i=0
r(t)
23 aix(t —hi)g(t,x(0), x(t —h), x(t —ha), ...)
i=0
r(t)

< (eorie" "+ mi(@lail)x* ¢ — hi).
i=0

As a result we obtain

(1)
E,AVI(0) < (Ag — Dx*() + ) Aix(t — h),

i=1

where

Ai = (cto + p1(®))lai| + 8loi| + (a0 + e Nye" ™, i=0,1,....
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Choosing now the functional V; in the form

(1)

Vi (1) =Z<x2(t —h,-)ZAl), (9.126)
1=i

i=1
we obtain

r(t)

r(t)+1 [e9) [ee)
INGIOESDS <x2(t +7 —hl-)ZA1> — Z(xz(t —h,»)ZA,)
=i

i=1 I=i i=1

r(t)

r(t) 00 o
Z(xz(r—h» > Az) —Z(xza—hi)ZAz)
=i

i=0 I=i+1 i=1

00 r(t)
=x2(t)ZA,- —ZAixz(t—hi). 9.127)
i=1 i=1

So, for the functional V (t) = V() + V,(t) we have

E AV (1) < (o + 83 + 2a0p1(e) + yuale) — 1)x%(t), > 1.

From (9.123) it follows that E;AV () < 0 for small enough ¢. It is easy to see
that the functional V (¢) satisfies the conditions of Theorem 9.6. Therefore, using
Remark 9.13, we see that the trivial solution of (9.108) is stable in probability. The
proof is completed. ]

To get another sufficient condition for stability in probability of the trivial solu-
tion of (9.108) put

o o0 o
a=> "> ajl. B=> aj. (9.128)
i=11j=i =0
Theorem 9.8 Let y < oo and
B+ 2a|l — B+ 82 <1, (9.129)

where y and 8o are defined in (9.121). Then the trivial solution of (9.108) is stable
in probability.

Proof 1Tt is easy to see that (9.108) can be represented in the form

r(t)
X(t+1)=Bx(O)+ AF (1) + D oix(t — hi)E(t + 1)
i=0

+g(t, x(@), x(t —hy), x(t —h2),...), (9.130)
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where

r(t) 00

Fiy==> x(t—h))Y a, AF@)=F(+1)—F(t). (9.131)

=1 i=l

Following the procedure of the construction of the Lyapunov functionals we will
construct the Lyapunov functional V (¢) in the form V() = Vi (¢) + V»(¢) again but
now with

Vi) = (x(t) — F(0)°.

Calculating E; AV (¢) via (9.111) we get
EAVI(1) =E(x(t +17) — Ft +1))° — (x(t) = F(1))°

r(1)
=E, (ﬂX(t) — F()+ ) oix(t —h)E(t + 1)

i=0
2
+g(t,x(0), x(t — h1), x(t — ha), .. .)) — (x(t) = F))?

r(f) 2
= (,32 — 1)x2(z) + (Zoix(t - h,-)) +2(1 = B)x()F(t)

i=0
+ &2 (t, x(@), x(t — hy), x(t — ha), ...
+ Zﬂx(t)g(t,x(t),x(t —hy),x(t —hy), .. )
—2F(0)g(t, x(@),x(t —h1), x(t — hy), ...).

Using the assumption x(s) € Uy = {x : |x| < ¢} for s <t, (9.124) and (9.125) and

r(r)| oo r(t) | oo
2xF 0] < Y| ai| (x>0 + 7 = h)) < e @)+ YD ai|x*t — ho),
I=11i=l I=11li=l

2|x()g(t, x(0), x(t —hy), x(t — h2),...)|
r()

<> yilx —h) "7 @20 + 220 — b))
i=0

r(t)

< (@) + 9 )0 + D yie" kP — hy),
=1
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2|F(1)g(r, x(0), x(t —hy), x(t — h2),...)]|

r(t) r(t)| oo
<D v D e (xR — by + 27— hy))
i=0 I=1lj=1
r(t) 00
Sayos”("xz(t)JrZ(m(e) > aj +ayzs”’]>x2(t—hz),
=1 j=I

we obtain

E,AVi(1) < (B* — 1+ 8olool +all — Bl + ¥y ™™D + |Blui(e)
r(t)
+ (e + B v0e™ a2 (0) + Y Aix*(t — hy), (9.132)
i=l1
with

9]

>4

j=i

Ai = 8oloil + vy ™D + (1 () + 11— BI) + (e +1Bl)yie" 1. (9.133)

Define now the functional V, by (9.126) and (9.133). Then using (9.127) and
(9.132) we get

EAV() < (B2 — 1+ 2all — Bl + 85 +2(a + 181 1 () + ypa(e) ) x> (0).

Here t > t9 — 7, (1(¢) and w;(¢) are defined in (9.125).
From this and (9.129) it follows that for small enough ¢ there exists ¢; > 0 such
that

EAV() < —cax?(t), t>1)—T. (9.134)

So, via (9.134) the functional V() satisfies condition (9.116). It is easy to check
that the functional V (¢) satisfies also condition (9.115). But it does not satisfy con-
dition (9.114). So, we cannot use here Theorem 9.6 and have to find another way.

Consider the random variable T that is described by (9.118). From (9.121) we
have

2
Pto{sup|x(t)| >£} §P,O{’x(T)’zs}§Et0x72(T). (9.135)
1>t &
To estimate Etoxz(T) note that
V(T) > (x(T) — F(T))2 > x*(T) — 2x(T)F(T). (9.136)

Besides working via (9.131), (9.128) and (9.15) we may use
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r(T)| oo
2x(T)F(T) < YD aj|(x*(T) +x*(T — )
I=11j=l
q(T)—1| oo r(T) | oo
<ax? M+ Y Y aiP T —h)+ Y Z (T = hy).
=1 |j=l I=q(T)| j=1
Since T — h; <tg for [l > q(T) then via (9.113) we obtain
a(M-1| %o
2(TF(T) <ax™(T)+ Y |D aj|x*(T —hy) + a8, (9.137)
=1 1j=l

From (9.129) it follows that & < 1. So, substituting (9.137) into (9.136) we obtain

g(T)~1| oo
E,Oxz(T)5(1—0{)_1|:E10V(T)+ Z Za,- E,0x2(T—hz)+a82:|. (9.138)
=1 |j=l

Note that to < T — h; < T for 1 <1 < q(T). So, from (9.134) it follows that
czEt0x2(T — hy) <E V(T — hy). Besides, similar to (9.120) one can show that
E, V(T —h)<V(s),where0 <l <q(T),s=T—q(T)t <ty. Hence, via (9.138),
(9.115), (9.128) and (9.113) we have

q(T) V(s)
E,xX(T)<(1—a)”! V(s)+Z ~|-0582:|
I=11j=I
q(T)
crlioll
<(-o! c1||¢||o+Z Z °+a82}
I=11j=l
_1_ o 2 2
<(l—-a) c1<1+—)+ot:|8 =Cé”.
L 2

From this and (9.135) by § = e+/¢1/C, (9.112) follows. Therefore, the trivial solu-
tion of (9.108) is stable in probability. The proof is completed. O

Remark 9.14 Note that condition (9.129) can be transformed to the form
$3<(1-pU+B—2a), |Bl<l.

Remark 9.15 As follows from (9.57) and (9.61) inequalities (9.123) and (9.129) are
sufficient conditions for asymptotic mean square stability of the trivial solution of
(9.108) in the case g = 0. It means that the investigation of the stability in probability
of nonlinear stochastic difference equations with continuous variable and the order
of nonlinearity higher than one can be reduced to the investigation of asymptotic
mean square stability of the linear part of this equation.
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Remark 9.16 1t is easy to see that Theorems 9.6, 9.7 and 9.8 without essential
changes can be formulated also for the case x € R".

Example 9.5 Consider the nonlinear difference equation

r(t)
x(t+1) =Y 271 a+bE+ D]x —i)
i=0
r(t)
+y Y 27Dy -y, (9.139)
i=0
where r(t) =r + [t — fp], r is a given nonnegative integer, t > tg — 1, v; > 1,1 =
0,1,....
From Theorem 9.5 it follows that if

a’+b* <1, (9.140)

then the trivial solution of (9.139) is stable in probability.
To use Theorem 9.8 note that @ = 37 !|a|, B = 3 'a. Via Remark 9.14 we find a
sufficient condition for stability in probability in the form

1-371a ifa €[0,3),

b= VA =3"lay(14a) ifae(—1,0).

(9.141)

In Fig. 9.13 the stability regions are shown obtained by condition (9.140) (num-
ber 1) and condition (9.141) (number 2). One can see that both these regions sup-
plement each other.

Example 9.6 Consider the nonlinear difference equation

_ ax(t)
x(t+1)= T4y sinG( —r () +bx(t —kEC+1), t>n—1, (9.142)

where r(t) =r + [t — 1p], r is a given nonnegative integer, kK > 0 and
lyl <1 (9.143)

Via Remark 9.4 the inequality

a’

— +
(1—1lyD?
is a sufficient condition for asymptotic mean square stability of the trivial solution
of (9.142).

To get a sufficient condition for stability in probability of the trivial solution of
equation (9.142) rewrite it in the form

b <1 (9.144)

x(t+1) =ax()+g(x(®), x(t —r(0)7)) + bx(t — k)& + 1), (9.145)
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b

Fig. 9.13 Stability regions for (9.139)

where

ayxsin(y)

glx,y)= —m~

Using the inequality |sin(y)| < |y| in the numerator and the conditions (9.143),
|sin(y)| <1 in the denominator we have

ayxy| __ lay| (4 y2).

|
= T = 50

It means that the function g(x, y) satisfies condition (9.110). Therefore, the condi-
tion

a’+b* <1,

which can be obtained from (9.144) by y =0, is a sufficient condition for asymp-
totic mean square stability of the linear part of (9.145) and as follows from Theo-
rem 9.7 is a sufficient condition for the stability in probability of the trivial solution
of (9.142) for all y satisfying the condition (9.143).
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9.4 Volterra Equations of Second Type

Consider the stochastic difference equation
x(t+1)=n@+1)+ F(t,x(t), x(t —h1),x(t —hy),...), t>1—71, (9.146)
with the initial condition

x(0)=¢®). 6€6=lig—h.t]. h="r+maxh;. (9.147)
=

Here n € H, H is a space of §;-measurable functions x(¢) € R", t > ty, with norms

2 2 2 2
IxI* =supElx(®)|[",  lxllf= sup E[x(®)]|"
=19 telfg,to+7]
ho, h1, ... are positive constants, ¢(0), 6 € ©, is a §; -measurable function such

that
2 2
I$llg = sup E|p ()| < oo,
e®

the functional F € R” satisfies the condition
o0 o0
|F(t,x0,x1,x2,...)|2SZaj|xj|2, A:Zaj<oo. (9.148)
j=0 =0

A solution of (9.146) and (9.147) is a §;-measurable process x(t) = x(¢; ty, ¢),
which is equal to the initial function ¢ (¢) from (9.147) for ¢ < ¢y and with probabil-
ity 1 is defined by (9.146) for ¢ > t.

Together with (9.146) we will consider the auxiliary difference equation

x(t+1)= F(t,x(t),x(t —hy),x(t —hy), .. ) t>1y— T, (9.149)
with initial condition (9.147) and the functional F, satisfying condition (9.148).

Theorem 9.9 Let the process n(t) satisfy the condition ||n||% < 00 and let there
exist a nonnegative functional V(t) = V(¢t,x(t),x(t — hy),x( — h2), ...), positive
numbers c1, c» and nonnegative function y(t), t > ty — t, such that

o0
p= sup > y(s+j7) <00, (9.150)
se(to—1.tp] =0
EV(s) <cisupE[x®)|>, s € (to— 1,10, (9.151)
0<s
EAV () < —aEx@))> + (1), 1> 1 (9.152)

AV (t) is defined in (9.10). Then the solution of (9.146) and (9.147) is uniformly
mean square summable.
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Proof Rewrite condition (9.152) in the form
EAV(t + j7) < —eE|x( + jo)| +y @+ j1), t>10, j=0,1,....

Summing this inequality from j =0 to j =i, by virtue of (9.10) we obtain

EV(t+(+1)t)—EV(E) <—c2 ) _E|x(t + jr)|2 +) y+jo).
j=0 j=0

Therefore,

o0 o0
oY Elxt+ 0l <EVO + Y vy +jo. =m0 (9.153)
j=0 Jj=0

Let us show that the right-hand side of inequality (9.153) is bounded. In fact, via
(9.152) and (9.10), similarly to (9.14) we obtain

EVit)<EV(E—1)+y(t—1)

<EV(@-20)+yt-20)+y(t—1)<---

i q(1)
<EV@—itn)+) y(t—ju < <EV()+ Y y(t—jo),
j=1 j=1

t>ty, s=t—q(t)t €(to —7,1o], (9.154)

where ¢ (¢) is defined in (9.15).
Since t =5 + g (t)T we have

o o o0
dov+jn=) y(s+(@n+i))= DY vis+jo).
Jj=0 Jj=0 J=q ()
(9.155)
q(t) q(1) q(n—1
Yove—jo=) y(s+@—j))= D vis+jo.
j=1 j=1 j=0
So, via (9.153), (9.154), (9.155), (9.150) and (9.151), we obtain
> 2
2 Y Elx(t+j0] <cillolf+ 7, (9.156)

j=0

i.e. the solution of (9.146) and (9.147) is uniformly mean square summable. The
theorem is proven. 0
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Remark 9.17 Similarly to Remark 9.5 one can show that if the condition (9.150) is
replaced by the condition

o0
/ y(t)dt < oo
0]

then the solution of (9.146) for each initial function (9.147) is mean square inte-
grable.

Remark 9.18 Suppose that for (9.149) the conditions of Theorem 9.9 hold with
y(t) = 0. Then the trivial solution of (9.149) is asymptotically mean square qua-
sistable. In fact, in the case y (#) = 0 from inequality (9.156) for (9.149) (n(t) =0)
it follows that c2E|x(1)]? < ¢1]|¢]13 and lim;_, o0 E|x(t 4+ j7)|* = 0. It means that
the trivial solution of (9.149) is asymptotically mean square quasistable.

The formal procedure of the construction of the Lyapunov functionals that was
described for (9.1) can be used here by the assumption ax = 0. Moreover, by virtue
of Theorem 9.9 some results obtained above can be immediately applied for the
equations of type (9.146).

Consider for example the equation

[t]+r
X+ =n+D+ Y ax@—)),
j=0
t>—1, x(s) =¢(s), se[—(r+1),0], (9.157)
and the inequality
oy + 201 B <di) iy (9.158)

where o41, Bk and di41.x+1 are defined by (9.44), (9.48) and the matrix equa-
tion (9.40).

Inequality (9.158) follows from (9.53) by 8o = 0. So, similarly to (9.53) by virtue
of Theorem 9.9 it can be proven that if the inequality (9.158) holds then the solution
of (9.157) is uniformly mean square summable.

Consider also the inequality

B*+2all -l <1 (9.159)

where 8 and « are defined in (9.58) and (9.60). Condition (9.159) is a particular
case of (9.61) by §p = 0. If inequality (9.159) holds then the solution of (9.157) is
uniformly mean square summable.

Example 9.7 Consider the difference equation

[t]+r
X(t+ D) =nt+D+ax)+ Y blxt—j). t>-1,
j=1

x@)=¢@®), 6e[-0+1),0], r=0.

(9.160)
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Each of the conditions (9.76)—-(9.80) by ¢ = 0 is a sufficient condition for mean
square summability of the solution of (9.160).
For example, for the conditions (9.76), (9.77) and (9.80) we have respectively

1 —2|b| 1
) b ~

ol <=0 P1<3

1—2|b| 1—-b 1
la] < , bl <=,
1—|b| 1 —|b| 2
and
1 —3|b| 1-2b

_ bl <.
A—ma—-pp ““1=p "=

The bounds of summability regions for the solution of (9.160) given by the condi-
tions (9.76)—(9.80) are shown in Fig. 9.6 (curves 1-5).






Chapter 10
Difference Equations as Difference Analogues
of Differential Equations

Functional differential equations arise in the modeling of hereditary systems such
as ecological and biological systems, chemical and mechanical systems and many,
many other systems. The long-term behavior and stability of such systems is an im-
portant area for investigation. For example, will a population decline to dangerously
low levels? Could a small change in the environmental conditions have drastic con-
sequences on the long-term survival of the population? There is a growing body of
works devoted to such type of investigations (see, e.g., [3, 4, 16, 20-24, 26, 28-31,
34-36, 41, 42, 49, 56, 57, 63, 74-77, 83, 84, 92, 93, 95, 98, 101, 102, 105-107, 110,
152, 154,159, 160, 163, 164, 167, 168, 170-173, 175, 183, 185, 188, 190-192, 202,
216, 218, 235, 242, 246, 247, 252, 254, 255, 263-269, 272, 275, 277]).

Analytical solutions of functional differential equations are generally unavailable
and a lot of different numerical methods have been adopted for obtaining approxi-
mate solutions [15, 32, 33, 61, 79, 81, 103, 104, 113, 161, 165, 166, 187, 213,217,
219-225, 248, 249, 252, 259]. A natural question to ask is: do the numerical solu-
tions preserve the stability properties of the exact solution? Thus, to use numerical
investigation of functional differential equations it is very important to know if the
considered difference analogue of the original differential equation is reliable to pre-
serve some general properties of this equation, in particular, the property of stability.

In this chapter the capability of difference analogues of differential equations to
save the property of stability of solutions of the differential equations considered is
studied. In particular, sufficient conditions for the step of discretization, at which
stability of solution is saved, are obtained for some known mathematical models.

10.1 Stability Conditions for Stochastic Differential Equations

To begin with, let us consider some simple examples with the possibility to get sta-
bility conditions for stochastic differential equations using its difference analogues.

Example 10.1 Consider the scalar stochastic differential equation of neutral type
X@)+ax@t)+bx(t —h)+cx(t —h)+ox(t—1)w()=0, t>0, (10.1)

L. Shaikhet, Lyapunov Functionals and Stability of Stochastic Difference Equations, 283
DOI 10.1007/978-0-85729-685-6_10, © Springer-Verlag London Limited 2011
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and its difference analogue via the Euler-Maruyama scheme [184]

Xir1 = (1 — Aa)x; — cxj—g+1 + (c — Ab)xi—k +Gx/Zx,-,mEi+1, i=0,1,....

(10.2)
Here w(t) is the standard Wiener process,
. h T
A>0, L=IiA, xi =x(t;), kZZ, m=—, o
w(tir) —w(t) . .
gm:%, E& =0, Eg=1, i=0,1,...,
and it is supposed that k and m are integers.
Using (3.2) and (3.4) and stability condition (3.5) for (10.2) we have
a=|bl|Ak — 1)+ |c— Ab| = |b|(h — A) + |c — Ab|, B=1—A(a+D),

and we have a sufficient condition for asymptotic mean square stability of the trivial
solution of (10.2) in the form

(1= Ala+ b))’ +24la +b|(Ibl(h — A) + |c — Ab]) + Ac® < 1
or
Ala+b)2 +2la+bl(1bl(h — A) + |c — Ab|) + 0> < 2(a+b).  (10.4)

Let A — 0. Then from (10.4) the known [136] sufficient condition for asymptotic
mean square stability of the trivial solution of (10.1) follows:

2
(@+b)(1 = |blh —Ic]) > % Iblh +c| < 1. (10.5)

Example 10.2 Consider the scalar stochastic integro-differential equation
t
)'c(t):ax(t)—i—b[ x(s)ds +ox(@ — )W), (10.6)
t—h

where w(t) is the standard Wiener process. Using (10.3), the Euler-Maruyama
scheme and 0-method (6 € [0, 1]) for a difference representation of the integral
consider a difference analogue of (10.6) in the form

k—1
Xiy] = [1 + Aa + Azb(l — 0)]xi + A% (inj + Qx,-k) + CT\/ZXi,mEi+1 .
j=1
(10.7)
Using (3.2) and (3.4) for (10.7) we have

k—1 1
o= |b|hA<0 + T) = E|b|h(A(29 -1 +h), B =1+ A(a +bh).
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So, the sufficient condition (3.5) for asymptotic mean square stability of the trivial
solution of (10.7) takes the form

(1+ A+ bh))2 + Ah|blla + bh|(A(20 — 1) + h) + Ac? < 1
or
Ala +bh)* + hblla + bh|(AQ20 — 1) + h) + 0% < 2|a + bh|. (10.8)

Let A — 0. Then from (10.8) the known [134] sufficient condition for asymptotic
mean square stability of the trivial solution of (10.6) follows:

h? o2
|a+bh|(1—|b|?>>7, a+bh <0. (10.9)

Remark 10.1 One can see that if condition (10.5) (or (10.9)) holds, then inequal-
ity (10.4) (or (10.8)) at the same time is a sufficient condition on the step of dis-
cretization A by which difference analogue (10.2) (or (10.7)) saves the stability
property of the solution of the initial equation (10.1) (or (10.6)).

10.2 Difference Analogue of the Mathematical Model
of the Controlled Inverted Pendulum

10.2.1 Mathematical Model of the Controlled Inverted Pendulum

The problem of stabilization for the controlled inverted pendulum during many
years is very popular among researchers (see, for instance [3, 4, 26, 28, 29, 107,
110, 163, 164, 185, 188, 192, 218, 242, 247, 252]). The linearized mathematical
model of the controlled inverted pendulum can be described by the linear differen-
tial equation of the second order

Xt)—ax(@®)=u(), a>0,1>0. (10.10)

The classical way of stabilization [110] uses the control u () = —b1x(¢t) —byx(¢),
b1 > a, by > 0. But this type of control, which represents instantaneous feedback,
is quite difficult to realize because usually it is necessary to have some finite time
to make measurements of the coordinates and velocities, to treat the results of the
measurements and to implement them in the control action.

In [28, 29, 242, 247] the control u(¢) is proposed that does not depend on the
velocity but it depends on the previous values of the trajectory x(s), s < ¢, and has
the form

I,t(t)=/C>O dK(t)x(t — 7). (10.11)
0
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The kernel K () in (10.11) is a function of bounded variation on [0, oo] and the
integral is understood in the Stieltjes sense. It means in particular that both dis-
tributed and discrete delays can be used depending on the concrete choice of the
kernel K (7).

The initial condition for the system of (10.10) and (10.11) has the form

x(s) = p(s), x(s) =¢(s), s=<0, (10.12)

where ¢(s) is a given continuously differentiable function.
It is supposed also that system (10.10) is under the influence of stochastic pertur-
bations of the type of white noise in the form

() — (a +ow(®)x(0) = u), (10.13)

where w(?) is the standard Wiener process, and o is a constant.
Put x{(t) = x(t), x2(t) = x(¢). Then (10.11)—(10.13) can be represented in the
form of the system

x1(1) = x2(0),

o0 (10.14)
Xo2(t) =ax1(t) + [ dK(t)x1(t — 1) +ox1()w(),
0
with the initial condition x1(s) = ¢(s), x2(s) = ¢(s), s <O0.
Put
o0 .
ki =/ 'dK(t), i=0,1,
0 (10.15)

= Plakol o=@tk
0

The following theorem [247] gives a sufficient stability condition for the sys-
tem (10.14).

Theorem 10.1 Let

a; >0, k1 >0, (10.16)

2 S B
o <2a1<k1 k2 2(2—](2)). (10.17)

Then the trivial solution of the system (10.14) is asymptotically mean square stable.
Note [110] that the inequalities (10.16) are the necessary conditions for asymp-
totic mean square stability of the trivial solution of the system (10.14) but the in-
equality (10.17) is only a sufficient one. Besides for condition (10.17) ky has to
satisfy the inequality ky < ~k? + 4k — k < 2, where k = klz/al.
Below, the mathematical model of the controlled inverted pendulum (10.10)—
(10.12) is considered in the following simple form:

X(t) — (a +ow(t))x(t) =bix(t —h1)+byx(t —hy), t>0. (10.18)
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Here a > 0, by, by, h1 > 0 and hy > 0 are given arbitrary numbers. From (10.15) it
follows that for (10.18)

ko =b1 + by, k1 =b1h1 + baho,
) 5 (10.19)
ky = |b1|h] + |b21h5, ay=—(a+ by + by).

The main conclusion of our investigation here can be formulated in the follow-
ing way: if conditions (10.16), (10.17) and (10.19) hold, then the trivial solution of
(10.18) is asymptotically mean square stable and there exists a small enough step
of discretization of this equation that the trivial solution of the corresponding differ-
ence analogue is asymptotically mean square stable too. The estimation of the step
of the discretization is also obtained.

10.2.2 Construction of a Difference Analogue

Transform (10.18) into the system of the equations

2

i =y@). YO =ax@)+ Y bx(t —h)+ox(Oi). (10.20)
=1

To construct a difference analogue of the system (10.20), put

h
A>0,  =iA, x=x(), m1=z‘, my=—,

~w(tiv) —w(t) (10.21)

fivi=————,
i+ «/Z
Via the Euler-Maruyama scheme [184] a difference analogue of the system (10.20)
is

E& =0, E§-2=1, i=0,1,...,

1

Xit1 =X + Ay,
2 (10.22)
Yior =yi + 4 (axz' + Zh)ﬁ'—m;) + oV AxiEip1.
=1
From the first equation of the system (10.22) we have
m
Xi=Xim +AY yioj. =12 (10.23)

j=1
From this and (10.19) it follows that

my

2 2
> bixiom =koxi =AY by vi-j. (10.24)
=1 =1 j=1
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Substituting (10.24) into the second equation of the system (10.22) and using
(10.19) we obtain

2 my
Vier =yi — Aarxi = A2 by yiej oV Axigig. (10.25)
=1 j=1
Put
2 m
Fi=A%Y by (mi+1—j)yi-j. (10.26)
=1 j=1

Calculating AE = F;41 — F; and using (10.26), (10.19) and (10.21) we have

2 mj m;
AF, =A%) by (Z(ml 1= i1 — Y m+1— j>yi_j>

=1 \j=1 j=1

my my

2 2
= Azzbz(mzyi - Z)’i—j> = Ak1y; — AZZbl Zyi—j-
=1 j=1 =1 j=1

From this and (10.25) it follows that
Vi1 = —Aarxi + (1 — k1 A)y; + AF; + o/ Axi&igy.
So, the system (10.22) can be presented in the matrix form

2(i 4+ 1) = Az(i) + AF (i) + Bz(i)&i 11, (10.27)

20) = (’;) F(i)= (2)

1 A 0 0
A_<—a1A 1—k1A>’ B_<o\/Z O>'

10.2.3 Stability Conditions for the Auxiliary Equation

where

(10.28)

Following the procedure of the construction of the Lyapunov functionals first con-
sider the auxiliary equation without memory,

2+ 1) = Az(i) + Bz(i)&i+1 (10.29)

and the function v; = z'(i) Dz(i), where the matrix D is a positive definite solution
of the matrix equation

ADA-D=-C, C= ((1) (C)) c>0, (10.30)
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with the elements

G A+k 2—kiA+aA?

di = doy,
11 201 A + > apax
(10.31)
o 1 +a1Ad e 2—kiA+ a1 A% 4 2a;c
R=0aa T 2 BT LA — a1 A) @ — 2k A+ a1 A2
Calculating EAv; via (10.21) and (10.28)—(10.30), we have
EAv; =E[Z'(i + DDz(i + 1) — v;]
=E[(Az() + Bz()&i41) D(Az(i) + Bz(i)&i11) — vi]
=E[-Z'(i)Cz(i) + Z/({)B'DBz(i)]
= —(1 — dpno? A)Ex} — cEy}. (10.32)
So, if for some ¢ > 0 the inequality
21 (10.33)
o Ee— .
dnA

holds then the trivial solution of (10.29) is asymptotically mean square stable.
Note that (10.29) can also be written in the scalar form

Xit2 = AoXxiy1 + A1x; + oox;&i 41 (10.34)
with
Ao =2 — Ak, Ay = Aky — A%a) — 1, oo =0+ A3. (10.35)

As follows from (5.7) the necessary and sufficient conditions for asymptotic mean
square stability of the trivial solution of (10.34) are

A1l <1, JAol <1—Aj. (10.36)
L+ AD[(1— A))? — A2

02 < (I+ADI( 1) ()]. (10.37)

0 1— A,

Substituting (10.35) into (10.36) we obtain the system of the inequalities
aA<ky,  4—2kiA+a; A% >0,
with the solution

ay 'k, K} < 4ay,

0<4 1038
= <ia11(k1—,/k12—4a1), K2 > day. (103%)
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Substituting (10.35) into (10.37) we obtain the condition

, aitki —a1A)(4 — 2k A+ a1 A?)
o < .

10.39
2—k1A+a1A? ( )

So, by the conditions (10.38) and (10.39) the trivial solution of (10.34) and
(10.35) is asymptotically mean square stable.

From (10.31) and (10.33) it follows that if condition (10.39) holds then there
exists a small enough ¢ > 0 so that condition (10.33) holds too. Thus, the function
v; = 7/({) Dz (i), where the matrix D is a positive definite solution of (10.30) is a
Lyapunov function for (10.29).

10.2.4 Stability Conditions for the Difference Analogue

Let us obtain now a sufficient condition for asymptotic mean square stability of the
trivial solution of (10.27). Rewrite this equation in the form

20+ D) —-F@G@+1)=Az@G) — F@)+ Bz(i)&+1. (10.40)

Following the procedure of the construction of the Lyapunov functionals we will
construct a Lyapunov functional V; for (10.40) in the form V; = Vy; + V5;, where

Vii = (2() = F(0)'D(2() = F () (10.41)
and the matrix D is a positive definite solution of the matrix equation (10.30) with
elements (10.31).

Calculating EAVy; via (10.21), (10.30), (10.40) and (10.41) and similarly
to (10.32) we obtain

EAV; =E[(zi+ 1) = F(i + 1)) D(z + 1) = FGi + 1)) — Vi;]
=E[(Az(i)) — F(i) + Bz()&i11) D(Az(i) — F(i) + Bz(D)&i+1) — Vii]
= —(1 —dp»o?A)Ex} — cEy? —2EF'(i)D(A — D)z(i). (10.42)

Note that via (10.28)
2F' ()YD(A — Iz (i)

_ (A dp\ (0 1) (x
=240F) <d12 dzz) (—al —k1> ()ﬁ')

=2F; A[—aidyx; + (di2 — kid2) i (10.43)



10.2 Difference Analogue of the Mathematical Model of the Controlled Inverted Pendulum 291

and we can put

2 — ki A+ a A% + 2aqc
o= s
(ky — a1 A)(4 — 2k A + a1 A?)

(10.44)
A+c(2k) —arA)
P —am@— At
Then via (10.31) and (10.44)
s 5
dyn = a]_A (10.45)

and

1
A(di2 — kida) = S (1 — a2k —ar Q)
ai

1<1 (2k1—alA)(Z—klA—i—alAz—{—Za]c))_ p

2a; (ki —a1A) (4 — 2k A + a1 A?)

(10.46)
So, via (10.42)—(10.46)
EAV); = —(1 — af]aaz)Exiz — cEyi2 —2aEx; F; —2BEy; F;.
Now put
12 2 m
g=5 ) IbilhGu+2),  Si=a%) b Z(ml +1—j)y7 ;. (1047)
I=1 =1 j=1
Using (10.26) and (10.21) and A > 0 we have
2<F<<A22bml Lo (a2 532 ) =agd 4 2
xiFi < EI sz§(mz+ —J)( X; +xy,-_,-> =Aqxi +—
and analogously
2y F; <qy?+S;.
As aresult we obtain
EAV); < —[1 - a(kq + al_la2)]Exi2 —(c— ﬁq)Eyl-2 + pES;,
where

o
p=7+p. (10.48)
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To neutralize the positive component in the estimation of AVy; choose V,; in the
form

2 my
1 2 . N 2
Vai = 5pA ;|bl|zl(ml+1—J)(m1+2—J)yi_j-
= j=

Then via (10.47)

mj

2
I . .
AVai = SpA? Y Il Y JGmi 1= om+2 = Py = Vai
I=1 j=1

2 my—1

1 . .
=SpA2 Y Ibil D (= pOm+ 1= yE ;= Vai
I=1 j=0
= pgy; — pSi

and for the functional V; = Vj; + V,; we have
EAV; < —[1 - oz(kq +af102)]Ex,~2 - [C —q(B+ ,0)]Eyl-2.

Using (10.48) we obtain the stability conditions in the form

o2 o
a(Aq+—> <1, q<2ﬂ+—> <c. (10.49)
aj A
For A > 0 from (10.49) it follows that
ogq a; —ac?
<A< . (10.50)
c—2Bq agar
Thus, if
agq a; —ac?

< (10.51)
c—2pq agai
then there exists A > 0 such that conditions (10.50) and therefore the condi-
tions (10.49) hold.
Let us rewrite (10.51) in the form
2.2 2

BT (10.52)

c—2Bq ai

To stress the dependence of the left-hand part of (10.52) on ¢ put

Ao = (ki — a1 4)(4 — 2k A + a1 A?),
(10.53)
Al =2—kA+a A%, Ay =2k —a; A.
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Then via (10.44)
Aq +2ajc A+ Asc
o= —_—, ﬂ = ——
Ao Ao
and (10.52) takes the form
A 2 2.2
Ai+200°G" o2 _p (10.54)
Qc—2gA
where
Al
B=Ay— —0°, 0 =Ag—2qA;. (10.55)
a
Transform (10.54) into the form
Boc? — Bic+ By <0 (10.56)

with

By = 4a%q2 +20072,

(10.57)
Bi =BQ +4qo*A —4A1a1q>,  Ba=A2q* +2gBA.
Minimization of the left-hand part of (10.56) with respect to ¢ gives
B} > 4By B,. (10.58)
Via (10.57) the inequality (10.58) can be represented as
ot —2Pc? + P, >0, (10.59)
where
8q%a’R A
Pi=Ra, P=p2- 4R o Qb (10.60)
0 QA +4qa,1A
From (10.59) and (10.60) by virtue of (10.54) and (10.55) it follows that
2 2a1 R
oc-<a|R—-2q o /) (10.61)

Note that in condition (10.61) a; is defined in (10.19); ¢, Q and R are defined in
(10.47), (10.55) and (10.60) and depend on A.
Thus, the following theorem is proven.

Theorem 10.2 Let the parameters a, by, by, o and A of the system (10.22) satisfy
the conditions (10.16), (10.17) and (10.61). Then the trivial solution of the sys-
tem (10.22) is asymptotically mean square stable.
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Lemma 10.1 If for some values of the parameters a, by, by and o the condi-
tions (10.16) and (10.17) hold, then there exists a small enough A > 0 so that
condition (10.61) holds too.

Proof 1t is easy to see that for A = 0 the condition (10.61) coincides with (10.17).
Since the right-hand part of (10.61) is continuous with respect to A in the point
A =0, if condition (10.61) holds for A = 0 then it holds for some small enough
A > 0 too. The proof is completed. g

Corollary 10.1 If the parameters a, b1, by and o of the system (10.22) satisfy the
conditions (10.16) and (10.17) then there exists a small enough A > 0 (satisfying
condition (10.61)) such that the trivial solution of the system (10.22) is asymptoti-
cally mean square stable.

10.2.5 Nonlinear Model of the Controlled Inverted Pendulum

Consider the problem of stabilization for the nonlinear model of the controlled in-
verted pendulum

i) — (a+ow®)sinx(t) =bix(t —h1) +box(t —ha), >0,  (10.62)

with the initial condition (10.12). Similarly to (10.22) the difference analogue of
(10.62) is

Xiy1 =X + Ay,

2

Yi+1 =Yi + A(axz' +af(x)+ me-m,) +ovVA(x + fx))Eig1,

=1

(10.63)

where f(x) =sinx — x. The system (10.22) is the linear part of system (10.63) and
the order of nonlinearity of the system (10.63) equals 3, since | f(x)| < %|x|3. Via
[194] we obtain the following statement.

Corollary 10.2 [f the parameters a, by, by, o and A of the system (10.63) sat-
isfy conditions (10.16), (10.17) and (10.61), then the trivial solution of the system
(10.63) is stable in probability.

10.3 Difference Analogue of Nicholson’s Blowflies Equation

The known Nicholson’s blowflies differential equation (which is one of the most
important mathematical models in ecology) with stochastic perturbations is consid-
ered. Stability of the positive equilibrium point of this nonlinear differential equation
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with delay and also the capability of its discrete analogue to preserve the stability
properties of the original equation are studied. For this purpose, the equation con-
sidered is centered around the positive equilibrium point and linearized. Asymptotic
mean square stability of the linear part of the considered equation is used to verify
stability in probability of the nonlinear origin equation.

The necessary and sufficient condition for asymptotic mean square stability in
the continuous case and a sufficient and the necessary and sufficient conditions for
the discrete case are obtained from some known previous results.

The obtained stability regions are plotted in the plane of the parameters of the
system. Stability conditions for the discrete analogue allow one to determinate an
admissible step of discretization for numerical simulation of solution trajectories.
The trajectories of stable and unstable solutions of the considered equation are sim-
ulated numerically in the deterministic and the stochastic cases for different values
of the parameters and the initial data.

10.3.1 Nicholson’s Blowflies Equation

Consider the nonlinear differential equation with delay and exponential nonlinearity
(1) =ax(t —h) e P _ox@). (10.64)

It describes the population dynamics of Nicholson’s blowflies. Here x(¢) is the size
of the population at time ¢, a is the maximum per capita daily egg production rate,
1/b is the size at which the population reproduces at the maximum rate, c is the per
capita daily adult death rate and 4 is the generation time.

Equation (10.64) is popular enough with researchers [30, 31, 57, 77, 95, 98, 114,
160, 167, 168, 172, 192, 254, 255, 269]. The majority of the results on (10.64) deal
with the global attractiveness of the positive point of equilibrium and oscillatory
behaviors of solutions [77, 97, 98, 114, 158-160, 167, 168, 172, 254]. In connec-
tion with numerical simulation of special interest is the investigation of discrete
analogues of (10.64) [57, 114, 167, 255].

Below, we consider stability in probability of the positive equilibrium point
of (10.1) by stochastic perturbations and also of one discrete analogue of this equa-
tion. The capability of a discrete analogue to preserve stability properties of the
original differential equation is studied. It is shown that sufficient stability condi-
tions obtained here for a discrete analogue are much better than the similar condi-
tions obtained earlier in the deterministic case [114, 255]. All theoretical results are
verified by numerical simulation. Besides it is shown that numerical simulation of
the solution of difference analogue allows one to define more exactly a bound of
stability region obtained by the sufficient stability condition.

The following method for investigation of the stability is used. The nonlinear
equation considered is exposed to stochastic perturbations and is linearized in the
neighborhood of the positive point of equilibrium. The conditions for asymptotic
mean square stability of the trivial solution of the corresponding linear equation are
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obtained. Since the order of nonlinearity is higher than 1 these conditions are suf-
ficient ones (both for continuous and discrete time [177, 194, 195, 227, 229]) for
stability in probability of the initial nonlinear equation by stochastic perturbations.
This method was used already for investigation of the stability of different nonlin-
ear biological systems with delays: SIR epidemic model [24], predator—prey model
[235] and other models [16, 41].

10.3.2 Stability Condition for the Positive Equilibrium Point

In (10.64) it is supposed that the parameters a, b and c are positive. By the conditions
¢>a>0,b>0,(10.64) has the trivial equilibrium point only, i.e. x* = 0. By the
conditions

a>c>0, b>0 (10.65)

(10.64) has two points of equilibrium: the trivial one and a positive one

. 1. a
x*=—In-. (10.66)
b ¢

It can be shown that the trivial equilibrium point in region (10.65) is unstable.
The stability condition in region (10.65) for the positive equilibrium point (10.66)
by stochastic perturbations is considered below.

As was proposed in [24, 235] and used later in [16, 30, 41, 199], let us assume
that (10.64) is exposed to stochastic perturbations, which are of the type of white
noise, are directly proportional to the distance of x (¢) from the point of equilibrium
x* and influence x (¢) immediately. So, (10.64) is transformed into

X)) =axt —h)e N —cx(t) + o (x (1) — x*)w (). (10.67)
Let us center (10.67) on the positive point of equilibrium using the new variable
y(t) = x(t) — x*. In this way via (10.66) we obtain
a

V() = —cy(t)+cyt—h) e_by(t_h)—f-%ln (e 1)+ oy@)w(r). (10.68)
C

It is clear that stability of the equilibrium point x* of (10.67) is equivalent to stability
of the trivial solution of (10.68).

Along with (10.68) we will consider the linear part of this equation. Using the
representation e” =1 + y + o(y) (where o(y) means that limy ¢ M = 0) and
neglecting by o(y), we obtain the linear part (process z(¢)) of (10.68) in the form

2(t) = —cz(t) — c(ln 4_ 1>z(t —h)+ oz (). (10.69)
Cc

As is shown in [227, 229] if the order of nonlinearity of the equation under con-
sideration is more than 1, then a sufficient condition for asymptotic mean square
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stability of the linear part of the initial nonlinear equation is also a sufficient con-
dition for stability in probability of the initial equation. So, we will investigate suf-
ficient conditions for asymptotic mean square stability of the linear part (10.69) of
the nonlinear equation (10.68).

Via Lemma 1.5 the necessary and sufficient condition for asymptotic mean
square stability of the trivial solution of (10.69) is

G <1, (10.70)
where
14-£(In £ —1) sin(gh) 2
5 c[lf(]ngfl)cos(qh)]’ a=ces, q:c\/ln%(ln%—Z),
o
p==, G=145" a=ce’,
1+§(ln%—l)sinh(qh) 2

c<a<ce’, g=c/In%2—-1n%).
(10.71)

In particular, if p > 0, h = 0, then the stability condition (10.70) takes the form
cIn? > p;if p =0, h > 0, then the region of stability is bounded by the lines ¢ = 0,
c=aand 1 + (In% — 1)cos(gh) =0 fora > ce?.

The conditions (10.70) and (10.71) give us regions (in the space of the parameters
(a, ¢)) for asymptotic mean square stability of the trivial solution of (10.69) (and at
the same time regions for stability in probability of the positive point of equilibrium
x* of (10.67)). In Fig. 10.1 the region of stability given by condition (10.70) and
(10.71) is shown for p =0, h = 0. Similar regions of stability are shown also for
p =100, h =0 (Fig. 10.2) and for p = 12, h = 0.024 (Fig. 10.3).

c[14(n £ —1) cosh(gh)]’

Remark 10.2 Note that the stability conditions (10.70) and (10.71) have the follow-
ing property: if the point (a, c¢) belongs to the stability region with some p and #,
then for arbitrary positive « the point (ag, cp) = (xa, cc) belongs to the stability
region with po = ap and ho = a~'h.

10.3.3 Stability of Difference Analogue

Consider a difference analogue of the nonlinear equation (10.68) using the Euler—
Maruyama scheme [184]

. c a — by
yir1 = (1= cA)yi +cAyige ™ 4 o In— AT — 1) + oV Ayidiga.

(10.72)
Here £ is an integer, A = % is the step of discretization,

1
ti=iA, yi=y(), §iv1= ﬁ(w(nm —w()), i=0,1,....
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Fig. 10.1 Region of necessary and sufficient stability condition for (10.69): p =0, h =0

In compliance with (10.69) the linear part of (10.72) is
a
zix1 =1 —cA)z; + cA(l —1In Z)Zi_k + a«/ZziéiH. (10.73)

Via Example 3.1 we obtain two sufficient conditions for asymptotic mean square
stability of the trivial solution of (10.73):

1 2
£+‘1—1n‘—"|1—cA|+—cA(1+‘1—1n‘—’ )<1 (10.74)
c c 2 c
and
|
Py cam?l < (1 —ch|ll-m< )mf. (10.75)
c 2 c c c

The regions for asymptotic mean square stability of the trivial solution of (10.73)
(and at the same time regions for stability in probability of the trivial solution of
(10.72)), obtained by the conditions (10.74) and (10.75), are shown in the space
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Fig. 10.2 Region of necessary and sufficient stability condition for (10.69): p =100, 2 =0

of the parameters (a,c) for p = 12, h = 0.024 and A = 0.004 (Fig. 10.4), A =
0.006 (Fig. 10.5), A =0.008 (Fig. 10.6), A = 0.012 (Fig. 10.7). The main part
(with number 1) of the stability region is obtained via the condition (10.74), the
additional part (with number 2) is obtained via the condition (10.75).

Let us show in how far sufficient conditions (10.74) and (10.75) are close to the
necessary and sufficient condition. Consider the case p = 12, h = 0.024, A = 0.012.
Since here k = % =2, we can use the necessary and sufficient stability condition

(5.9). For (10.73) it can be represented in the form

2 2 a a
po1 a (1—cA21 =91 —cAln9)
Py ealt+(1-me c < 1. (107
ctaf [+< nc>]+ I—cA(l—In%)(1—cAln%) (10.76)

In Fig. 10.8 the stability region, obtained via the sufficient conditions (10.74)
and (10.75) (number 1), is shown inside the stability region, obtained via the neces-
sary and sufficient condition (10.76) (number 2).
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Fig. 10.3 Region of necessary and sufficient stability condition for (10.69): p = 12, h = 0.024

Remark 10.3 The conditions (10.74) and (10.75) can be represented in the explicit
form, respectively:

V1i—02A—|1=cA
cet60 5 g > cel =00 Gy = otA— |l =cal (10.77)
cA
and
Gy
ceG3>a>{ceG2’ €= o
ce’s, c¢=cop,
1-JV1—02A h—1+4(I—ch)?+ (2h — A)o?
o=—N_"92 G =¢ V(1 —ch)? 4 ( )9 10.78)

2A c(2h — A) '
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Fig. 10.4 Region of sufficient stability condition for (10.73): p =12, h =0.024, A = 0.004

_ch+1—/(14+ch)? - (2h + A)o?
o c(Rh + A) ’

_ch+ 141 +ch)?— 2h+ A)o?
o c(Qh + A) '

G

G3

Remark 10.4 Conditions (10.74), (10.75) and (10.76) for arbitrary values of the
parameters of (10.67) allow us to choose the admissible step of discretization A
by numerical simulation of the stable solution of this equation. For example, in
Figs. 10.4 and 10.5 we can see that for the simulation of (10.67) and the solution
with a =900, ¢ = 200 we can use A = 0.004 or A = (0.006. But taking into ac-
count Figs. 10.6 and 10.7 we cannot be sure that it is possible to use A =0.008 or
A =0.012.
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Fig. 10.5 Region of sufficient stability condition for (10.73): p =12, h =0.024, A = 0.006

Remark 10.5 Note that the stability conditions (10.74) and (10.75) have the follow-
ing property: if the point (a, ¢) belongs to the stability region with some p, h and A,
then for arbitrary positive « the point (ag, cp) = (@a, xc) belongs to the stability
region with pg = ap, ho = o hand Ag=a'A.

Remark 10.6 In [114, 255] the discrete analogue of (10.64) was considered in the
form (in our notation)

xip1 =1 —cAxi +alAxi_ e Dxik,

By the assumption cA < 1 the sufficient condition for asymptotic stability of
positive equilibrium (10.66) was obtained in [114]:

[(1 = cay~k+D — 1](E - 1) <1 (10.79)

c
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Fig. 10.6 Region of sufficient stability condition for (10.73): p =12, h =0.024, A = 0.008

and improved in [255]:
[(1—cay D _1]m< <1, (10.80)
c

Note that in the conditions (10.77) and (10.78) the assumption cA < 1 does not
have to be made. Let us show that even with the assumption cA < 1 the conditions
(10.77) and (10.78) (in deterministic case, i.e. by o = 0) are better than (10.80).

In fact, if 02 = 0 and cA < 1, then the condition (10.77) takes the form a < ce?.
Representing (10.80) as

a < cellmeny @ h-nt (10.81)

one can see that (10.77) is better than (10.81) if (1 — cA)~**+D — )=l <2 or
cA>1— (3,

Let us show that condition (10.78) is better than (10.80) for cA € (0, 1). In fact,
if 02 = 0, then condition (10.78) takes the form

ch+1
a < cech+dsa) (10.82)
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Fig. 10.7 Region of sufficient stability condition for (10.73); p =12, h =0.024, A =0.012

Via (10.81) and (10.82) it is enough to show that

1 < ch+1
(1 =cA)~*&+D 1 = ¢(h +0.54)

or the function

1 c(h+0.54)

FO=a=cam 't

is nonnegative for cA € [0, 1). This is in fact so, since f(0) =0 and via kA =h

h+ A h+054
l—cAH2 (ch+1)2 =

f(C)=(

In Fig. 10.9 one can see the stability regions for 7 = 0.024 and A = 0.012 given
by the condition (10.79) (number 1), given by the condition (10.80) (numbers 1
and 2), given by the conditions (10.74), (10.75) (numbers 1, 2 and 3) and given by
the condition (10.76) (numbers 1, 2, 3 and 4).
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Fig. 10.8 Regions of sufficient stability condition and necessary and sufficient stability condition
for (10.73): p =12, h =0.024, A =0.012

10.3.4 Numerical Analysis in the Deterministic Case

Consider (10.67) at first in the deterministic case (p = 0) with delay & = 0.024.
We will simulate solutions of this equation via its discrete analogue (10.73) with
A =0.012. The corresponding stability region is shown in Fig. 10.10. Note that
for p =0 the stability region slightly differs from the similar region for p = 12
(Fig. 10.8). The initial function is z(s) = agcos(s), s € [—h, 0], where ag has dif-
ferent values in different points.

In Fig. 10.10 one can see the points A (520, 100), B(529.45, 100), C (540, 100),
D(544.5,46), E(544.5,40), F(544.5,34), K(279.9, 150), L(87.5, 85), M (40, 40).
The trajectories of solutions of (10.73) in these points are shown, respectively, in
Fig. 10.11 (A, ap =5), Fig. 10.12 (B, ap = 5), Fig. 10.13 (C, ap = 0.1), Fig. 10.14
(D, ap = 0.4), Fig. 10.15 (E, ap = 4), Fig. 10.16 (F, ap =5), Fig. 10.17 (K, ap =
6), Fig. 10.18 (L, ap = 5) and Fig. 10.19 (M, ap = 3).

The points A and F belong to the stability region; the solutions of (10.73) in
these points are stable. The points C and D do not belong to the stability region;
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Fig. 10.9 Regions of sufficient stability condition and necessary and sufficient stability condition
for (10.73): p =0, h =0.024, A =0.012

the solutions of (10.73) in these points are unstable. The points B, E, K, L and
M are placed on the bound of the stability region; the solutions of (10.73) in these
points do not converge to zero but converge to bounded functions, in particular to
a constant as in the point M. Note, however, that in the point M (i.e., in the case
b >0, a = c > 0) the initial equation (10.64) has only a zero equilibrium.

Comparing the solutions of (10.73) in the points A, B, C and in the points D,
E, F, one can see also that to move a bit outside of the stability region gives an
unstable solution and to move a bit inside of the stability region gives a stable solu-
tion. A similar result can be obtained comparing the solution of (10.73) in the point
L(87.5,85) (Fig. 10.18) with the solutions in the points L1 (88, 85) (Fig. 10.20) and
L,(87, 85) (Fig. 10.21).

This fact can be used to construct the exact bound of the stability region
in the case when we have a sufficient stability condition only. For example,
in the case p =0, h =0.024, A =0.008 the points P(50,50), Q(288.65,170),
R(680, 250.079), S(810,170), T(923.63,125), U(652.6,50), V(1000,24.16)
(Fig. 10.22) belong to the bound of the stability region, since in all these points the
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Fig. 10.10 Regions of sufficient stability condition and necessary and sufficient stability condition
for (10.73): p =0, h =0.024, A =0.012

solutions of (10.73) do not converge to zero but are bounded functions (Fig. 10.23
(P, ap =3), Fig. 10.24 (Q, ap = 5), Fig. 10.25 (R, ag =5), Fig. 10.26 (S, ap =5),
Fig. 10.27 (T, ap = 5), Fig. 10.28 (U, ap = 4), Fig. 10.29 (V, ap = 4)). Note that
in the point P similarly to the point M the initial equation (10.64) has only a zero
equilibrium.

To illustrate Remark 10.4 consider the point Ao (5.2, 1) which corresponds to the
point A(520, 100) with & = 0.01. The solution of (10.73) in the point Ag is stable
with h = 2.4, A = 1.2 (Fig. 10.30, ag = 5). Note that in spite of the fact that (10.73)
has the same coefficients in both these cases the graphic of the solution in the point
Ap differs from the graphic of the solution in the point A (Fig. 10.11, a9 = 5),
since the initial functions in both cases are different. In the point A it is z_» =
5¢0s(0.024), z_1 = 5¢0s(0.012), zo = 5, in the point Ay it is z_p = 5cos(10.13),
z—1 =5co0s(10.2), zo = 5.

Consider now the behavior of the solution of nonlinear equation (10.68) in the
case p = 0. We will simulate solutions of this equation via its discrete analogue
(10.72) with A = 0.012. If in the point (a, c¢) the trivial solution of (10.73) is asymp-
totically stable (it means that for arbitrary initial function the solution of (10.73)
goes to zero) then the trivial solution of (10.72) is stable in the first approximation
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Fig. 10.11 Stable solution of (10.73) in the point A(520, 100), ap =5

(it means that for each small enough initial function the solution of (10.72) goes to
zero). On the other hand if the trivial solution of (10.73) is not asymptotically stable,
then for arbitrary indefinitely small initial function the solution of (10.72) does not
g0 to zero.

These facts are illustrated by the following examples. In the point A(520, 100)
the trivial solution of (10.73) is asymptotically stable (Fig. 10.11, ag = 5), so in this
point the solution of (10.72) (b = 4) goes to zero for small enough initial function
(Fig. 10.31, ap = 0.437) and quickly enough goes to infinity for a little larger initial
function (Fig. 10.32, ap = 0.438). In the point C (540, 100) the trivial solution of
(10.73) is not asymptotically stable (Fig. 10.13, ag = 0.1) and the solution of (10.72)
(b =1) goes to infinity for an indefinitely small initial function (Fig. 10.33, ap =
0.001).

10.3.5 Numerical Analysis in the Stochastic Case

Consider finally the behavior of the solution of (10.69) in the stochastic case with
p = 12, delay h = 0.024 and the initial function z(s) = agcos(s), s € [—h,0].



10.3 Difference Analogue of Nicholson’s Blowflies Equation 309
3
|
-:-

3

—g54
1
|
1
|

Fig. 10.12 Bounded solution of (10.73) in the point B(529.45, 100), ap =5

A solution of this equation is simulated here via its discrete analogue (10.73) with
A =0.012. The corresponding stability region is shown in Fig. 10.34, which is the
increasing copy of Fig. 10.8 with the additional points X (160, 100), Y (465, 100),
which belong to the stability region of (10.73), and the points W (120, 100),
Z (510, 100), which do not belong to the stability region of (10.73).

For numerical simulation of the solution of (10.73) one uses some special algo-
rithm of numerical simulation of the Wiener process trajectories [209]. Fifty trajec-
tories of the Wiener process obtained via this algorithm are shown in Fig. 10.35. In
Fig. 10.36 ten trajectories of the solution of (10.73) are shown in the point W with
ap =0.1. The point W belongs to the stability region of stochastic differential equa-
tion (10.69), but it does not belong to the stability region of its difference analogue
(10.73). One can see that each trajectory of the solution of (10.73) in the point W
oscillates and goes to infinity.

A similar picture can be seen in Fig. 10.37 where 100 trajectories of the solution
of (10.73) are shown in the point Z with agp = 0.1. In Fig. 10.38 100 trajectories
of the solution of (10.73) are shown in the point X with ap = 8.5. The point X
belongs to the stability region of (10.73) and all trajectories go to zero. One hundred
trajectories of the stable solution of (10.73) are shown also in Fig. 10.39 in the point
Y with ap =6.5.
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Fig. 10.13 Unstable solution of (10.73) in the point C (540, 100), agp = 0.1

10.4 Difference Analogue of the Predator-Prey Model

Consider now the problem, which is similar to the problem from the previous sec-
tion, but for a more complicated (two-dimensional) mathematical model type of the
predator—prey model:

x1(1) = x1(0)(a — arx1 (1) — azxa (1)),
x2(t) = —bxa(t) + bixi(t — h1)x2(t — h2),
Xm(s) =@m(s), s€[—max(hy, h2),0], m=1,2. (10.84)

(10.83)

Here x1(¢) and x,(¢) are the densities of prey and predator populations, respectively,
and A1 and h, are nonnegative delays.

Note that mathematical models of the type of (10.83) or more general ones, with
both continuous time and discrete time are interesting enough for a lot of researchers
([16, 20, 36, 42, 49, 56, 63, 74-76, 83, 84, 93, 101, 102, 105, 171, 173, 175, 183,
190, 202, 235, 246, 265-268, 272, 275, 277]).
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Fig. 10.14 Unstable solution of (10.73) in the point D(544.5, 46), ap = 0.4

10.4.1 Positive Equilibrium point, Stochastic Perturbations,
Centering and Linearization

Suppose that the parameters a, ay, az, b, by in the system (10.83) are positive con-
stants such that

aj
A=a—-b—>0. (10.85)

by
Then the system (10.83) has a positive point of equilibrium (x{, x3), which is de-
fined by the conditions x{ () =0, x2(¢) = 0, and which has the form

. b . A
X =— Xy =—. (10.86)
a
As was assumed above, the system (10.83) is exposed to stochastic perturbations
that are directly proportional to the deviation of the state of the system (x (), x2(¢))
from the point of equilibrium (x}, x3) and have influence on x;(¢), x2(¢) such that
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Fig. 10.15 Bounded solution of (10.73) in the point E(544.5,40), ap =4

the system (10.83) takes the form

X1(0) = x1(t)(a — arx1 (t) — azx2 (1)) 4 o1 (x1 (1) — x} ) (1),

(10.87)
X2(t) = —bxa(t) + byxi (t — h1)x2(t — ha) + 02 (x2(t) — x3)wa(r).

Here o1 and o7 are arbitrary constants, wi(#) and w;(¢) are independent standard
Wiener processes. Note that the equilibrium point (x, x3) of the system (10.83) is
also a solution of the system (10.87).

To center the system (10.87) around the equilibrium point (x}, x3) consider the
new variables y| (t) = x1(t) — x§, y2(t) = x2(¢) — x5. The system (10.87) takes the
form

Y1) =—(y1(0) +x7) (a1 (1) + a2y2 (1)) + o1y1 (D1 (1),
y2(t) = =bya(t) + b1 (x3y1(t — h1) +x{y2(t — h2)
+ y1(t — h)y2(t — h2)) + o2y2 (D (1),

(10.88)

)’m(s)zwm(s)y Se[_max(hlvh2)50]’ m=172‘
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Fig. 10.16 Stable solution of (10.73) in the point F(544.5,34), a0 =5

It is evident that stability of the equilibrium point (x}, x3) of the system (10.87) is
equivalent to stability of the trivial solution of the system (10.88).
Rejecting the nonlinear elements in the system (10.88) we obtain the system

21() = —xj (a1z1(1) + a2z2(1)) + o121 (D W1 (1),
22(t) = —bzp(t) + b1 (x521(t — hy) + x{22(t — h2)) 4+ 0222(D2 (), (10.89)
Zn($) =gm(s), s €[—max(hi, h2),0], m=1,2,

which we will consider as a linear part of the system (10.88).

Put y(1) = (y1(1), y2(1)), 2(t) = (21(1), 22(1)), @(s) = (1 (s), Y2(5)).

Via the general method of the construction of the Lyapunov functionals for
stochastic differential equations [126, 127, 129, 133, 134, 136, 141, 182, 227, 229—
231] sufficient conditions for asymptotic mean square stability of the trivial solution
of the system (10.89) were obtained in [246].
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Fig. 10.17 Bounded solution of (10.73) in the point K (279.9, 150), ap = 6

Theorem 10.3 Put

2 2
b 2A
A1=a2 g, A2=2b<Z—]—Ah]>—O’IZ, Az = bl’

Ab? 1 as
, , (10.90)
arb a0y arb
Ay=—"2(1 —bhy) — —= |, By =——hy, By = Abh;.
4 by < ( 2 Ab]> 1 b 2 2 1
If the conditions (10.85),
1 2 1 2
hlﬁ(%‘;—é)’ h2<z(1‘—§f§>’
! ! (10.91)

( BI2+A1A2+31>< B§+A3A4+Bz><A2A4’

hold, then the trivial solution of the system (10.89) is asymptotically mean square
stable.
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Fig. 10.18 Bounded solution of (10.73) in the point L(87.5, 85), ap =5

As was shown in [227, 229], if the order of nonlinearity of a considered system
is higher than 1 then sufficient conditions for asymptotic mean square stability of
the trivial solution of the linear part of a considered nonlinear system at the same
time are sufficient conditions for stability in probability of the trivial solution of the
initial nonlinear system. So, the conditions of Theorem 10.3 are sufficient condi-
tions for the stability in probability of the trivial solution of the nonlinear system
(10.88) and, respectively, for the stability in probability of the equilibrium point of
the system (10.87).

10.4.2 Stability of the Difference Analogue

Consider the difference analogues of the systems (10.87)

X1+ 1) =x10) + Ax1 () (a — a1x1 () — a2x2(i)) + v Aoy (x1 () — x7)&1 G+ 1),

X0 +1)=0—-Ab)x2(i) + Ab1x1 (i —k1)x2(i —k2) (10.92)
+V A0 (x2(D) = x3)62(i + 1)



316 10 Difference Equations as Difference Analogues of Differential Equations

Fig. 10.19 Bounded solution of (10.73) in the point M (40, 40), ap =3

and (10.88):

216+ 1) = (1= Aarx})z1 () — Aazxfz2() + VAo 21 (D& G + 1),
220 +1) = (1 = Ab)z2(i) + Ab1 (¥321 (G — k1) + x722( —k2))  (10.93)

+ Aoy 22()E G + 1).

Here k,, = h,,/A is an integer, A is the step of discretization, x,, (i) = x,, (),
fi =i, En (i +1) = (Wn(tip1) —wn () /A, m=1,2,i € Z,£& (i) and &), i €
Z, are independent of each other §;-adapted random variables such that E,, (i) =0,
Eg2(i)=1,m=1,2.

To get sufficient conditions for asymptotic mean square stability of the trivial
solution of the system (10.93) let us construct an appropriate Lyapunov functional.
Following the procedure of the construction of the Lyapunov functionals, rewrite
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Fig. 10.20 Stable solution of (10.73) in the point L (88, 85), ap =5

the second equation of the system (10.93) in the form

20 +1) = 22(0) + Abix321 (i) — Aby (x5 AF (i) + x] AF»(i))

+ Aoz (e + 1),

where AF, (i) = Fp(i +1) — Fp (i),
e
Fu@)=Y znli—j), m=12,
j=1

and put

Z5(i) = 22() + Aby (X3 Fi (i) + X} F2 ().
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Fig. 10.21 Unstable solution of (10.73) in the point L2 (87, 85), ap =5

Then the system (10.93) can be represented by

Zl(i + 1) — (1 _ ALZ]XT)Z](I.) — Aazxikzz(i) + \/ZUIZI(i)él (i + 1)’ (10 94)
Zo(i + 1) = Ab1x321 (1) + Za (i) + VAo ()82 (i + 1). |

A Lyapunov functional V(i) for the system (10.94) is constructed as V(i) =
Vi) + Va(i), where
Vi(i) = 21G) + 2021 () Z2G) + v Z3 (D),

and V»(7) is chosen by the standard way after estimation of EAV, ().
It is easy to see that

EAVI()=E(Vi(i +1) = Vi(D)) = Ji + Lo + J3,
where

B =E[((1 = Aa1x})z1 () — Aaxiz2() + VAo 21 (DE G + 1) = 230)],
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Fig. 10.22 Region of sufficient stability condition for (10.73): p =0, h =0.024, A = 0.008

D =2uE[((1 — Aarx})z1 (1) — Aaxx}zo(i) + v Aoy z1 (D& (0 + 1))
X (Abix3z1() + Z2(i) + VA2 ()E (i + D) —z1() Z23)],
Iy = yE[(Ab1x521() + Z2() + VA0 (D& + 1)) — Z3(0)].
Using the condition E&,, (i + 1) =0, m = 1, 2, transform J; as
B =[(1 = Aayx})” = 1]EZ () + A%a3 (x}) B3 ()
+ Ao{Ez} (i) — 2(1 — Aarx}) AaxxEz1 ()22 (i)
= A[(—a1x} (2 = Aarx}) + 02)EZ3 () + Add (xF) EZ3 ()

—2(1 - Aayx})arx Bz (D22 (i) ]
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Fig. 10.23 Bounded solution of (10.73) in the point P (50, 50), ap =3

Analogously we have

Ty =2pE[((1 = Aarx})z1 (i) — Aaxx} (D)) (Abix3z1 () + Z2(1)) — 21(1) Za ()]
=2u[(1 — Aa x}) Ab1x3Ez7 (i) — A2 AbEz; (i)22(i)
— Aayx(Ez1 () Z2(i) — Aaxx({Ez2(i) Z(i) ]
=2nA[(1 — Aarx})bix3Ez7 (i) — AABEZ (i)z2(i)
— a1Ez1 () (x722(0) + Ab(x3 F1 (i) + xT F2(i)))
— aEz3(i) (x{22(0) + Ab(x3 Fi (i) + x{ F2 (1)) ]
=2uA[(1 = Aayx})b1x3Ez3 (i) — (AAb + ayx})Ezy (i)z2(i)
— Aarb(x3Ezi () Fi () + x7Ez1 () F2 (i)
— apx{Ez5 (i) — Ab(AE22() F1 (i) + a2xE22(i)) F2.(0)) ]
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Fig. 10.24 Bounded solution of (10.73) in the point Q(288.65, 170), ap =5

and
Iy =y A[ A} (x3) B2} (i) + o3B3 (i)
+2b1x3Ez1 (D) (2200) + Aby (X3 F1 (i) + x{ F2(1)))]
= y A[Ab}(x3)*EZ3 (D) + o3B3 (i) + 2b1 x5 Ez1 (D)22(0)
+2Ab3x3 (x3Ez1 (1) F1 (i) + x7Ez1 () F2 (i) ]
Therefore,

EAVi(i) = A[(—a1x} (2 — Aarx}) + of)EZ{ (i) + Aa%(x]k)zEZ%(i)
—2(1 = Aayx})azx{Ez; (i)z2() ]

+2uA[(1 = Aayx})b1x3Ez7 (i) — (AAD + arx})Ez (i)z2(i)
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-1

Fig. 10.25 Bounded solution of (10.73) in the point R(680,250.079), ap =5

— Aarb(¥3Ezi () Fi (i) + x}Ez1 () Fa (i)
— axx{Ez3(i) — Aazb(x3Ez2() Fi (i) + x{E22() Fa (i) |
+y A[Ab} (x3) B2} () + 07 EZ3 (i) + 20105 Ez1 (1) 22i)
+24Abix3 (GE21 (D Fi (D) + x7E21 () F2()) ]
= A[—aix{(2 — Aarx}) + of
+2ubixi (1 — Aarx?) +y Ab} (x3) B2 ()
+ A[4d3(x])” = 2parx} + v o3 [ES()

—2A[axx{(1 — Aarx}) + n(AAb +aix}) — ybix3 |Ez1 ()22()
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Fig. 10.26 Bounded solution of (10.73) in the point S(810, 170), ap =5

+2A%b1x3[yb1x3 — parxf]Ezi (i) Fi (i)

+2A%[ybix; — parx}|Ez1 () Fa (i)

— 2A% W AbEz (i) F1 (i) — 2A% pnasbxTEzp (i) Fa (i). (10.95)
Note that

242 (i) Fon (z)—zAsza)zmo—n<AZ (am @) + 2 0 = )

j=1

ki
=hnag () +AY G —j). m=12, (10.96)
j=1
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Fig. 10.27 Bounded solution of (10.73) in the point 7'(923.63, 125), ap =5

and for arbitrary positive y1, y»

ko ko
2821 Fa(i) =24 2122l — ) <A Y (v ') + 11236 — )

j=l1 j=1
k2
=y () +1iAY 50— ), (10.97)
j=1
ki ki
2822 F1(i) =24 Zzz(i)zl(i -jp<A Z(VZZ%(i) +y5 i - )
j=1 j=1
ki
=yhiz3() +y; ' AY 26— ). (10.98)

j=1
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Fig. 10.28 Bounded solution of (10.73) in the point U (652.6, 50), ap = 4

Substituting the estimations (10.96)—(10.98) into (10.95) we obtain

EAVI(i) < A[—aix}(2 — Aaix}) + o}
+2ubixk (1 — Aarxt) +y Ab3 (x3)*EZ} ()
+ A[Ad3 (x})” = 2uarx] + y o2 |EZ3 (i)
—2A[axx{ (1 — Aayx}) + n(AAb + arxy) — ybix; |Ez1 (i)z2()

ki
+ Ab1x} |y bixs — parx}| (hlEz%(i) +AY Ezjli— j))
j=1
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Fig. 10.29 Bounded solution of (10.73) in the point V (1000, 24.16), ap = 4

kp
+ Ably b x5 — paxf| <y1—1h2Ez%(i) +yAY B - j))
j=1

ki
+ AuAb(yzhlEzg(i) + )/271A ZEZ%(I' - j))
j=1

ka2
+ Apazbxy (thzg(i) +A) Ez(i— j))
j=1
= A[—aix{(2 — Aarx}) + o +2ubixi(1 — Aarx}) + )/Ab%(x;)z
+bi|ybixs — parxy|(x3hy + vy ' xtha) JEZ3 ()

+ A[Ad} (x7)? = 2parx] + yoF + ub(y2Ahy + axxha) [EZ3 ()
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Fig. 10.30 Stable solution of (10.73) in the point Ag(5.2,1), p=0,h =24, A=1.2,ap0=5

—2A[aox{ (1 — Aayx}) + n(AAb + arx}) — ybix3 |Ez1 (i)z2()
k1 ky
+ A2<q1 D Efi—j)+q ) Ezdii— j)>,
j=1 j=1
where

q1 = b1 [x3|ybixs — paixf| + yZ_IMAxT]’ (10.99)

q> = b[y1|ybixi — paixf| + parxy].

Following the procedure of the construction of the Lyapunov functionals choose
the auxiliary part V, (i) of the functional V (i) in the form

2 km
Vo) =A% gm Y _km — j + Dz, i — ).

m=1 j=1
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-0.40

Fig. 10.31 Stable solution of (10.72) in the point A (520, 100), ap = 0.437

Then

2 km
AVy(i) =A%) gm (kngl(i) =Y i j)).

m=1 j=1
So, via (10.99) for the functional V (i) = V(i) + V»(i) we obtain
EAV (i) < A[—ale(2 — Aale) + 0'12 + 2/Lb1x§(l - Aalxi‘) + )/Ab%(x;)z
+ by |yb1x§‘ — ,u,alxﬂ(x;hl + yflehz)
+ bihy (x5 |ybixs — parxy| + yz_lquf)]Ez%(i)

+ A[Aa% (xf)2 —2uapx +yop + ub(y2Ahy + axx}hs)
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Fig. 10.32 Unstable solution of (10.72) in the point A(520, 100), ap = 0.438

+ bhy(y1|ybi1xs — parxy| + Ma2x1k)]EZ§(i)

—2A[axx{(1 — Aarx}) + n(AAD + a1x7) — ybi x5 |Ez1 (D)22(0)
= Al—a1x}(2 — Aaix}) + of +2ubix} (1 — Aarx}) + y A (x3)°

+ by |ybixy — parxt|(2x3h1 + v, xtho) + vy ' wAbhy |EZ3 ()

+ A[AG} (x) = 2parxt + yoF + ub(y2 Ay + asxthy)

+bho (1 |y b3} — parx}| + paxx}) |E23 (i)

+2A[ybix} — paixy — axx}(1 — Aayx}) — AnAb|Ezi ()z2().

As a result we find that the functional V (i) satisfies the condition

EAV (i) <EZ () Pz(i),
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Fig. 10.33 Unstable solution of (10.72) in the point C (540, 100), ap = 0.001

where

«o=(0) = )

pi = A[—aix} (2 — Aayx}) + of +2ubix3 (1 — Aayx}) + yAb%(xf)z
+bilybixs — paixt| (231 + v ' xfha) + v, wABIL], (10.100)

p = A[Ad3(x})? — 2uarxi +y o3 + ub(y2Ahy +axxiha)
+ bhy(y1|ybixs — parxt| + paxxy)],

P12 = 2A[yb1x§ — payxy — azxi‘(l — Aa1x>f) — AuAb].

From Theorem 1.1 we have the following.

Corollary 10.3 If there exist numbers , y > %, y1 > 0, y» > 0, such that the
symmetric matrix P with elements (10.100) is a negative definite one, i.e., p11 <0,
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Fig. 10.34 Regions of sufficient stability condition and necessary and sufficient stability condition
for (10.73): p =12, h =0.024, A =0.012

p22 <0, p11p2n > p%z, then the trivial solution of the system (10.93) is asymptoti-
cally mean square stable.

Let us show that by the conditions of Theorem 10.3 such numbers w, y, yi, 2
in fact exist. Choose y from the condition pj; =0, i.e.,

ybixy — pajxi — agxi"(l — Aalxi“) — AuAb=0. (10.101)

Then via (10.86)
y =81a1 + 824, (10.102)

where
2
ab [ a1 ayb ( alb)

Sia=—1|—4+4], bopo=——=(1—A4A—). 10.103
= (Ab1 ) 24 A2 by ( )
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Fig. 10.35 Trajectories of the Wiener process

From the inequality y > ,uz, ie., Siam + Sop > /Lz, it follows that the necessary
number p has to belong to the interval

$14 — /82, +48a S1a+,/83, +462a
( 5 , > ) (10.104)

Note that from (10.101) by the condition Aalxi“ < 1 or (which is the same due
to (10.86))

b
A< 2L (10.105)
arb

it follows that

ybix; — paixi = azxi“(l - Aale) + AuAb > 0. (10.106)
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Fig. 10.36 Unstable solution of (10.73) in the point W (120, 100), ap = 0.1

(.8

[

AAAAAPA—AAAF4—4—414—44444444£a144444F—4—44+44—444444444P444

1
=

‘ Iu ”
\

1
3]

I
o

I
£

Supposing that p1; < 0 and using (10.102) and (10.106), we have

— alx]"(Z — Aale) + 012 + Z;Lb]x;(l — Aalx]k) + (S1ap + (SQA)Ab%(x;)Z
+ [azb(l — Aalx;") + A,uAbbl]

x (2x3hy + v xfha) + vy wAbhy < 0. (10.107)
From this via (10.105)
arx} (2 — Aarx¥) — o — Abrab}(x3)? — b(1 — Aar1x})2ARy + v 'axxth)

< .
2b1x5(1 — Aarx}) + A81ab2(x)? + AAbby 2xthy + v, ' xtha) + 5 | Abhy
(10.108)
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Fig. 10.37 Unstable solution of (10.73) in the point Z(510, 100), ap =0.1

Analogously, assuming that py; < 0, we have
2
Aa3(x})" + 8205 + yiazbxtha (1 — Aaix})
< M[Zazx;‘(l — Aalxik) — 81022 — Y1 AAb hy — yzAbhl].
Considering the expression in the square brackets as a positive one, we obtain

Ad3(x7)? + 8205 + yiazbx}ha(1 — Aayx})
2a0xF(1 — Aarx}) — 810% — yi AAb hy — y2 Abhy

<u. (10.109)
From (10.86) and (10.103) it follows that

21,2
2 AT bay ( a Ab
51Ab%(x§) =—l_<A—bl+A> =—(a1 + AAby),

% b “ (10.110)
8 bz(x*)z—Azblz%(l—Aa x{)=Ab I—AM) |
2TV T At o b )
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Fig. 10.38 Stable solution of (10.73) in the point X (160, 100), ay = 8.5

Thus, from (10.108)—(10.110) it follows that the necessary p has to belong to the
interval

< Aia+ Biayi A2A—B1AJ/1_1 ) 10.111)
A4A—B2V2—B3AV1’A3A+Bzy2_1+B3Ayl_l ' ’

where via (10.86) and (10.110)

27 2 272 2
asbo asb aio.
Ajp= 22+ A2 (1— 12),

2 2
Ab] b A
2
ai ayb arb 5
Aop=2bl — — Ah | —Ab| -+ A(1—-A— ) ) —0of,
2= —am ) - (G +a(1-77)) -
2Ab; Ab

Azp = + A—(Ab1(2h + A) — ay),

az az
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Fig. 10.39 Stable solution of (10.73) in the point Y (465, 100), agp = 6.5
arb 2f @
Agp=—(2(1 —bhy) —o5| —+A4) |,
S ( (=0 2<Ab1 ))
arb*h» aib 2
Bia= b I—Ab— , By = Abh,, B3ip = AAb“h;.
1 1

For the existence of the interval (10.111) it is necessary that the inequality

Aia+ B Asa — Biay; !
14+ Biayi - 2A 11Ay1 1 (10.112)
A4a — Bayr — B3ayr  Azp+ Bay,  + Biay,

was correct or (which is the same)

Aia+B Asp+ Byys '+ Baay !
14+ 1A7/11 , Asa 2Vh 34V -1 (10.113)
Axa — Biay, Asp — Boyr — B3ayi
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Optimal y; and y, are such that they give a minimum for the left part of the in-
equality (10.113). For simplification of the task of minimization, let us find a min-
imum of the left part of (10.113) by A = 0. From (10.96) it follows that A;o = A;,
i=1,...,4, Bio = By, B3g =0. Thus, by A = 0 the inequality (10.113) takes the
form

A1+ By y Az + 32)/2_1

— < 1. (10.114)
Az—Blyl A4 — Boyn

It is easy to show that the minimum of the left part of (10.114) equals (y;/y2)? by

VBl 4+ A1A2+ By A4
V1= 1 ) Y2 = . (10.115)
2 ‘/322+A3A4+Bz

Substituting (10.115) into (10.114), we obtain (10.91). So, by A = 0, the inequal-
ities (10.113) and (10.112) with y; and y», which are defined in (10.115), hold. Be-
cause of the continuous dependence of the left part of inequality (10.113) on A and
for small enough A > 0, we have

A1a+ Biayia - Aza —BlAVfAl

1 -, (10.116)
A4a — Bayan — B3ayia  Asa+ Bayy, + B3y,
where
VB +AiaAra+ Bia A
14 44 (10.117)

Yia = 1 ) Y24 = .
24 ‘/322+A3AA4A+BZ

Thus, the interval (10.111) by yy, y2, which are defined in (10.117), and a small
enough A > 0 exist.

Let us show that the intervals (10.111) and (10.117) belong to the interval
(10.104). Since the left bound of interval (10.104) by the condition (10.105) is neg-
ative and the left bound of interval (10.111) and (10.117) is positive, it is enough to

show that
_ 2
AZA_BIAVIAI <61A+\/81A + 4824

Azp + sz/z_Al + B3AV1_AI 2

(10.118)

On the other hand to prove (10.118) it is enough to show that, for any A that satisfies
(10.105), the inequality

Aoa — Biay),

Azp + 327/2;1 + B3a J/fAl

<d1A.
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holds. In fact, via (10.103) and (10.105)

Asp — BlAVfAl
Asza+ Bayy ) + Baay,
2ba; Ab%a?
Aop b b?

—C <
= 24b, |, AAb

A3A 71 + W(AAbl — al)

_ arab(2by — Abay)

" AL2(2by + Ab(AAb —ay))

ajaxb 2by — Abay ajaxb
= X <
Ab}  2by — Abay + A2Abby  ADb?

<81A.

So, the following theorem is proven.

Theorem 10.4 If conditions (10.85) and (10.91) hold and the step of discretiza-
tion A satisfies the conditions (10.105) and (10.116) then the trivial solution of the
system (10.93) is asymptotically mean square stable and, respectively, the positive
point of equilibrium (10.86) of the system (10.92) is stable in probability.

Example 10.3 The solution of the system (10.87) was numerically simulated by
virtue of the difference analogue (10.92) by the following values of the parameters:
a=5,a1=02,a,=05,b=05,b=35,h; =hy=0.02, 01 =0.6, 02 =0.8,
@1(s) =8.5coss, pa(s) =8.5sin(s + 1). Here A =3.6, A] =0.622, Ay = 1.936,
A3 =72, Ay =6.261, By =0.245, B, =0.252, x{ =7, x; =7.2, 91(—0.02) =
8.498, ¢1(—0.01) = 8.499, ¢1(0) = 8.5, ¢2(—0.02) = 7.059, ¢2(-0.01) = 7.106
and ¢,(0) = 7.152. The conditions (10.85) and (10.91) hold, and the condition
(10.105) takes the form A < 0.714. By choosing the step of discretization A = 0.01,
the condition (10.116) holds too: 0.152 < 0.253. One thousand trajectories of the
system (10.87) were simulated and all of them had convergence to the equilibrium
point (x{, x3). In Fig. 10.40 one of the trajectories obtained is shown in the phase
space (x1, x2), and in Fig. 10.41 the dependence of x; () and x(¢) on time is shown.

10.5 Difference Analogues of an Integro-Differential Equation
of Convolution Type

Here the reliability to preserve the property of stability is considered for some differ-
ence analogues of the deterministic nonlinear integro-differential equation of con-
volution type. Difference analogues are constructed both with discrete and with con-
tinuous time.
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Fig. 10.40 Trajectory of solution of the system (10.87) in the phase space (x1, x2)
X3
X
T 6[ T T T é t

Fig. 10.41 Dependence of x1(¢) and x;(¢) on time

The nonlinear integro-differential equations of convolution type

t
x(1) =/ K@ — s)f(x(s)) ds
0
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arise usually in some problems related to evolutionary processes in ecology, in nu-
clear reactors, in control theory etc. [60, 61, 66-68, 71, 72, 78-81, 90, 91, 176].
Below the equation of convolution type with exponential kernel is considered,

t
x(7) =—k/ e M9 £ (x(s)) ds (10.119)
0
with k>0, A > 0 and
m
. 2pi+1
f(x):l;aixvl’ v = 2‘;’;“, pi > qi >0, (10.120)

where «; > 0, p; and g; are integers.
It is easy to check that the trivial solution of (10.119) is stable. Indeed, putting
x1(t) = x(t), x2(t) = x(¢), one can transform (10.119) into the system of equations

x1() = x2(1),
X2(t) = —kf (x1 (1)) — Ax2(2).
The function

m
A ou 2 1 pi+qi +1
Vi =k S L2y 1 x20), pi=-i+1H=2TIT 0 o (10.121)
;m : ’ 2 29i +1

is a Lyapunov function for this system since V (¢) > 0 for xlz(t) + x22(t) > 0, and
V(1) = —2xx2(t) < 0 unless x»(t) = 0.

10.5.1 Some Difference Analogues with Discrete Time

It is obvious that one differential equation can have several difference analogues,
according to the choice of a numerical scheme. However, not all of these analogues
need to be asymptotically stable. The problem is to determine which methods can be
employed with the expectation that the difference analogue will preserve the quali-
tative behavior of the solutions of the original problem. In particular, the question is
how one may construct a difference analogue of a continuous asymptotically stable
system that will be asymptotically stable too.

In this section three possible schemes are proposed for the construction of differ-
ence analogues of the integro-differential equation

t
X(t) = —k / e 7953 (5) ds. (10.122)
0
This is a particular case of (10.119) withm =1, a1 = 1, p1 = 1, g1 = 0. Conditions
for the asymptotic stability of the trivial solutions of these difference analogues are
obtained.



10.5 Difference Analogues of an Integro-Differential Equation of Convolution Type 341
Scheme 10.1 Divide the interval [0, ¢] into i + 1 intervals of length A > 0. In
thisway t = (i + DA, s =jA, j=0,1,...,i,i + 1, x; = x(jA). Using the left-

hand difference derivative (x;4+1 — x;)/A for the representation of x(¢) in the point
t = (i + 1) A, as a result we obtain the difference analogue of (10.122) in the form

i
Xip1=x; —kA?) e AT i=0,1,. (10.123)
j=0

Denoting a = e 4 we transform the right-hand side of (10.123) in the follow-
ing way:

i—1
Xipl = Xj — akAz)ci3 +a (—kA2 Z e_m("_j)xf-).
j=0

Applying (10.123) for i — 1 leads to

X1 =x0— akAsz,

(10.124)
Xi+] = Xi —akAin3 +alxi —xi—1), i=1,2,....
Equation (10.124) has four parameters: k, A, A, xo. Putting
; X
=2 r=a4, y=kX,  a=e,  b=yr: (10125
X0 A
we finally obtain the equation with two parameters only:
y()=1, y1=1—ab,
(10.126)

yiel = yi —aby +a(yi —yi—1), i=12,....

Scheme 10.2 Divide the interval [0, ¢] into i intervals of length A > 0. In this
way t =iA,s=jA, j=0,1,...,i, x; = x(jA). Using the right-hand difference
derivative (x;j+1 — x;)/A for the representation of x(¢) in the point t =i A, as a
result, similarly to (10.124), we obtain the difference analogue of (10.122) in the
form

i
Xiyl = Xi —kAZZ e_)”A(’_f)xj-, i=0,1,...,
Jj=1

or
X1 = X0,

(10.127)
Xit] = Xi —kAle-?’ +e_)‘A(x,- —Xxi_1), i=1,2,....
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Following the same approach as above and using (10.125), one can represent this
difference equation in the two-parameter form

yvi=yo=1,
, (10.128)
Vi1 =yi —by; +a(yi —yi-1), i=12,....

Scheme 10.3 Divide the interval [0, ¢] into i + 1 intervals of length A > 0. In this
wayt =0+ DA, s=jA, j=0,1,...,i,i +1,x; =x(jA). Using the left-hand
difference derivative (x;+1 — x;)/A for the representation of x(¢) in the point t =
(i +1)A, as a result, analogously to (10.127), we obtain the difference equation in
the form

i+1

x,-+1=x,‘—kAZef)‘A(i+]7j)x;, i=0,1,...,

j=1

or

X1 =Xx9— kAzxf,

(10.129)
x,~+1:x,'—kAzx?H—}-e_)‘A(xi—xi_l), i=1,2,....
Using (10.125) in the two-parameter form we obtain
=1, yi=1=by,
(10.130)

Vitl = Vi — by,.3+1 +a(yi —vyi—1), i=12,....

Remark 10.7 1f b =0, then (10.126), (10.128) and (10.130) coincide with the equa-
tion y;11 = (1 4+ a)y; — ay;—1, which has a stable but not an asymptotically stable
trivial solution.

10.5.2 The Construction of the Lyapunov Functionals

We describe here in detail the construction of Lyapunov functionals V; with the
condition AV; < 0 for (10.126), (10.128) and (10.130). Via the procedure of the
construction of the Lyapunov functionals we have the following four steps.

Step 1  Using the procedure of the construction of the Lyapunov functionals rep-
resent (10.126) in the form

yits1=Fii +AF3, i=0,1,...,
where

F1i=yi—abyl-3, i=0,1,...,
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F30 =0, AF30 = ayo,
F3i =ayi—1, AFi=a(yi—yi-1), i=12,....
Step 2 Consider the auxiliary difference equation without delay
20=1, zip=z—abz, i=0,1,.... (10.131)

The function v(z) = z2 is a Lyapunov function for this equation. In fact, using
(10.131) we get

Av =v(i41) — (@) =25y, — 3
3\2 2 2. 4( .2 2
= (Zi _abZi) —Z; = (ab) Z; (Zl‘ - E)
Since zg = 1, via the condition ab < 2 we have Av; <Oforalli =0, 1,... provided
z; #0.

Step 3 We will construct the Lyapunov functional V; for the system (10.126) in
the form V; = Vy; + V»;, where

Vio = v(y0) = 3, Vii=v(yi — F3) = (i —ayi—1)%  i=1,2,...
Calculating AVy;,i=1,2,...,via (10.126) and Lemma 1.1, we obtain
AVii = (vig1 — ay)? — (v — ayi—1)?

2
= (yi —aby} —ayi—1)" — (vi —ayi—1)*
= (ab)zyi6 — 2abyl4 + 2a2byl.3y,~_1

2 3 1
< (ab)*y! - a2b<5 - 5)%‘ + @%byl

Analogously for i = 0:

AVig=y{ —y; =1 —ab)’> -1

a

2
= —(ab)2<—b — 1) < —(ab)*(g1(x) — 1),

where, via (10.125),
2" —1)

> (10.132)
‘}/T

gi(r) =

Step 4 Choosing the additional functional V5; in the form Voy = 0, Vo; =
%azbyf_l, i=1,2,..., for the functional V; = V}; + V; we get

AV; < —(ab)*yH(g1(m) —y7), i=0,1,.... (10.133)
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It is easy to see that
rli_%gl(f)ZOO, Tl_i)ngogl(r):oo,
2 . 3.0838

(2 — )y Y
where 19 ~ 1.594 is the root of the equation

inf g1(t) = g1(10) =
>0

2=02-1)€". (10.134)
Let us suppose that the sequence yi2 is bounded and there exists a T > 0 such that
yi<gi(x), i=0,1,.... (10.135)

In this way, AV; <Oforalli =0, 1, ..., while y; # 0. If the sequence in is bounded
by g1(t0), where 7 is the root of (10.134), then (10.135) is correct for all T > 0.
If yi2 is bounded by some M > gi(tp), then (10.135) is correct for T € (0, 71) U
(12, 00), where 71 and 1, are two positive roots of the equation

2(e" — 1) = Myt? (10.136)

The corresponding analysis for (10.128) proceeds as follows.

Step 1. We choose Fj; = y; — byl.3 and F3; = ay;_1.
Step 2. This step is the same as before by the condition b < 2.
Step 3. One can show that

AVyp= () —ayo)z—y§=az—20=a(a —-2) <0,

3a 1
AVy; < b?yP —by?<2— 7) + Eaby?_l, i=1,2,....

Step 4. Put
Voo =0, VZiZEQbyi—l’ i=1,2,....
Then
AV; < byl (g2() — ¥7).
where
2(1 —e™ )
g(t)=——75—-. (10.137)
YT

The function g(7) is a strictly decreasing one for T > 0 and

lim g>(t) = oo, lim go(7) =0.
=0 T—>00
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Thus, if the sequence yl.2 is bounded by some M > 0 then the condition yi2 < g2(7),
i =0,1,... (and therefore AV; < 0) is correct for t € (0, 7p), where g is the posi-
tive root of the equation

2(1—e ") =Myt (10.138)
Finally, for (10.130) we have the following.

Step 1. Choose Fi; = y; — byi?’ and F3p = —by(?)’ =—b, I3 =ayi—1 — by?, AF3 =
a(yi —yi-1) — b}, —y).i=1.2,....
Step 2. This step is the same as before by the condition b < 2.
Step 3. One can show that
AVig= (y1 = F30)* = (o = F30)* = (1 —a)> = (1 + b)?
=—a—a)—bR2+b)<0

and
AVii = Ois1 — F3i401)* — (i — F3)?
= (i1 —ayi + by 1) = (i —ayi1 +by})°
= (i —ayi-1)? = (yi —ayi-1 +by})°
= —2by} — b7y 4 2aby} yi—1 < —2by} + 2aby; yi 1
< —by;‘<2— %a) + %abyil, i=1,2,....
Step 4. Put

1
Va0 =0, v2,~=§aby;‘_1, i=1,2,....

Thus, for all T > 0 we obtain AV; < —2b(1 —a)y! <0.

10.5.3 Proof of Asymptotic Stability

Here we can show how the functional V; constructed above can be used to give the
desired conclusion. We give here the analysis for the cases (10.126) and (10.124).
From (10.133) and (10.135) it follows that

i i
Y AV = Vigr = Vo < —@b)? Yy (g1(1) — y3) <0 (10.139)
j=0 =0



346 10 Difference Equations as Difference Analogues of Differential Equations

Therefore, 0 < V41 < Vo = yé = 1. Moreover, V41 > Vo = %azby;‘. From this,

via (10.125),
1
212 |xo
22y =1
ti _<k> aA’

So, for any & > 0 there exists § = (%)%aAe2 such that |x;| < ¢,i > 0, if |xg| < 4. In
other words, we have shown that the trivial solution of (10.124) is stable.
Besides from (10.139) and V;41 > 0 it follows that

- 4 2 Vo
> yHei(m) —y3) < . (10.140)
= J J (ab)2

The convergence of the series in the left-hand part of (10.140) implies that
lim y!(g1(r) — y7) =0.
11— 00

It means that either lim;_, o y;‘ =0 or lim;_ in = g1(7). In any case the limit of
y; by i — oo exists. From (10.126) it follows that lim;_, », y; = 0. Via (10.125), the
solution of (10.124) satisfies the condition lim;_, », x; = 0. The proof is completed.

Remark 10.8 A similar argument applies to solutions of (10.128) and (10.130).

We summarize our conclusions in the following way. Assume that k, A, xo are
given; we investigate the solutions x; of (10.124), (10.127) and (10.129) for a fixed
value of A > 0.

Theorem 10.5 If the solution x; of (10.124) satisfies the condition xl.2 < gl(fo)xg,
where 1 is the root of (10.134), then x; — 0, regardless of the step size A > 0. If
the solution x; of (10.124) satisfies the condition xi2 < ng for someM > g1(1p),
then x; — 0 for all A € (0, %) U (3, 00), where 1 and ty are the roots of (10.136).
If the solution x; of (10.127) satisfies the condition )c,.2 < ng for some M > 0,
then x; — 0 for all A € (0, 22), where 1 is the root of (10.138). The solution x; of
(10.129) converges to zero for all A > 0.

Remark 10.9 In the statements of Theorem 10.5 we have considered the behavior
of bounded solutions of the discrete equations. We can observe (see, e.g., [75, 76])
that unbounded solutions may arise with particular combinations of xp, A, A. Our
calculations indicate that if g;(r) > 1, then the solution of (10.126) satisfies the
condition |y;| < 1,7 =1,2,.... In Figs. 10.42-10.44 one can see the behavior of
the solution of (10.126) with the different values of the parameters t, y and the
function g1 (t): we have in Fig. 10.42 (t = 0.1, y =6, g1(r) = 3.51), Fig. 10.43
(r=0.01,y =15, g1(r) = 13.4) and Fig. 10.44 (r = 0.1, y =20, g1(r) = 1.05). In
Fig. 10.45 it is shown that by v = 0.24, y =25 the solutions of (10.126) (number 1,
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Fig. 10.43 The solution of (10.126): 7 =0.01, y =15, g (r) = 13.4

g1(7) =0.38) and (10.130) (number 3) converge to zero, but the solution of (10.128)
(number 2, g»(7) = 0.3) goes to infinity.

Remark 10.10 Note that the difference schemes considered above can be con-
structed and for more general nonlinear integro-differential equation we have

t
X(1) = —k/ e MITIX (s)ds, kA >0, (10.141)
0
where r is an arbitrary odd number. The equations of the type of difference analogue
(10.124) and (10.126), respectively, for (10.141) are

X]=x0 — akh2x6,

Xiy] = Xi —akAzxi’ +alx; —xi—1), i=12,...
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Fig. 10.44 The solution of (10.126): 7 = 0.1, y =20, g;(r) =1.05

20 30 a0 50 &0 0N

Fig. 10.45 The solutions of (10.126), (10.128) and (10.130): T = 0.24, y =25, g1(r) = 0.38,
&(1)=0.3

and
=1, y=l-yad’
Yie1=Yyi —abx! +a(yi —yi—1), i=12,...,
—1
where y = kyiz and y;, T, a, b are defined by (10.125). By that the functional
2a%b .
Vi= (i —ayi-1)* + ;f—}——ly"rjll’ i=12,...,
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satisfied the condition AV; < —(ab)zyl.r+l(g1(t) - yi’_l) with gi(t) defined
by (10.132).

10.5.4 Difference Analogue with Continuous Time

To construct the difference analogue of (10.119) with continuous time rewrite this
equation in the equivalent form

t
i) = —k/ e f(x(r —5))ds. (10.142)
0

Let A be a small enough positive number. Using the representation (10.119) for
t € [0, A) and (10.142) for t > A, we can construct a difference analogue in the
form of the following difference equation with continuous time:

x(t) =x(0) —kt*e ™ f(x(0)), 1€[0,4),
x(t+A)=x(t) —kA*F(1), 1>0, (10.143)

(4]
F(y=) e f(x@t—ja)).
j=0

B~

Ift € [0, A) then F(¢) = f(x(¢)). For t > A transform F (¢) in the following way:

F@)=f(x®)+> eV f(xt—ja)

=fx@®)+e D eV f(x(t — A— ja))

j=0
= f(x(®) +eF (@ — A). (10.144)
It follows from (10.143) that
F(t):_x(t—i—A)—x(t), F(t—A):—x(t)_x(t_A).

kA2 kA2

Substituting F(¢) and F (t — A) from this into (10.144), we transform (10.143) into
the form

x(t+2)=x(t) —kA* f(x(0) +e A (x() —x(t — 4)), t>A. (10.145)
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The process x(¢) is defined by (10.145) for t > ty9 = 2 A with the initial condition

x(O0)=¢©), 0¢€lto—2A4,1]=1[0,24], (10.146)
where
$(0) = x(0) — k02 e £ (x(0)), 0 €ltg—2A,10— A) =0, A),
T 90— 2)—kAZF (@O — A), 6elty— A, 1]=[A,2A]

Note that via (10.120) the order of nonlinearity of (10.145) is, generally speaking,
higher than 1.

Definition 10.1 The solution of (10.145) with initial condition (10.146) is called
asymptotically quasitrivial if lim;_, o x(¢ + jA) = 0 for each ¢ € [y, 1o + A).

Definition 10.2 The trivial solution of (10.145) is called stable if for any € > 0
there exists a § = §(e) > 0, such that |x(z)| < &, for all r > 1y if ||¢| =

SUPge(ry—24,10] 19 (O] < 8.

Definition 10.3 The trivial solution of (10.145) is called locally asymptotically qua-
sistable if it is stable, and if for any € > O there exists a § = (¢) > 0, such that the
solution of (10.145) is asymptotically quasitrivial for each initial condition (10.146)
such that ||¢|| < §.

Theorem 10.6 For a small enough A > 0 each bounded solution of (10.145) with
the initial condition (10.146) is asymptotically quasitrivial.

Proof Using the procedure of the construction of the Lyapunov functionals, we will
construct a Lyapunov functional for (10.145) in the form V (z) = Vi(¢t) + Va(¢),
where

Vi) = (x(t) —e *x (@t — A))z, 1> 1o, (10.147)

is the Lyapunov functional for the auxiliary linear difference equation (the linear
part of (10.145))

x(t+A)=x0) +e 4 (x@) —x(t — 4)), > A. (10.148)

Indeed, for (10.148) we have AV;(t) = 0. This means that the trivial solution of
(10.148) is stable but not asymptotically quasistable.
Calculating AV (¢) for (10.145) via (10.147), we obtain

AVI(1) = (x(t + 4) —e 5 (0)” = (x(1) —e *2x(t — A))°
= (x() —eMx(t — A) — kA2 f(x(1)))” = (x(1) —eHx(t — A))°

=k AT f2(x (1)) — 2k A% £ (x(1)x (1) + 2k A% e f(x(1))x (1 — A).
(10.149)
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Via (10.120) and Lemma 1.1 we have

AVi(1) < kA% 2 (x (1)) — 2k A% £ (x(0)x (1)

m
V; 1
+2kA267)LA (X‘(—lxvi+1 t +—Xvi+] [—A )
; o 0+ 5= (t —A)
(10.150)

Put

Vz(t)=2kA2e_M§1:%x”"+l(t—A), r> 1. (10.151)
From (10.121) it follows that V3(z) > 0. Via (10.150) and (10.151) for the functional
V(t) = Vi(t) + Va(t) we obtain
AV (1) < k2 A% 2 (x (1)) — 2k A% (1 —e™*4) £ (x (D)) x (1)
< =B filx(®)(B2(A) = Lo(x D)), =10, (10.152)
where

2(1 —e™*4)

By =KA%,  Br(M)==——5—,

m m (10.153)
filx) = ZO[,‘XW+1 >0, Hx) = Za,’x”"q >0, x#0.
i=1

i=1

Suppose that there exists Ay > 0, such that the solution of (10.145) is uniformly
bounded for A € [0, Ag], i.e., |x(¢)] < M, t > ty. Since f>(x) is a non-decreasing
for x > 0 function and lim_,o 82(A) = o0, then there exists a small enough A > 0,
such that f>(x(t)) < fo(M) < B2(A). From this and (10.152) it follows

AV () < —pn(A) fi(x(®), =10, (10.154)
where y1(A) = B1(A)(B2(A) — fo(M)) > 0. Rewrite (10.154) for + j A, i.e.,
AV +jA) < —yi(Q) filx(t+jA), t=1, j=01,...,

and summing from j =0to j =i — 1 we obtain

i—1
Vit+iAd)—V (@) < —yl(A)Zfl(x(t +j4)), t=1. (10.155)
j=0

From this it follows that

Y)Y filx(t+jA) V@) <oo, =1
j=0
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Therefore, lim;_, o f1(x (¢ + jA)) =0 for each t > fy. Due to (10.121) and (10.153)

0<arx"" "t +jA) < fi(xt+jA), t=10.

So, lim;_, o0 |x (¢ + jA)| =0 for each ¢ > 1y, i.e., the solution of (10.145) is asymp-
totically quasitrivial. The theorem is proven. U

Theorem 10.7 The trivial solution of (10.145) is stable.

Proof We will use here the functional V (r) that was constructed in the proof of
Theorem 10.6. Via (10.155) we have

Vi+iA)<V(®), i=01,...,t>1.
Putting t =19+ jA + s with j = [%] and 5 € [0, A), we obtain
V(to+ (G +DA+s)<VE)=V(tg+ jA+s) < V(tg+s). (10.156)
From (10.147) we have
Vilto +5) = (x(t0 + ) —e ¢t +5 — A))’
<2(|x(to + )" +e 24 01?). (10.157)
From (10.145) and 1y = 2A it follows that tg +s — A=A+ s € [A, fy) and
[x(to+5)| < (1+e7*) (A +5)| +ad?|f(p(A+9)| +e 2 ]ps)].
Due to (10.120)
m
|f(¢@)] < Z“i|¢(9)|w <Glgll", 0 €l0,10],
i=1

where

m .
=Y = S
Therefore,
[x(to+9)| < C3lpll”, C3=1+2e7*4 +an’cy,
and using (10.157), we obtain
Vitto +9) <2(C3 191> +e 2 9]I). (10.158)

From (10.151) it follows that

m
Vato +5) =2kA%e ™4 )" v_“—jrlw“ (fo+s—A)<Cilol"T",  (10.159)
i=1 '



10.5 Difference Analogues of an Integro-Differential Equation of Convolution Type 353

where

m
C| =2kA2e D L

From (10.156), (10.158) and (10.159) for the functional V (¢) = V1 (¢) + V> (t) fol-
lows the inequality

V(1) < V(tg+s) < Collpll*,
t>19, Co=C1+2(C}+e %), (10.160)
Via (10.153), (10.155) and (10.160) we obtain
yi( A x| < y1(2) fi(x ()
i—1

<)Y filxt+jA) V@) <Coldl*, 1=t
j=0

So, for arbitrary ¢ > O there exists a § = (Co_lyl (A)oqe"l“)% > 0, such that
|x(t)] < &, if ||¢]| < 8. The theorem is proven. O

Corollary 10.4 For a small enough A > 0 the trivial solution of (10.145) is locally
asymptotically quasistable.
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